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MULTIPLICITY RESULTS FOR SEMILINEAR ELLIPTIC
BOUNDARY VALUE PROBLEMS IN BESOV AND
TRIEBEL-LIZORKIN SPACES

by L. PAIVARINTA and T. RUNST
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The paper deals with superlinear elliptic boundary value problems depending on a parameter. Given
appropriate hypotheses concerning the asymptotic behaviour of the nonlinearity, we prove lower bounds on
the number of solutions. The results generalize a theorem due to Lazer and McKenna within the framework
of quasi-Banach spaces of Besov and Triebel-Lizorkin spaces.
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1. Introduction

Let Q be a smooth bounded domain in R" (the Euclidean n-space) with boundary 4.
Then we consider semilinear elliptic boundary value problems of the type

Lu=f(u)+ h(x) inQ
{L.1)
u=0 on dQ,

where L is a second-order uniformly elliptic, formally self-adjoint linear operator and h
belongs to a function space of Triebel-Lizorkin and Besov type, respectively. Let
0<A; <A, £--£A < denote the eigenvalues of L with Dirichlet boundary value
conditions. Here f is a sufficiently smooth real-valued function with linear growth at
infinity, and more precisely:

asf'(t)<b forall te[—o0, 0], where f'(+00)= lim f'(z).

t—=tw

It is known that our problem (1.1) admits multiple solutions depending on the
interaction between the values of f’ and the spectrum of L if h belongs to the Holder
spaces C%(Q)), 0<a< 1. First, note that if [a,b] contains no eigenvalue 4,, then (1.1) is
uniquely solvable in C2*%(Q), see Dolph [6].

The first result, where the nonlinearity f meets the first eigenvalue, was proved by
Ambrosetti and Prodi [2]. They considered the case in which the range of f’ contains
only the first (simple) eigenvalue A,. They showed that the conditions 0< f'/(—o0) <4,,
Ay <f'(e0)<i, and f”">0 on (—o0,00) imply the existence of a closed connected
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C'-manifold M, of codimension 1 in the Banach space C*Q) such that C{Q)\M, has
exactly two components M, and M, with the property that

—Au= f(u) + h(x) inQ
(1.2)
u=0 on dQ

has no solution if he My, exactly one solution if he M, and exactly two solutions if
heM,. A corresponding result within the framework of Besov and Triebel-Lizorkin
spaces was proved in Geisler and Runst {12]. Manes and Micheletti [19] replaced the
condition 0< f'(—o)<i; by —o < f/(—0)<4,.

The next important result was obtained by Kazdan and Warner [16] for more
general functions f. For example, they showed if one decomposes h=h,+tp, (¢;:
normalized eigenfunction to 1,, h,: smooth function which satisfies [qh,(x)¢,(x)dx=0),
then there exists to=tq(h,) such that (1.1) has no solution for t>t, and at least one
solution for t <t,. Simultaneously, Dancer [4] and Amann and Hess [1] showed that if
[ satisfies f'(—o0)<i; < f'(o0) and f* is bounded on [0, o), then (1.1) has at least two
solutions if h=h, +tp, and t<ty(h,) and at least one solution if t=t¢,, see also Berger
and Podolak [3]. In [17], Lazer and McKenna showed that if f'(—o0)<4,; and
A< f(0) <Az, (k=1), then there exists t, <t, such that (1.1) has at least three
solutions if h=h,; +tp, and t<t, (perform the change of variable u— —u in order to
bring the problem considered in [17] to the present setting). Further results in this
direction can be found in Hess and Ruf [13], Ruf [21] and Solimini [23]. Furthermore,
Lazer and McKenna obtained in [18] that if f'(— o)<, and 4, < f'(c0)< 15, then (1.1)
has at least four solutions if h=h, +t¢, and t is sufficiently small. There was also shown
that if A; has odd multiplicity, there exists § >45 such that if f'(—o0)<4i,, A3<f(0)<
B and h=h+tep,, then (1.1) has at least five solutions for ¢ sufficiently small.

In this paper, we consider equations of type (1.1) within the framework of Triebel-
Lizorkin spaces, F% ,, and Besov spaces, BS , with methods going back to [17]. For

p.q p.@
0<g<1 and/or O<p<]1, B}, and F;, , become quasi-Banach spaces (see 2.4). For

instance, quasi-Banach spaceg ;re not locally convex, in general. Hence Schauder’s fixed
point theorem is not applicable in these cases. Lazer and McKenna obtained their
results in [17] using the Leray-Schauder degree. Klee [14] proved that it is possible to
develop the Leray-Schauder theory in so-called admissible topological spaces. Up to
now, it is an open problem whether every quasi-Banach space is admissible in the sense
of Klee. However, in Franke and Runst [9], we obtained that the function spaces of
Triebel-Lizorkin and Besov type are admissible. Hence we can carry over the theory of
[17].

The paper is organized as follows. In Section 2, we describe the preliminaries
(function spaces on smooth domains, mapping properties of linear differential operators
and of nonlinear operators generated by smooth functions, results of the Leray-
Schauder theory). Section 3 deals with the number of solutions of (1.1). The first result is
an improvement of one obtained in Drabek and Runst [7]; the second is a generaliza-
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tion of the main result for Holder spaces in Lazer and McKenna [17] formulated now
within the framework of Besov and Triebel-Lizorkin spaces.

2. Preliminaries
2.1. Spaces

Let R" be the real Euclidean n-space. In the following, we list some properties of the
spaces B; , and F} ., see Triebel [24] for details.

Let S be the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R” and let S’ be its topological dual. The Fourier transform
and its inverse on S’ is denoted by F and F~!, respectively. Now let gpeS be a
real-valued even function with respect to the origin such that ¢@(x)=¢(—x) if
xesuppoc{yeR" |y|<2} and @(x)=1 if |x|<1. Then we define a sequence {p;}72, of
functions by

Po(X)=0(x), @x)=027x)-p27 7 'x), j=1,2,..

for each xeR". We have Y 2., ¢/(x)=1 for all xeR".
If —c0o<s<o0, 0<p, g< o0, then by definition

o 1/q
B ®)={ reS 1Bl =( £ 24017 orp s L mol) " <oo]
and if p< oo,

F;,q(R"){f €S, || f1F5.l= L,(R")

o 1/q
( ZJSqIF—l(ijf(.)Iq)
i=0

< oo}
(usual modification if p=co and/or g=0).
It can be shown (see Triebel [24]) that B (R") and F; (R") are quasi-Banach spaces
(Banach spaces if min(p, g)=1).

Remark 2.1. By means of the fact that ¢ is a real-valued even function we can
introduce the real part of the spaces Bj (R"), etc., denoted by Ej,'q(R"),... (for exact
definitions see Franke and Runst [9, Subsection 3.2]).

Remark 2.2. These two scales of function spaces include many well-known classical
spaces. We give some examples, for details see Triebel [24].

Let s>0, then B}, (R")=%%R") (Zygmund space). If s>0 is not an integer, then

B, »(R")=C%R") (Holder space). Let 1 <p<oo, —o0<s<oco, then F} ,(R")=H}(R")
(Bessel-potential space). If s is a natural number, then Fj, ,(R") = W}(R") (Sobolev space).
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For dealing with boundary value problems it is useful to define Besov and Triebel-
Lizorkin spaces on domains. Let Q be a bounded C*-domain in R” with boundary 9Q.
Then one can introduce the spaces B; (0Q) and F; (0Q) by standard procedures via
local charts (see Triebel [24, Subsection 3.2.2]). The spaces B} (Q) and Fj () are
defined usually by the restriction method (see Triebel [24, Subsection 3.3.1] and [25}).

(i) Let 0<pg,P1; 90,91 S0 and — o0 <s; <sg< 0. Then

D(Q) c B

po.qo

Q)< B

p1.q1

(Q<cD(Q) (2.1)

if so—(n/po)>s, —(n/p,).
(ii) Let 0<pg, p, <00, 0<qgq, g, S 00 and — o0 <5, <S5y < 0. Then

D(Q)<F® . (Q)cF*

Po.q0 P1,.q1

Q) <D(Q) 2.2)

if s—(n/po) >s,—(n/py).

Here D(QQ) denotes, as usual, the collection of all complex-valued infinitely differen-
tiable functions f in R" with supp f <Q, and D'(Q) is the dual space.

2.2, Traces and linear elliptic differential operators

Let Q be a bounded C*-domain in R" and let f be a function defined in Q belonging
to some function spaces of the above type. In the following, R denotes the restriction
operator given by Rf=f IBQ. The following results are known (see Triebel [24,
Subsection 3.3.3] and Franke [8]).

If 0<p,gqso0 and s>s*:=(n—1)(1/min(p,1)—1)+1/p, then R is a linear and
continuous mapping from B; (Q) onto B '/?(0Q) and if p> oo, then R is a linear and
continuous mapping from F; (Q) onto B;_'/7(0Q).

Let

L=— i aij(x) i9 aij(x) € COO(Q),
0x;

ij=10x;
satisfying a;{(x)=a;{(x), be a second-order uniformly elliptic operator. In this paper, we

only consider the corresponding homogeneous Dirichlet problem. We introduce (for
admissible couples (s, p))

B}, ..o ={f € B} (), [ |0Q=0}
and
F; 1o @ ={f€F; (Q), f|0Q=0}.

Then the following result can be found in Franke [8] (see aiso Triebel [24, Subsection
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3 3.3]), for 0<q=< o0 and s>s* If 0<p<oo then L yields an isomorphic mapping from
B, ;.0(€) onto B, 2(Q). If 0<p< o then L yields an isomorphic mapping from F}, , o(Q)

onto F (Q)
By Fucik [11, Theorem 34.10], we obtain the following resuit. If A, denotes the
smallest eigenvalue of L|§ L@ With Dirichlet condition, then it holds 4,>0 and Ayds a

simple eigenvalue (B (Q) denotes the completion of D(Q) in B} (). Furthermore,
there exists a unique normed positive eigenfunction @, € C*(Q) to A, with ¢,(x)>0 in
Q, Lo, =4,0,,(0¢,/0v)<c<0 on dQ where v is the normal, and jn(p,(x) dx=1.

In order to prove our main result we need some facts about sub- and supersolutions.

Dsﬁnition 2.1. A distribution y € D'(Q) is said to be non-negative if Y(¢)=0 for any
@ e D() with ¢ 20.

Remark 2.3. The set of non-negative distributions is a(D’'(€2), D(Q2))-closed.

Definition 2.2. A function ue C(Q) is said to be a supersolution (subsolution) of (1.1) if
Lu2 f(u)+h(x) in Q (Lu< f(u)+h(x) in Q) in the above sense and u|dQ=0.

In Section 3 we use the following maximum principle.

Lemma 2.1. Let vel,.oB%, o(Q) and let p>—21,. If v|6Q=0 and (L+p)v20 (in
the above sense of distributions) then v =0 holds.

Proof. Step 1. Let we B 2(Q), 0<e<1, be non-negative. If Y e C=(Q), ¢|0Q=0
then y € B272(Q). In Franke and Runst [10] (see also Triebel [24, Subsection 3.4.3]),
it is proved: If ¥ is non-negative, then ¥ can be approximated in B?7%Q) by non-
negative ??(Q)-functions. Hence y(w) is well defined (for the dual space of
(B2%(): (B Q)Y = B, 2(Q)) and non-negative. If feCP(Q) is non-negative, then there
exists a non-negative ge C°(Q) with g|0Q=0, (L+u)g=f (see Fucik [11, Chapter 34]).
According to [q¢(x)f(x)dx=[q@(x)g(x)dx we obtain the following: If gel(Q),
|[1|BQ=O, ¥ is non-negative if ¢ is. Here we used the fact that L is formally self-adjoint,
ie.

§ Luy(x)uy(x) dx = { uy(x)Lu,(x) dx
h) a

if uy, u, e C(Q), u,|0Q=u,|6Q=0.

Step 2. Let v be the same as in the formulation of Lemma 2.1. Let ¢eCP(R) be
non-negative, ¢=(L+p)y with yeC=>(Q), non-negative and y¥|dQ=0. Then an easy
limiting argument proves

‘{ @(x)v(x) dx = (I) (L + p)g(x)o(x) dx
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= [ YL+ p)v(x) dx =0
Q

which completes our proof.

Remark 24. The following version of the strong maximum principle holds also:
Suppose that ve | J,»0 B2, o(Q), ¢, peR with u>—4,. If v|6Q=0 and (L+u)p=c>0 (in
the above sense of distributions) then »>0 in Q holds.

2.3. Mapping properties

In this subsection, we list some results which can be found in Runst [22, Subsection
5.4]. C? denotes as usual the classical Holder space if p>0 is not an integer and the
well-known Banach space of differentiable functions if p>0 is an integer. As mentioned
above, B, =% if p>0.

p >

from FS*AQ)NL(Q) into F5 (Q)NL4(Q)

vq
(from B3*HQ)NL(Q) into B (Q)NL,(Q)
if 0<p<owo (0<p=Zw), 0<g=L 00, s>n((1/min(p, 1))—1) and ¢>0.
Furthermore, there exists a function g,g,:[0, 0)—[0, ), which is independent of u
such that

176 F5. (@ 28 || Lo D |4 F5. ]|
(1) B, @)l <8 (l[| Lo D[] ] B o] -

Remark 2.5. This result is a consequence of Runst [22, Subsection 5.4] and (2.1/2).

24. The Leray-Schauder degree

Let A be a (real or complex) linear vector space. ||-|4|| is said to be a quasi-norm if
||-|A|| satisfies the usual conditions of a norm with the exception of the triangle
inequality, which is replaced by

lay + sl 4l clas 4]+ Jas| Al 2y

i.e. there exists a positive number ¢ such that (2.3) holds for all a,eA4 and all a,e 4. Of
course c2 1. (If c=1 is admissible, then 4 is a normed space.) A quasi-normed space is
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said to be a quasi-Banach space if it is complete. By a theorem due to Rolewicz (see
Ko6the [15, Subsection 18.10]) we may assume without loss of generality that

la1+a2| A[|* <[|as | 4]|* + 2 | 4]

holds for suitable 4, 0<A<1. This makes A into a linear metric space with translation
invariant metric

da,,a,):= ”‘11 -‘12|A||A-

Definition 2.3. Suppose that 4 is a quasi-normed space of type A. Such a space is
said to be admissible if for every compact subset K = 4 and for every >0 there exists a
continuous mapping T:K —A such that T(K) is contained in a finite-dimensional subset
of A and x e K implies || Tx—x|A4|| <e.

Remark 2.6. We introduced the notation “admissible” in the sense of Klee [14], see
also Riedrich [20, Subsection 4.1].

In the following, we use essentially the fact that the spaces considered here are
admissible. The next lemma has turned out to be very helpful.

Lemma 2.3 (Franke and Runst [9, Subsection 3.1]). Let A and B be (real or complex)
quasi-normed spaces. Furthermore, let To:A—B and T,:B—A be continuous mappings.
Suppose that T, is uniformly continuous on every bounded set and let T, T,=1, (identity of
A). Then if B is admissible then A is also admissible.

By Riedrich [20, Subsection 4.2] every normed space is admissible. Furthermore, the
quasi-Banach spaces Bj, , and F; , are of type A=min(p, g, 1). (If A=1, then they become
Banach spaces.) Applying Lemma 2.3 one can prove the following resuit.

Lemma 2.4 (Franke and Runst [9, Subsection 3.2]). Let 0<p,q< o0 and — o0 <s<o00.

(i) The spaces B (R"), B (R"), B (), Ej,'q(Q), B;, (0Q) and B (0Q) are
admissible.

(i) Let p<co, then the spaces F; (R"), F; (R"), F5 (Q), F; (Q), F; (0Q) and
F;, [(09Q) are admissible.

Suppose that X is an admissible quasi-Banach space, B is an open and bounded
subset of X, f:B—X is a completely continuous mapping and y¢(I —f) (éB). On these
admissible triplets (/—f, B,y) one can now introduce the Leray-Schauder degree
denoted by d (I —f,B,y). Then the following properties hold (also in admissible
topological spaces).
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Lemma 2.5 (Riedrich [20, Subsection 4.3]). Let X be an admissible quasi-Banach
space. Then we have

@ autt, By={1 12

(b) If dys(I—f, B, y)#0, then there exists a solution x € B such that (I— f)(x)=y holds.

(c) dis(I—f,B,y)=ds(I—f,B,,y)+dis(I—-f,B,,y) whenever B, and B, are disjoint
open subsets of B such that y¢(I— f)(B\(B, U B,)).

(d) ds(I—H(t,*),B,y) is independent of te[0,1] whenever H:[0,1]xB—-X is a
completely continuous mapping and y¢(I—H(t,*))(0B) on [0, 1] (invariance under
homotopy).

In what follows, let X be an admissible quasi-Banach space. If x, is an isolated
fixed point of f (ie. (I—f)x0)=0 and O0#f(x) in B/(xo\{xo}, where
B(xo)={yeX,|y—xo|X]||<r} and r is small enough), then we know that
dis(I— f, B,(xo),0) is constant for all pe(0,r). This number is called the index of x, and
is denoted by i(I — f, xo). Furthermore, we need some results about the Leray-Schauder
degree of completely continuous linear operators acting in admissible quasi-Banach
spaces.

Theorem 2.1. Let X be a real admissible quasi-Banach space, L be a completely
continuous linear operator acting in X, 0#4eR and A~ is not an eigenvalue of L. Then
dy (I — AL, Bg(0),0)=(—1)"®, where a(A) is the sum of the algebraic multiplicities of the
eigenvalues p satisfying ul>1, and a(A)=0 if L has no eigenvalues of this kind.

Proof. Step 1. By Williamson [26, p. 155] we know that there exists a smallest
natural number k=k(1) such that ker [(I—AL)*]=ker [(I —AL)**!], dimker [(I — AL)*] <
0o, R[(I—AL)*] is closed and X =ker [(I—AL)*]+ R[(I —AL)*]=:N}+ R}. Furthermore,
we have NinR}={0}. Hence we obtain X = Ni@® R}. Since (I — AL)*L=(I— AL)* we see
that N} and R} are invariant under L, L|g; is one-to-one and LRi=R}. Hence L| Ri IS @
homeomorphism onto R,. Furthermore, every eigenvalue A,#0 is an isolated one. To
prove it let L,=L—AI | wos Ho=(1/40). By the properties cf L there exists a ¢>0 such
that ||L, |x|X| >c||x|X|] Hence we get ||L1x|X||>(c—|,1 Ao)||x|X], ie. L; is one-to-
one for Il Ao/ <& On the other hand, A, is the only eigenvalue of L on N°. Indeed,
L;x=0 for some xe N implies (L — Al)x=(1—A¢)x and therefore 0= — Af(I — poL)*x=
(A—Ao)* for k=k(A), i.e. x=0 if 15 4,.

Step 2. Now we can prove the above result. We may assume A=1 for simplicity. By
Step 1 there are at most finitely many eigenvalues g,,..., u,, of L such that u,=1. Let
Y=N(u,)® - ®N(u,) and Z=\", R(u), where N(u)=N},, and R(w)=RE,,. It is
straightforward to see that X =Y @ Z holds. Now, any xe X can be written as x=y+z
with ye Y and zeZ. It holds that H(t,x): =(1—¢t)L{(y+2z)+2ty+#x for all xedB,(0) and
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0=<t=<1 because H(t,x)=x implies (1 —¢t)Ly+2ty=y and (1 —t)Lz=2z. Hence we would
obtain 0<t<1, Ly=((1-21)/(1—t))y and Lz=(1/(1—1t))z. Notice that (1—21)/(1 —t)<1
for all te(0,1). By the properties of Y and Z we get y=z=0, i.e. a contradiction to
x € dB,(0). Applying Lemma 2.5 it follows that

dLS(I - L’ B,(O), 0) = dLS(I - H(O9 .), Br(O)’ 0)
—dy(I - H(1,), B(0), 0)=dys(— y, B,(0),0)
= sgndet (—Iy)=(~ 1),

where a(1)=dim Y. Here we used the properties of the Leray-Schauder degree in finite
dimensions (see Zeidler [27, Subsection 12.5]). Finally, if a(1)=0, we may consider the
homotopy H(t, x): =(1—1t)Lx.

Remark 2.7. Theorem 2.1 is a generalization of the so-called index theorem to
admissible quasi-Banach spaces. We used an idea similar to one due to Zeidler [27,
Subsection 14.2], see also Deimling [S, Subsection 8.6].

Corollary 2.1. Let X be a real admissible quasi-Banach space, let f:B,(xq)= X —X be
a completely continuous mapping with f(x¢)=x,. Furthermore, f is (Frechet-) differen-
tiable at xo and A =1 is not an eigenvalue of L: = f'(x,). Then x, is an isolated fixed point
of f and i(I — f, xo)=d, (I — L, B,(0),0).

Proof. The proof is essentially the same as for Banach spaces (see Zeidler [27,
Korollar 14.1]).
3. Boundary value problems
3.1. On the existence of solutions
Let Q be a bounded C*-domain in R” and let
Lu=f(u)+h(x)+tp,(x) in Q

(P)
u=0 on dQ

be a semilinear elliptic boundary value problem, where L and ¢, are the same as in 2.2
The function h; belongs to a real Besov and Triebel-Lizorkin space, respectively, and
satisfies [ h,(x)¢,(x)dx=0.

Theorem 3.1. Let 0<p,q<c0, s>(n/p), teR and € C**}(R), p>max(1,s), satisfying
the conditions:

(f1) there exists a constant c such that f(x)—~Ai,;x>c,
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(f2) lim @@1

r=+—o

(i) Let hle~§‘,‘,fq2(Q)r\Lw(Q). Then there is a to(h)eR such that (P,) has at least one
solution ue B}, (Q) if t<to, but no solution if t> t,,.

(i) Let p<oco and h1 F‘ Z(Q)NL,(Q). Then there is a to(h,)eR such that (P,) has at
least one solution ue F5, q(Q) if t <tq, but no solution if t>t,.

Proof. We consider (i). The proof of (ii) is the same.

Step 1. Assume one can solve (P,), and let u be a solution. Then u is a strict
supersolution of (P,) for all t<t,. By means of hypothesis (f2) and Franke and Runst
[10, Theorem 3.4/1], we can find a strict subsolution u_ € B: 5.a(Q) of (P), u_<u,. The
following conditions ensure the existence of a subsolutlon u._ eB’ .qQ) of (P) (see
Franke and Runst [10, Subsection 3.4]):

There exists a real number s_ and a bounded C®-function h_:Q x R—R with
hy(x) +t@(x) + f(v(x)) — A o(x) Z h_(x, v(x)),

[ h_(x, 0(x))p (x)dx 20 if veC>(Q),
Q

v>5_¢@,InQ

By analogy with Drabek and Runst [7, Section 3] one can show: If u, is a
supersolution of (P,) and u_ is a subsolution of (P,), u_<u, in Q, then there exists a
function ueEf,_ o) such that u_ <u<u, in Q and u is a solution of (P,). Hence one can
solve (P,) for all t<¢,.

Step 2. We show that 15> — 0. It is enough to find for some te R a supersolution of
(P,), since as in Step 1 we can then find a subsolution u_<u,. By our assumption we
have h; e B5"HQ)NL,(Q) and feC?*'. Hence we can choose t(h;)<0 so small such
that f (0)+h1(x)+t(pl(x) <0 holds for xe. Then u, =0 is a supersolution of (P,).

Step 3. 1If we put to=sup {teR, (P,) is solvable}, then we get t,> — 0. To see that
to < 00, we apply hypothesis (f1). Let u be a solution of (P,). Then we get

0= I (Lu— A u)(x)p (x) dx
=‘];(f(u)—llu)(x)¢1(x) dx+t

which together with (f1) implies that ¢, < 00 holds. Our proof is finished.
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Rejnark 3.1. Notice that the above proof yields the folowing result: For each
hy € B} () L,(Q) there exists a t,(h;) Sto(h,) such that (P,) has at least one negative
solution for all t<t,(h,).

Remark 3.2. Theorem 3.1 is a generalization of the assertion in Kazdan and Warner
[16, Corollary 3.11].

Now we consider the solvability of (P,) for t=tq(h,). For it we need an additional
condition on f. Then we can apply an idea similar to one used by Hess (see Lazer and
McKenna [17, Section 3]).

Tl~1eorem 3.2. Let the assumption on s, p, q and p of Theorem 3.1 be satisfied and let
f € CP*(R) satisfies the following conditions:

(f3) f(x)—A1x2c,|x|~b for all xeR, where ¢,>0, b20 and A, is, as usual, the first
eigenvalue of L,

(f4) f(x) is bounded on [0, o).
Then there exists a solution uoeﬁj,‘ q(Q)(uoeFf,_ AQ) of (P) when t=t,.

Proof. We consider the case when uoeﬁj,_q(Q) holds. The other part is almost the
same.

Step 1. Let {t,}>, =R, t,1to, and let u, be the corresponding solutions. Then
gAx)=h{x)+t,0,(x) is bounded in E"Z(Q)an(Q) We prove that u, is bounded in

L ()). Assume the contrary. Then there exists a sequence {g,, >, in B (Q)an(Q)
with ||g,,|Lw||<M and a corresponding sequence {u,}>, in B‘p {9 satlsfymg Lu,=
fu)+g, in Q u,=0 on 8Q and |u,|L,||->c0 as n—oo. By (f3), we obtain, if
0<l,—y<c,, the existence of a real number c* such that for all n>1, Lu,—yu,=
gt (A — P, +(f(u,)— Au,)=c* on Q. By the properties of L (see 2.2) there exists a
function veﬁz,q.o(Q) satisfying (L—y)v=c*. Since y<4i,, Lemma 2.1 implies u,(x)=
min, o v(x) for xeQ and all n.

If we define w,=u,/||u,|L,|, from (f4) it follows for some K >0, ||Lw,|L||<K for ail
n21. By the mapping properties of L and compactness results, see 2.1, it follows that we
may assume w,—w in L4(€Q). Then ||w|L,||=1 and since

min v(x)

we obtain w(x)=20 in Q.
On the other hand, by (f3) we have

0=J (Lw,— A, w,)(x)oy(x) dx
o
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= ||u,.|1Lao|| (‘j; LS (u,) — 241, )(x) 4 (x) dx + ‘{ 2.(x)¢,(x) dx)

(‘I1 ¢y |u(x)|@1(x) dx + fI) (8(x) —b)o,(x) SX>-

Hence

1
Jua] Lo

‘I) wa(X)y(x) dx = J un(x)@(x) dx

e}

L § )] @10 dx

<
el Leoll 2

1
= m i (b—gn(x))p,(x) dx.

Now n— oo, implies a contradiction to w(x)20 in Q, ||w|L,||=1.

Step 2. We show that {u,};., is also bounded in E;,q(Q). Let 0<e<2 be small
enough such that s—e>(n/p). Step 1 and Lemma 22 yield | f(u,)|B52[|<
c2(1+||un|Bj,fq' ). Because of the imbedding L (Q) < BS ,(Q), see 2.1, and the inequality
llel B~ (| s es gl By ["llg] B3l =% 0<B<1, we get from Lu,=f(u,)+g,

4] By, oll < calllenl Bog*l| + 115 4n) | B525° D
Ses(1+]ua| Byl

| <M,. This proves the boundedness of {u,}, in B (Q).

Now we conclude ||u,|BS, |

Step 3. We have proved that the solutions u, of u,=L'[f(u,)+ h,(x)+t,0.(x)],
t,1ty, are bounded in B} (). Applying compactness arguments, we see u,—u in
B; .. o(Q) and u is a solution of (P,) when t=t,. Our proof is finished.

Remark 3.3. Theorem 3.2 generalizes a result obtained by Amann and Hess [1] (see
also Dancer [4] and Lazer and McKenna [17]).

3.2. Multiplicity results

In this subsection, we prove results concerning the number of solutions of the
problem (P,) within the framework of Besov and Triebel-Lizorkin spaces.
Lemma 3.1. Let 0<p,q< o0, 2>s5>(n/p), p>max(l,s) and feC**Y(R). If t, <t<t,
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and if for i=1,2,u(x) is a solution of (P,) when t=t; such that u,(x)Su,(x) then there
exists a number r such that

dis(u—L*(f(u)+h,+tep,),IntK,0)=1 3.1
where

K={ueB , o(Q,u;Susu, inQ, ||u|B <33
Remark 34. A corresponding result holds also in Triebel-Lizorkin spaces.

Proof of Lemma 3.1. We use an argument of Fucik [11, Theorem 34.7] (see aiso
Lazer and McKenna [17]). By our assumption we have

Lul <f(u1)+h1 +t(p1 in Q, Uy |aQ=O,
and
Lu2 >f(u2)+h1 +t(p1 in Q, u2|aQ=0.

By Theorem 3.1, Step 1 we obtain that there is a solution ueﬁ; .0(8Y) satisfying (P,)
and u; Su=<u,. By analogy with Drabek and Runst [7, Section 3], we choose a number
>0 such that w+ f(&)>0 for &e[min,_gu,(x), max, gu,(x)]. Notice that B 5.q(Q) =
C(Q) if s>(n/p). Then we get

(L+a)(uz—u)= f(uz)— f(u)+ w(u; —u)+(t,—t,)0,

and

(L'i'w)(“z—“—<tz_*_l1 )‘Pl) Sfluy— f(w)+ w(uy —uy)>0.

Since u|0Q=u,|0Q=¢,|0Q=0, Lemma 2.1 implies u,(x)>u(x) for xeQ. Analogously,
we can prove u,(x) <u(x) for xe Q. Now we define /:Q x R—R by

S(uy(x)) + hy(x) +t,(x) if  uZuy(x)
T, u)=< f(w)+h,(x)+to,(x) if uy(x) Susuy(x)

S () +h(x) +toy(x) i uSu,(x).

Notice that by our assumptions L, (Q)< B} 2*4Q) for some p, <1 and ¢>0 sufficiently
small. By definition of f it holds that L"!f is completely continuous in B, o(Q) and
|IL7 F(x,u)| B}, o| <R for ue B, () if R is chosen sufficiently large. For it we apply
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the same arguments as in Step 2 of Theorem 3.2. Furthermore, Lemma 2.1 shows that
u=L"'f(x, u) implies ueInt K. Now standard arguments prove

1 =d; §(u, Bg(0),0) =d s(u—L" l](x, u), B(0),0)
=d(u—L(f(u) +h, +1tg,), Int K, 0), (3.2

where Int K < Bi(0)={ue B5 , o(Q), ||u| BS, || <R}

.l

Lemma 3.2. Let all the hypotheses of Theorem 3.2 be satisfied and t be a real number.
(i) Let Bx(0)={ue B , o(Q), ||u|BS, .|| <R}. Then there exists Ry=Rq(t)>0 such that

dis(u— L (f(w)+hy +1t@,), Bg,(0),0)=0 (3.3)

Jor R >R,.
(ii)) Let p< o then a corresponding result is also true for ﬁ;_q.

Proof. We use an argument of Dancer [4] and Theorem 3.2. Let ¢, >t4(h,) and let
R, be sufficiently large such that

Lu= f(u)+h(x)+ [t +s(t, —t)]p,(x) in Q
u=0 ondQ,0<s<1,

imply ue Bg(0). By Theorem 3.1 we know that there is no solution for s=1. Hence, we
obtain by the a priori bound and the homotopy invariance

O=dyg(u— L (f(u)+hy+t,0,), Bg,(0),0)
=dys(u—L"'(f(u)+hy +t@,), Bg,(0),0),
for R; > Ry(t).
In the following, we describe the existence of at least three solutions of (P,).

Theorem 3.3. Let 0<p,q< 0, 2>s>(n/p) and feC?*(R), p>max(l,s), satisfying
(f3) and lim,_, , , f'(x)=a, where A, <wa<Al;, and A, has multiplicity one.

(i) Let h, eE}fqz(Q)an(Q). Then there exists a t,(h;)eR such that if t>t,, (P,) has
at least three solutions.

(ii)) Let p<oo and hleF;fqz(Q)an(Q). Then there exists a t,(h,)eR such that (P,)
has at least three solutions if t<t,.
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Proof. We give an outline of the proof of (i). The other part is almost the same. We
apply a method used in Lazer and McKenna [17, Lemma 3.7].

Step 1. Let z(x)=¢,(x)/(A, —a). Since z<0 in Q, dz/dv>c>0 on dQ, there exists
8,>0 such that if ve B ; o(Q) then |[v—z|B; || <6, implies v<0 in Q. Here we used
E;_q(Q)cC(Q) if s>(n/p). Let 6>0 be given. Then we choose some x,eQ and put
r=min (4, 8,,(—2(xo))/2. The mapping u—L (¢, +au) is completely continuous on
§;,Q,O(Q). Since z=L (¢, +az) holds, we obtain that there exists #>0 such that
|lu—z| B, ||=r implies ||u—L (¢, +ou)|B: ,||=n. Applying Corollary 2.1 and Theorem
2.1, we get

dis(u— L o, +ou), V,,0)=1, (3.3

where V,={ueB; , ((Q),||u—z|B; || <r}. (Notice that aL™' has precisely two eigen-
values larger than 1)) :

Step 2. Now we consider the boundary value problem

Lu=ﬂf~u—)t_—aﬂ+(p,+h—tl+au in Q

(34)
u=0 on dQ

Notice that u is a solution of (P)) if and only if tu is a solution of (3.4). We get for t <0

S
Bp.q

“L‘l [wl +au+% (hy +(f (tu) —atu)]—L‘ "[o1+au]

_ HL [% (hy +(f (tw) —atu»]

S
Bp.q

<c %(hl +(f(tw)—atw))|L,, (3.5)

for some p,>1. Here we used the mapping properties of L and imbedding results (see
2.1/2.2).

From lim,_, , f'(s)=a we infer that for t < T<0||u—z|B;_q]|<r (which implies <0 in
Q) the following estimate holds:

c %(h,+(f(tu)—atu)) L, |[<n. (3.6)
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Hence by Step 1, from (3.3), (3.6) it follows that

1=dis(u~L'[@, +au], V,,0)
=dl_s(u—'L"l [qo, +azu+%(hl +f(tu)—atu):|, v, 0) 3.7

(homotopy invariance). This implies the existence of a solution veE;,_q,o(Q) of (3.10)
satisfying |[v—z|B3 ,||<r. Then tv is a solution of (P,). Hence we have shown that for
given 6>0 there exists T(8) so that if t<T(6), (P) has a solution w such that
||z—(w/8)| BS, || < 8. Similarly, one-can prove

1 =d;g(u— L '[to, —ou), B(t),0)
=dys(u— L[t +hy + f(w)], B(t), 0), (3.8)

where B(t)={ue BS , o(Q), ||u—tz| B; || <|t|r}. Notice that ueB(t) and r= —(z(x,)/2),
where x,€Q, implies u(xy)>c(tz(x,)/2). Since z(xo)<0 and since ueK(t) implies
u(xq) Su,(x,), where K and u, as in Lemma 3.1 we get

B)nK ()= (3.9)
for t < T(6) and some fixed r (0, d).
Step 3. For given 6 >0 we choose t < T(d) such that (3.9) holds. Now we can find by

Lemma 3.2 Bg(0)>(B(t)UK(t)) such that (3.3) is satisfied. By the properties of the
Leray-Schauder degree (Lemma 2.5(c)) we deduce that

dps(u—L [ty +hy + f(u)], BRO)\(B(t) U K(t)), 0) #0.

Hence in each of the three disjoint sets B(f), Int K(f) and BR(0)\(B(t)u K(t)) there exists
at least one solution of (P,). This completes the proof.

Remark 3.5. The conclusion of Theorem 3.3 holds also if 4,,<a<4i,,.,. In the
proof of (3.7), (3.8) we use the homotopy invariance of the Leray-Schauder degree.
Therefore it was essential that (3.5) and (3.6) hold. In general,

B[ <n

H% (hy +(f () — ctu)

does not hold for t<T, ||u—z|B;,
simple counter-example is f(x)~c
[22, Subsection 5.4]).

Remark 3.6. If A, < f'(+00)<oo holds then we get by Lemma 3.1 and Lemma 3.2

|<r and u<0in Q if s—2>(n/p)(B: AQ) <= C(D). A
x|™ near the origin and lim,. f'(s)=a (see Runst
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that (P,) admits at least two solutions if t <tq(h,). It is a generalization of a result
obtained by Amann and Hess [1] (see also Dancer [4]).

REFERENCES

1. H. Amman and P. Hess, A multiplicity result for a class of elliptic boundary value problems,
Proc. Roy. Soc. Edinburgh Sect. A (1979), 145-151.

2. A. Amsrosetrt and G. Propi, On the inversion of some differentiable mappings with
singularities between Banach spaces, Ann. Mat. Pura Appl. 93 (1972), 231-246.

3. M. S. Bercer and E. PopoLak, On the solutions of a nonlinear Dirichlet problem, Indiana
Univ. Math. J. 24 (1975), 837-849.

4. E. N. Dancer, On the ranges of certain weakly nonlinear elliptic partial differential
equations, J. Math. Pure Appl. 57 (1978), 351-366.

5. K. DemmMLING, Nonlinear Functional Analysis (Springer-Verlag, Berlin/Heidelberg/New York/
Tokyo, 1985).

6. C. L. Dovpu, Nonlinear integral equations of the Hammerstein type, Trans. Amer. Math.
Soc. 60 (1949), 289-307.

7. P. DraBek and T. Runst, On the existence of solutions of a semilinear elliptic boundary
value problem with superlinear nonlinearities, Z. Anal. Anwendungen, to appear.

8. J. Frankg, Regular elliptic boundary value problems in Besov and Triebel-Lizorkin spaces.
The case 0< p=< 0, 0<g=< o0, preprint.

9. J. Franke and T. Runst, On the admissibility of function spaces of type B} , and F} ,, and
boundary value problems for non-linear partial differential equations, Anal. Math 13 (1987)
3-27.

10. J. Franke and T. Runst, Non-linear perturbations of linear non-invertible boundary value
problems in function spaces of type B, , and F} ,, Czechoslovak Math. J. 38 (113) (1988),
623-641.

11. S. Fucik, Solvability of Nonlinear Equations and Boundary Value Problems (Soc. Czecho-
slovak Math. Phys., Prague, 1980).

12. M. Geister and T. Runst, On a superlinear Ambrosetti-Prodi problem in Besov and
Triebel-Lizorkin spaces, to appear.

13. P. Hess and B. Rur, On a superlinear elliptic boundary value problem, Math. Z. 164
(1978), 9-14.

14. V. Kieg, Leray-Schauder theory without local convexity, Math. Ann. 141 (1960), 281-285.

15. G. KortHe, Topologische lineare Riume, I (Springer-Verlag, Berlin/Heidelberg/New York,
1960).

16. J. L. Kazpan and F. W. Warner, Remarks on some quasi-linear elliptic equations, Comm.
Pure Appl. Math. 28 (1975), 567-597.

17. A. C. Lazer and P. J. McKenna, On the number of solutions of a nonlinear Dirichlet
problem, J. Math. Anal. Appl. 84 (1981), 282-294.

18. A. C. Lazer and P. J. McKenna, Multiplicity of solutions of nonlinear boundary value
problems with nonlinearities crossing several higher ecigenvalues, J. Reine Angew. Math. 368
(1986), 184-200.

D
https://doi.org/10.1017/50013091500005174 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500005174

410 L. PAIVARINTA AND T. RUNST

19. A. Manes and A. M. MicHeLettt, Un’ estensione della teoria variazionale classica degli
autovalori per operatori ellittici del secondo ordine, Boll. Un. Mat. Ital. 7 (1973), 285-301.

20. T. RiepricH, Vorlesungen iiber nichtlineare Operatorengleichungen (Teubner-Texte Math.
Teubner, Leipzig, 1976).

21. B. Rur, On nonlinear elliptic boundary value problems with jumping nonlinearities, Ann.
Math. Pura Appl. 128 (1980), 131-151.

22. T. Runst, Mapping properties of non-linear operators in spaces of Triebel-Lizorkin and
Besov type, Analysis Math. 12 (1986), 313-346.

23. S. SouMiNl, Some remarks on the number of solutions of some nonlinear elliptic problems,
Ann. Inst. H. Poincaré 2 (1985), 143-156.

24, H. Trieser, Theory of Function Spaces (Geest and Porting, Leipzig, 1983; Birkhduser,
Basel, 1983).

25. H. TrieseL, Mapping properties of non-linear operators generated by ®(u)=lul® and by
holomorphic ®(u) in function spaces of Besov-Hardy-Sobolev type. Boundary value problems for
elliptic differential equations of type Au= f(x)+ ®(u), Math. Nachr. 117 (1984), 193-213.

26. J. H. WiLLiamsoN, Compact linear operators in linear topological spaces. J. London Math.
Soc. 29 (1954), 149-156.

27. E. ZeiDLER, Vorlesungen iiber nichtlinear Funktionalanalysis I-Fixpunktsditze (Teubner-Texte
Math., Teubner, Leipzig, 1976).

DEPARTMENT OF MATHEMATICS SectioN MATHEMATIK
UNIVERSITY OF HELSINKI UNIVERSITAT JENA
HALLiTUuskATU 15 UNIVERSITATSCHOCHHAUS
SF-00100 Heisinki 10 DDR-6900 JENA
FINLAND GERMANY

https://doi.org/10.1017/50013091500005174 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500005174

