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1. Let T'(a,, ay, ..., a,_;) be the n-ary transformation which takes the sequence
{s:}, (#=0, 1, ...), into the sequence {s;} where

n
81:= 2 a,.SH,l_,T, (i=0, 1, 2, ...),
r=1

with s,,=0 when m is a negative integer, and where a,, ..., a, are real numbers
with sum unity. In a previous note (1) conditions were found on a and B for
the ternary transformation 7'(a, ) to be equivalent to convergence. A method
is given here for treating the similar problem for the general n-ary trans-
formation.

2. Itis clear that, in the notation of (1), the T'(q,, a,, ..., a,_;) transformation
is a Norlund transformation with

a,1(r=0 to n—1),

M=n— =
R & {0 (r=n),

P.=1(rzn), p(x)= Z",' a1

r=1
Then, as in the particular case n=3, the n-ary transformation is equivalent to
convergence if and only if all the zeros of

$a)= 2 apnr

lie in the region | 2 | <1. The set of points in the (a,, ..., a,_;)-space for which
this is the case may easily be determined as shown in the next paragraph by
using the following results quoted from (2) :

Exercise 10.2. A polynomial g(z) =2"+g¢,2"*-1 ... +g,, with real coefficients,
has all its roots in the half-plane R1z <0 if and only if the determinants

91 93 95 - Yok
1 92 95 ..o Gor—e
0 ¢ 93 ... Go—s

H=/0 1 g, ... goxs|, £k=1,2,...,m,
e (g,=0if r>n)
0 0 0 .. g

are all positive.

Exercise 10.3. The transformation
14w
l1-w

maps the half-plane Rlw <0 into the circular region | z | <r.

z=r , r>0,
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3. The Quaternary Transformation 7(a,8,y).

Let 8§ denote the set of points (a, B, y) for which the T'(a, 8, y) transforma-
tion is equivalent to convergence.

When a=0, T(a, B, y) reduces to the ternary transformation 7'(3, y) and the
results of (1) show then that the portion of S lying in the plane a =0 is made
up of the point (0, 0, 0), the segment y >} of the y-axis, and the region for
which both 28+y>1 and y <1.

If o #0 then, on putting

14w
T 1l-w’
the equation ¢(z)=0 becomes (2a+2y—1) f (w)=0
where
3—4—4y , Ga+4f+2y—3 1

flw)=w+ 2a+2'y—lw 2a+2y-—1 w 2a+2‘y—1'

When 2a+2y=1 the equation ¢(z)=0 has a root = —1. Hence, by exercise
10.3, we require f(w)=0 to have all its roots in the half-plane R1w<0. The
necessary and sufficient conditions

r 95 O
5>0, | I 33 >0, and |1 g, >0
) : 0 g9 g5
or 93>0, ¢,>0 and ¢,9,~93>0

of exercise 10.2 then become
at+y>4% B+y<i and
282 +y%+3af + 3By +3ya—2a— 38— 2y +1 <0.
This last inequality may be written
_ 28+13./7 |2 _ 28-13./7 }2
T4 — TN L (i - o — Y
(/ +'){x 19\/(2S+6\/7)} (*/ '){y 19./28—67)
: L (, 3\/19}
= \/19{2 T
where
&' J(28+6 JT)=8a+ 2+ JTB+(1+ Ty,
y'\/(28—6\/7)=3a+(2— \/7)ﬁ+(l— \/7)'y,
2’ J19=a—3B8+3y,
so that it is satisfied to one side of an hyperbolic paraboloid whose vertex is at
54 123 124
361’ 361’ 361/
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