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Abstract. A ring R with identity is called strongly clean if every element of
R is the sum of an idempotent and a unit that commute. For a commutative
local ring R, n= 3,4, and m, k,s € N it is proved that M,(R) is strongly clean
if and only if Ml,,(R[[x]]) is strongly clean if and only if Ml,,(R[[x1, X2, . . ., X;;,]]) is strongly

clean if and only if Mn(%) is strongly clean if and only if M"(M) is strongly

x?l ,x’f,...,x}*)
clean if and only if M,(R o R) is strongly clean where R o< R = {(; z) :a,b € R}isthe

trivial extension of R. This extends a result of J. Chen, X. Yang and Y. Zhou [5] from
n=2to3and4.

2000 Mathematics Subject Classification. Primary 16U99, 16S50, 16S99. Secon-
dary 16U60, 16U10.

1. Introduction. In this paper, R is an associative ring with identity. A ring R is
called clean if for every element a € R, there exist an idempotent e and a unit # in R
such that @ = e + u [10], and R is called strongly clean if in addition eu = ue [11]. By
Han and Nicholson [8], the cleanness of the ring R implies that of the matrix ring
M,,(R) for any n > 1. But if R is strongly clean, the matrix ring M,,(R) with n > 1 may
not be strongly clean. For example, the matrix ring M»(Z»)) is not strongly clean. This
fact was observed by Sanchez Campos [12] and by Wang and Chen [13] independently
(answering two questions of Nicholson in [11]). When is the matrix ring over a strongly
clean ring still strongly clean? Recently, the authors found an equation condition [5,
Theorem 8] for M,(R) over a commutative local ring to be strongly clean. In [4], the
authors defined #-SRC ring (see Definition 2.1) and found the matrix ring M,,(R) over
a commutative local ring is strongly clean if and only if R is n-SRC.

Let R[[x]] denote the formal power series ring with elements of the form Y >, r:x’,
ri€ R, x° = 1. In [5, Theorem 9] it is proved that M,(R) over a commutative local
ring R is strongly clean if and only if M (R[[x]]) is strongly clean. This is equivalent
to saying that if M;(R) is strongly clean, then the power series extension (M, (R))[[x]]
(= ML (R[[x]])) is also strongly clean. However, it is not known, whether or not R[[x]]
is also strongly clean wherever R is a strongly clear ring.
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Generally, if M,(R) has a property, one may think M, (R) also has the property.
However, in [4], the authors gave an example showing that the strong cleanness of
M, (R) over a commutative local ring R need not imply the strong cleanness of M3(R).
Hence, the equivalence of strong cleanness for M,(R) and (M (R))[[x]] need not imply
the equivalence of strong cleanness for M,,(R) and (M,,(R))[[x]](= M,(R[[x]])).

Here we have proved the following main result.

THEOREM. LetR be a commutative local ring, and let n = 3,4, and m, k, s € N. Then
the following are equivalent (see Definition 2.8 for R o< R).

(1) M, (R) is strongly clean.

(2) ML (R[[x]]) is strongly clean.

3) M ((V’”;) is strongly clean.

(4) M, (R[[x1, x2, . . ., x]]) is strongly clean.

BG) M (%) is strongly clean.

(6) M, (R o R) is strongly clean.

As usual, we use U(R) and J(R) to denote the group of units and the Jacobson
radical of R respectively. For a field F, if &(¢), g(¢) € F[{], then ged(h(?), g(7)) denotes
the monic greatest common divisor of polynomials A(z), g().

2. Main results.

DEFINITION 2.1. [4] Let R be a commutative local ring. In R[], a factorization
h(t) = ho(t)h1(t) of a monic polynomial A(7) is said to be an SRC factorization if
ho(0), hi(1) are units and ho(7), h1(7) are coprime in the principal ideal domain R[7]
(= R/J(R)[t]). Ris an SRC ring ( resp. n-SRC ring) if every monic polynomial (resp.
every monic polynomial of degree #) has an SRC factorization.

LEMMA 2.2. [4] Let R be a commutative local ring. Then R is n-SRC if and only if
M,.(R) is strongly clean; R is SRC if and only if M,,(R) is strongly clean for alln € N.

THEOREM 2.3. Let R be a commutative local ring. Then the following are equivalent:
(1) Ris a3-SRC ring.
(2) R[[x]] is a 3-SRC ring.

Proof. (1) = (2): R[[x]]is a commutative local ring with J(R[[x]]) = J(R) + xR[[x]].
Define 6 : R[[x]] — R by 0(ro + r1x + r2x? + - --) = r. It is easy to verify that 6 is an
epimorphism. Let 5z R — R/J(R) be the natural ring epimorphism with 7, z)(r) =
7 =r+ J(R) and nygy.q) be defined similarly. Then the following diagram commutes
where 8(r + J(R[[x]])) = 0(r) + J(R) = r + J(R) =7, r € R, is an isomorphism since it
is a field epimorphism.

R[] S R

M | o)
RN/ (R —2> R/J(R)

Further it induces the following commutative diagram where n/J( pro+rt+- -+
rat") = nyry(ro) + nary(r)t + - - - + npry(ra)t" with ro+rit+---+r,t" € R[] and
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Mgy defined similarly. ' (fo +fit + - + fu") = 0(f0) + O(f)t + - - + O(f)1" with

Jo+fit+ -+ fut" € RN, 7 (o At Sut) = 0(0) + O+ -+ B ()"
with fo + fit+... + fut" € M[t] and 6 is an isomorphism.

J(RI[X]D
o
R[x])l71 — R[]
/ /
IR l l My
R g O R (g

J(R([x]) J(R)

Let i(t) = fo + fit + fot? + £ € R[[x]|[f] with f; = rig + rax + rpx> +---,i=0,1,2.
I: If 2(0) € U(R), then let ho(z) = h(z), h1(t) = 1 and if A(1) € U(R), then let hy(z) = 1,
hi(f) = h(1). In either case, /(7) has an SRC factorization.

IL: If 2(0) = fo € J(R[[X]]), k(1) = fo + f1 + o + 1 € J(R[[x]]), 1.e., o0 € J(R), and roo +
rio + o + 1 € J(R), we want to prove A(z) still has an SRC factorization.

Let //(f) = 6'(h(f)). Then K (f) = roo + riot + rot* + 3, H'(0) = roo € J(R) and #'(1) =
roo + r10 + 120 + 1 € J(R). Since R is a 3-SRC ring, there exist

hy(t) = ago + arot + 12
(a) ,
hy(8) = boo + ¢

or

hy(t) = apo +
(b) Lo 2
hy(t) = boo + brot + ¢

such that /(0) € U(R), k(1) € U(R), ged(n'z(ho(0). 1y, (h1(1)) =1 and K'(r) =

o (DR (D).
Case (a):

{ hy(1) = ao + arot + 12
h/l(l‘) = bgo + 1.

Let ho(t) = Ao + A1t + > € R[[x]][7] with 4; = aip + anx +apx*+---, i=0,1 and
hi(f) = By + t € R[[x]] with By = boy + bo1 X + boax> + - - - . We prove there exist Ag, 4,
and By € R[[x]] such that i(¢) = ho(t)h(2).

h(t) = ho(hi(1) & h(1) = fo + fit + fo* + £ = (Ao + A1t + £)(By + 1)
& (roo + ro1X + roaxX” + -+ ) + (r1o + X + riax’ + - )t
+(rao + raux + x4+ )+ 12
= [(a00 + ao1x + apx> + - - ) + (@10 + an x + apx® + - - )t + 7]
x [(boo + bo1x + bpx® + ---) + 1]
& (roo + riot 4+ raot* + £2) + (ror + riat + raa )x + (rox + rint + ropt)x? + -
=[(aoo + arot + 1) + (ao1 + anH)x + (agx + apt)x* + -]
x [(boo + 1) + bo1x + boax> + - - ]
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& the following equation system with a; and b,,, as variables is solvable:
(Po) : (a0 + arot + 1*)(boo + 1) = roo + riof + rot* + 12

(P,)(n € N) : (ago + aiot + t*)bo, + (ao1 + a119)bo -1 + - + (@o.n—1 + a1.n—10)bo
+ (aon + aint)(boo + 1) = ron + Fint + rant>.

Use mathematical induction on n: (Py) holds by the assumption of /y(¢) and /;(z).
Suppose (P,),n =0, 1, ...,k — 1, are solvable; we prove (Py) is solvable.

(Pr) : (ago + aiot + 2)bok + (ao1 + anbox—1 + -+ + (ao k-1 + a1 k—10)bo
+(aok + at)(boo + 1) = rok + rixt + rat>.

Since the coefficients of in (ag; + aj1)bo j—1 + - - - + (a0, k-1 + @1 xk—11)bo1 are allknown
by induction hypothesis, (Py) is transformed into

(%) : (aoo + arot + 2)bok + (aok + arxt)(boo + 1)
= —[(ao1 + anbos—1 + -+ + (dok—1 + ark—10bo1] + rox + rixt + rot>.

In the equation (x), agk, aix and by are variables. Transfer (x) into linear equation
system:

aoobor + aoboo = 1y,
arobok + aor + aixboo =1,
box + ay =1,

with 7, i =0, 1, 2, being the coefficients of the polynomial on the right hand side of
the equation (x). Define matrices 4, X, B as following:

boo 0 amo ok ok
A=|1 by ap|, X=|ax|, B=|r,
0 1 1 bo o

Then the above equation can be transformed into the matrix equation AX = B. By
hy(0) € U(R), (1) € U(R), h'(0) = hy(0)h}(0) € J(R) and K'(1) = hy(1)h (1) € J(R)
we get agy € U(R) and byy € J(R). So detA = (b()())2 + agy — ajoboo = ago + boo(boo —
ayp) € U(R). Hence the matrix equation has a solution, i.e., (Py) is solvable. So /(?)
and /;(¢) exist by induction.
Case (b):
hé)(l‘) =day +1
h/l(t) = boo + b1ot + 2.

Let ho(f) = Ay + t € R[[x]] with 4y = ago + a1 x + apnx?> + --- € R[[x]][{] and hi(¢) =
By + Byt + 1> € R[[x]][f] with B; = bjy + byyx + bpx>+---, i=0,1. Now we show
there exist Ay, By and By € R[[x]] such that A(z) = hy(?)h; (7).

h(t) = ho(Hhi(1) &
W) = fo+fit+ o +6 = (4o + 1)(By + Bit + 1°)
& (roo + ro1x 4 12X - )+ (rio + rx + rx’ 4 )t
+(r20 + raX + rpx* + )+ 1
=[(aoo + ao1x + anx* + - - -) + tl(boo + borx + borx* + - - -)
+(b1o + b11x + bpx + - - )t + 1]
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& (roo + riot + raof? + 2) + (ror + rint + rat)x 4 (roy 4 riat 4+ rpf?)x* + - -
=[(aoo + 1) + ao1x + agx* + - - (boo + brot + %) + (bor + by11)x
+ (boz + biat)x* + -+ ]

< the following equation system has a solution:

(Po) : (aoo + )(boo + biot + 12) = roo + riot + rot* + 12
(Py)(n € N) : agu(boo + brot + 12) + ao n—1(bor + bi11) + - - - + ao1(bo -1 + b1.n—11)
+ (aoo + D)(bon + b1nl) = ron + Fint + ra,t>

(Poy) holds by assumption of hy(¢) and /(7). Inductively, assume (P,), n=0,1, ...,
k — 1, have solutions, and we prove (Py) is solvable.

(Pr) aok(boo + b1ot + 12) + agk—1(bor + bi1t) + - - - + ao1(box—1 + b1 x_11)
+ (aoo + D)(bok + bixt) = rox + rict + rat>.

Since the coefficients of #in ag x—1(bo1 + b117) + - - - + ao1(bo k—1 + b1 x—1t) areall known
by induction hypothesis, (Py) is transformed into

(*x) : aoi(boo + biot + %) + (ago + 1)(bok + bix?)
= —[ao —1(bo1 + b111) + - + ao1(bok—1 + b1 k-1 + rox + rixt + rot?

with ag, and by, by being variables. Transfer (xx) into linear equation system:

aoiboo + aoobor = 1y,

b b + box =7/
aokb10 + aoobix 0k Ik
aok + bix =1y,

with r;k, i=0,1, 2, being the coefficients of the polynomial on the right hand side of
the equation (xx). Define matrices 4, X, B as

boo a0 aok "ok
A=|bwo 1 aw |, X=|bu |,B=|T7,
10 1 b r

Then the above equation can be transformed into the matrix equation AX = B.
H (1) = hy(Hh(¢) is an SRC factorization with A'(0) = hy(0)](0) € J(R), (1) =
hy()A (1) € J(R) and hy(0) € U(R), Ki(1) € U(R). So agy € U(R), boo € J(R), bio +
1e U(R) and ap + 1€ J(R). Hence detd = b()() + (a00)2 — a()()bl() = bOO + ao()(a()o +
1) — ago(1 + b19) € U(R). So the matrix equation is solvable and then so is equation
(x*) and by induction (P,) is solvable.

From case (a) and case (b), we know there exist /y(f) and % (f) such that
IO =ho(@n(0) and Jo(0) € URIND, hi(1) € UCRIND. Now 1y gy (ho0) =
C )7177‘/](13)9,(/’10(0) and n:](R[[X]])(hl(t)) =(0 )71 ﬂ}(R)G'(hl(f))- Since ng(i’]}(R)Q/(hO(Z)),
Ny (@) =1, we get ged(@)'n)g 0 (ho(1), @) 'nyp (@) =1, ie.,
ged(y gy o)), 0y rpqy(h1(1))) = 1. So h(z) has an SRC factorization, i.e., R[[x]]
is a 3-SRC ring.

(2) = (1). By Lemma 2.2, M3(R[[x]]) is strongly clean. So its image M3(R) is also
strongly clean. Again by Lemma 2.2, Ris 3-SRC. ]

We sketch proof of the following theorem; the proof is similar to that of
Theorem 2.3.
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THEOREM 2.4. Let R be a commutative local ring. Then the following are equivalent:
(1) Risa4-SRC ring.
(2) R[[x]] is a 4-SRC ring.

Proof. (1) = (2): Define ring homomorphisms similar to that in Theorem 2.3.
Then the following diagrams commute.

R[] > R
n | L

R/ J(RIN]) 2> R/J(R)

o
RIxN[71 — Rl
UNE:R)) l l M)

R[] v R
sRp L — 7wl

Let h(f) = fo + fit + fo* + 3 + t* € R[[x]|[{] with f; = rip + rax +rpx> +--- €
R[[x]],i=0,1,2,3.
L. If4(0) € U(R),or h(1) € U(R), then asin Theorem 2.3, 4(¢) has an SRC factorization.
IL: If 7(0) = fo € J(R[[x]]), h(1) = fo + /1 + /2 + 3+ 1 € J(R[[x]]), i.e., roo € J(R), and
roo + 1o + 10 + 130 + 1 € J(R), we prove A(¢) has an SRC factorization.
Let //(£) = 6'(h(¢)). Then W' (¢) = roo + riot + Vz()lz + V30[3 + [4, H(0) = rop € J(R) and
W()=rop+ro+ro+ro+1eJ(R). Since R is a 4-SRC ring, there exist the
following three cases

@ hy(t) = ago + aiot + axt* + 1
hy(#) = boo + ¢

or

(b) ho(t) = ago + arot + 12
(1) = boo + biot + 12

or

ho(8) = ago + ¢
(© , 2 3
Ry (t) = boo + biot + byt + ¢

such that 7,(0) € U(R), (1) € U(R), gcd(n}(R)(ho(l)), n/J(R)(hl(t))) =1 and #(¢) =
ho (DR} (1).
Case (a):
hy(t) = ago + arot + ayt’ +
Ry (£) = by + 1.
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Similar to case (a) in Theorem 2.3, we prove the following matrix 4 is invertible.

bpo 0 0 ayp

1
A= 0 1 b anx
0

By 11p(0) € U(R), h (1) € U(R), h'(0) = hy(0)A)(0) € J(R) H'(1) = hy(Dhi(1) € J(R), we
get ago € U(R) and bog € J(R). So det A = boy(b3, — aro — booa) — ago € U(R).
Case (b):

hy(t) = ago + aiot + 12
H(t) = boo + biot + 1.

As in case (a), we prove A is invertible where

boo 0 ap O

- b1o boo aio aoo
| 1 bio 1 oan
01 0 1

By h{)(O)E U(Ii), hi(1) € U(R), K (0) = hy(0)h(0) € J(R) K (1) = hy(1)hi(1) € J(R)
and ged(hy(1), h(2)) = 1, we get by € J(R), ago € U(R), 1+ bip € U(R), and byg —
ayp — 1 € U(R) and aypp = —ajo — 1 +j for some j € J(R). So

det A = boo(boo + aiy — boo — a10boo) — aoo(bly + oo — boo — aiobio)
= boo(boo + aly — boo — aroboo) — acol(bio + 1(b1o — aro — 1) +j — beo] € U(R).

Case (c):

ho(1) = aoo + ¢
H(t) = boo + biot + baot* + 1.

As before,

b()() aoo 0 0

b 10 1 aoo 0

b20 0 1 apo ’
1 0 0 1

A=

By 1y(0) € U(R), hi(1) € U(R), I'(0) = hy(0)7,(0) € J(R), h'(1) = hy(1)h|(1) € J(R),
we get agp € U(R), by € J(R), 1+ apeJ(R), by + bio+byy+1e UR) and
agy — bio — by € U(R). So detd = by — ady(ao — bro — ba0) — aoo(ago + 1)bio € U(R).
Again repeat the last part of Theorem 2.3; A(¢) has an SRC factorization, i.e., R[[x]] is
a4-SRC ring.

(2) = (1) is similar to the above theorem. ]

Before giving the main theorem, we need more lemmas.

RIl]
o) -

LEMMA 2.5. Let R be a ring. Then K =
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Proof. Define 6 : R[[x]] — R[x by 0(3_ 0 rix') = ro + X + - - + rx° where X =

X + (x¥). Then 6 is a ring eplmorphlsm with Ker 6 = (x¥). So :)] ~ Rl

LEMMA 2.6. Let R be a local ring. Then M is a local ring.
XX

,,,,,,

Proof. Let I = (kllxzz—x‘n;) Then I a nilpotent ideal. Define
Xp Xy oo X

Rlx1, x2, ..., x¢]

(x'fl, X, xzk)

6 : Rlx1, x2, ..., x¢] =

to be the natural ring epimorphism. Then by [1, Corollary 15.8], we have

J(R) + (xq’l’x;{ ...,xzk) c J(R[xl,xz,...,xk]>
) B

(¥ x5, (¥ x5, X))
So
J(R) + (x1, X2, ..., Xz) cJ R[x1, x2, ..., x¢]
(xq”,xgz,...,xzk) - (x?‘,xgz,...,xzk)
Hence,
R[x1, x2, ..., X¢]
(XTI,XZZ,...,XZ,() ~ R[xl,xz,...,xk] ~ R
JR) + (x1,x2, ..., X))~ J(R)+(x1,%2,...,x)  J(R)
(T )

is a division ring. And M is a local ring.
X)X

......

; Rx1, X0, X0] ~ R[[‘fl X2, X ]]
LEMMA 2.7. Let R be a ring. Then T k,() e ,...,xkk)'

Proof. The proof is similar to Lemma 2.5.

DEFINITION 2.8. R o R = {(§ z) 2 a, b € R} is called the trivial extension of R.

LEMMA 2.9. Let R be a ring. Then R < R = R[”)]

(=) -

g

Proof- Define 6 : Rx R — Rix] by 6(( z)) = a + bX with X = x + (x?). It is easy

(7
to verify that 6 is an isomorphism.

The following is the main result.

O

THEOREM 2.10. Let R be a commutative local ring, andletn = 3,4, andm, k, s € N.

Then the following are equivalent:

. M,,(R) is strongly clean.

. M, (R[[x]]) is strongly clean.

. Mn(%) is strongly clean.

. ML(R[[x1, x2, . .., x¢]]) is strongly clean.

n(%) is strongly clean.

M,.(R  R) is strongly clean.
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Proof. Note by the condmons known results or above lemmas, R, R[[x]]

R[‘q X2,

R[[x1, x2, ..., x¢]], ﬁ, and R « R are all commutative local.

(1) & (2). By Theorem 2.3, Theorem 2.4 and Lemma 2.2.

(2) = (3) = (1). M,(R) is the image of M,({5d) and M,({5]) is the image of
M, (R[[x]]) by Lemma 2.5.

(2) & (4). By mathematical induction, Lemma 2.2, Theorem 2.3 and Theorem 2.4.

(4) = (5) = (1). This is similar to (2) = (3) = (1) because by Lemma 2.7,

R[x1,X0, ., Xk]  ~ Rl[x1,X2,...,x]]
n n n 1 n, .
(Yll \72 ----- k) (’C ! s Xy 2 xkk)

(1) & (6). (1) & (3) for any m € N. So (6) is a special case of (3) if we let m = 2. [J

,Cm) b

The following is an application of Theorem 2.10.

A commutative local ring R is called Henselian if R[x] satisfies Hensel’s lemma
[3, 9], i.e., for any monic polynomial f(x) € R[x], if f(x) = g(x) h(x) with g(x), h(x) €
%[x] monic and coprime, then there exist monic polynomials g(x) and A(x) in R[x]
such that f(x) = g(x)h(x), nx(g(x)) = g(x), and nx(h(x)) = h(x).

LEMMA 2.11. [4] If R is Henselian, then R is an SRC ring.

COROLLARY 2.12. For any prime number p, let 'Z} be the ring of p-adic integers,

and let n = 3,4 and m, k, s € N. Then M,(Z,[[x]]), M (ijg) Mo(Z[[x1, X1 - - - » Xm]])s

n(%) and M,,(Z [0 Zp) are all strongly clean.

Proof. By [6, Theorem 7.18], Zp is Henselian. (For definitions and properties of Z,
and Hensel’s lemma, see [7].) So by Theorem 2.10, Lemma 2.2 and Lemma 2.11, the
corollary holds. O

COROLLARY2 13. Let F be a field, andletn = 3,4 andm, k, s € N. Then M,,(F[[x]]),
,,((x 1), M, (F[[x1, X2, - . ., X]]), M (%) and M,,(F o F) are strongly clean.

Proof. By [2, p. 115, ex. 9], F is Henselian. So again by Theorem 2.10, Lemma 2.2

and Lemma 2.11, the corollary holds. 0
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