
Adv. Appl. Prob. 22, 751-754 (1990)
Printed in N. Ireland

© Applied Probability Trust 1990

DISTRIBUTIONS WITH COMPLETE MONOTONE DERIVATIVE AND
GEOMETRIC INFINITE DIVISIBILITY

R. N. PILLAI* AND

E. SANDHYA, * University of Kerala

Abstract

It is shown that a distribution with complete monotone derivative is
geometrically infinitely divisible and that the class of distributions with
complete monotone derivative is a proper subclass of the class of
geometrically infinitely divisible distributions.

1. Introduction

The concept of geometric infinite divisibility (g.i.d.) was introduced by Klebanov et a1.
(1984). A random variable Y is said to be g.i.d. if for every p E (0, 1), there is a sequence of
independently identically distributed (i.i.d.) random variables X~p), X~p), · .. such that

p{Np=k}=p(l-p)k-t, k=1,2,'"

and Y, N; and XJp) (j = 1, 2, ...) are independent. (The symbol ~ expresses equality of
distributions.) They also established that a distribution F with characteristic function (ch.f.)
f(t) is g.i.d. if and only if exp {I - l/f(t)} is infinitely divisible (i.d.). Pillai and Sandhya
(1990) have shown that the class of g.i.d. distributions is a proper subclass of i.d. distribu-
tions. An obvious example of g.i.d. distribution is Laplace which has ch.f. 1/(1 + t 2

) .

Every distribution considered here has positive support. A distribution F is said to have
complete monotone derivative (c.m.d.) if (-I)"F(n)(x) ~ 0 for n ~ 1. Goldie (1967) has shown
that a distribution with c.m.d. is i.d. Here we show a much stronger result than Goldie's that
if a distribution has c.m.d., then it is g.i.d. It is stronger because of the result by Pillai and
Sandhya mentioned above.

2. Geometric infinite divisibility of distributions with complete monotone derivative

Let us consider the following lemmas.

Lemma 2.1. A probability distribution F has c.m.d. if and only if it is a mixture of
exponentials, Le., its Laplace transform ~(A) can be written in the form

~().)= r ~dG(x),Jo x + I\,

where the mixing distribution is G (x).

Proof Suppose F has c.m.d. Then ep(x)=1- F(x) is completely monotone. Then, there
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exists a probability distribution G (x) such that

ljJ(x) = {e-ux dG(u).

The Laplace transform of F(x) is given by

fe-A< dF(x) = - fe-A< dljJ(x)

= r~_X-dG(x).
Jo A+x

Conversely, if the distribution F(x) is a mixture of exponentials, then

F(x) = {(1- e-UX
) dG(u) = 1- ljJ(x)

and therefore F(x) has c.m.d.

Lemma 2.2. Let q,(A) be a finite mixture of exponentials:

Letters to the editor

(2.1)

n-I

II (aj/(aj + A»
j=2

Then q,(A) is g.i.d.

Proof. By Steutel (1967)

n a.
II-J

-

q,(A)= j=t aj + A
n-I b.II _J_

j=1 b, + A

where 0 < at < a2 • • • < an and aj < b., j = 1, 2, ... , (n - 1).

n-t

1 j~t (bj/(bj + A»
q,(A) - n

II (aj/(aj + A»
j=1

n-I

1 ( ')( ') .II (bj/(bj + A»at + A an+ A ]=1-----
q,(A) -

b, < a2 < b3 < · . · < an-t < bn - t .

Again by Steutel (1967)
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(2.2) (at + A)(an+ A) _ '1 _ b atan - bj(at + an - bj)
ib, + A) - A + at + an j + (b

j
+ A) .

The right-hand side of (2.2) has c.m.d. From Kingman (1964) and Yannaros (1988), q,(A) is
g.i.d. if and only if q,(A) = 1/(1 + 1jJ(A», where 1jJ(A) has c.m.d. Therefore it follows that if
1/q,(A) has c.m.d., then ep(A) is g.i.d.

Theorem 2.1. A probability distribution F with c.m.d. is g.i.d.

(We understand from the referee that this result has been proved by Olof Thorin in an
unpublished paper, using an entirely different approach.)

Proof. By Lemma 2.1, F is a mixture of exponentials. By Steutel (1967), any mixture of
exponentials is the limit of finite mixtures of the form (2.1). By Lemma 2.2, any finite mixture
is g.i.d. By Klebanov et al. (1984), the limit of g.i.d. distributions is again g.i.d.

Theorem 2.2. The class of distribution functions having c.m.d. is a proper subclass of the
class of g.i.d. distributions.

Proof. We prove it via a counter-example. Consider the distribution with density

f(x) = e-X {(r(u»-lxU-1e-Udu

with Laplace transform 1/(1 + log (1 + A», A> 0, which is g.i.d. by Kingman (1964) and
Yannaros (1988). To. show that f(x) is not completely monotone:

The second integral is finite. Now,

A is bounded
u

lim-() e-ux u = O.u-of u

By Stirling's approximation formula

f(u) = y'2;luu-~e-U(l + r(u» where Ir(u)1 ~ eVI2u - 1.

Therefore
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Since Ir(u)1 ~ e1l12u
- 1,

and

Hence

Therefore

Claim

1 - Ir(u)1 ~ 2 - e1l 12u

1 < 1
1+ r(u) -1 - r(u)

e1I12u ~ e1I12b

2 - e1l12u ~ 2 _ e1l 12b •

1 < 1 _
1-lr(u)l- 2 _ e ll( 12b ) -a.

B -s_a_ rXl

UX
U

du
- '!5: J

b
uu - ! .

u~xU< -2---;;;- u,

Letters to the editor

(2.3) u(log u -logx) > ~ log u.

Choose b > xe~ so that (2.2) is satisfied, and

i
oo

u -u u J.oo du
o r(u) e x du < b u2 •

Therefore, when u > (1 +x), f'(x) is positive and hence f(x) is not completely monotone.
Hence the theorem.
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