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SIX MOUFANG LOOPS OF UNITS

EDGAR G. GOODAIRE

ABSTRACT. We compute the loops of units in the integral alternative loop rings of
six Moufang loops. Four of these are subloops of the loop of matrices of determinant
one in Zorn’s vector matrix algebra over a ring of integers while the remaining two are
closely related to this interesting algebra. This paper thus serves, in part, to highlight a
Moufang analogue of SL(2, Z) which the author suggests is worthy of further study.

1. Introduction. For many people, the group of units (invertible elements) in the
integral group ring ZG of a finite group G holds great fascination. Certainly the elements
of G (together with their negatives) are units, but, as Higman showed in 1940 [8], it is
rare that these are all. So how can one construct other units? Can one perhaps describe
the full group of units in some specific cases? These are the sorts of questions which
intrigue people and to which many have put considerable effort with, by and large, spotty
progress. The unit groups of ZS3 and ZDy (53, the symmetric group on three letters and
D, the dihedral group of order 8) were the first to be discovered [9, 13]. Lately, Allen and
Hobby have described completely the units in the integral group rings of the alternating
and symmetric groups on four letters [1, 2]. In a remarkable paper not yet in print [10]
Jespers and Leal have found the units in the group rings of whole families of 2-groups.
In another direction, in cases where the full group of units is illusive, Sehgal and others
hunt for subgroups of finite index [16].

In recent years, Chein and the author have introduced the notion of an alternative loop
ring. Here, one starts with a loop L (an algebraic structure with a single operation,; it’s
like a group without the requirement of associativity) and, in a manner identical to the
construction of an integral group ring, constructs the loop ring ZL which is sometimes
alternative. An alternative ring is a ring which satisfies the two laws

Ox)x = yx2 and x(xy) = xzy.

An associative ring is alternative, hence a group ring is an alternative loop ring, but
the interest, for some, lies in the “not associative” situation for here one can hope to
generalize or prove analogues of theorems already known for group rings. In particular,
the loop of units in an alternative loop ring is a natural place to look for such results.
In 1986, Parmenter and the author generalized the afore-mentioned Higman result by
proving that except for abelian groups of certain small exponents and for Hamiltonian
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Moufang 2-loops, the loop of units in the alternative loop ring of a periodic loop L
consists of more than just the so-called trivial units, €, ¢ € L [6]. In this paper, we
determine the full loop of units in the integral alternative (not associative) loop rings of
the six smallest order loops where it is known that the loop rings have non-trivial units.

I want to acknowledge with gratitude the encouragement of my good friend, M. M.
Parmenter, whose paper [15] relating the unit groups of D4 and 16I'2c; motivated this
work.

2. Zorn’s vector matrix algebra. Since any alternative ring satisfies the three
(equivalent) Moufang identities

(Cnz)y = x(3(@)); ((9x)z = x(y(x2)); (xy)(2x) = (x(2))x

it follows that if ZL is alternative, then the loop L as well as the full unit loop in ZL will
satisfy these identities; hence, by definition, these are Moufang loops.

Since our object here is to describe six Moufang unit loops, we begin by explaining
the form these descriptions will take. The experience with group rings has been often
to represent a unit group as a certain subgroup of the special linear group SL(2, Z). It is
particularly pleasing that there is a Moufang matrix loop available which plays the role
of SL(2, 2) in the not associative context. In fact, each of the unit loops we determine in
this paper is closely related to this matrix loop, whose origins go back to Max Zorn.

As in [19, p. 46], for any commutative and associative ring R with identity, we let R?
denote the set of ordered triples over R and consider the set of 2 X 2 matrices of the form

a X 3
[yb}’ a,beR, x,yE€R
Such matrices are to be added entrywise, but multiplied according to the following
modification of the usual rule:

[01 Xl] [az X2
Yibijly, b2
where - and x denote the dot and cross products respectively in R>. By this construction,
we obtain an alternative algebra over R which we denote 3(R) in honour of Zorn who
used such an algebra to represent the Cayley numbers, taking R to be the field of real

numbers. Of significance is the fact that there is a (multiplicative) determinant function

in 3(R):

_ ajaz +xi -y, aiXa+byx; —y; Xy,
axy| + b1y, + X1 X Xa biby+y, - x;

det[ax =ab—x-y

yb

For many years, it has been fashionable to use a process due to Dickson to construct
simple alternative algebras (see, for example, [19, pp. 28-33 and Corollary 1, p. 151]);
consequently, Zorn’s algebra is less known than perhaps it should be. This paper high-
lights the loop of invertible matrices in 3(Z), a Moufang loop obviously analogous to
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GL(2,2), and with an interesting subloop, 3,(2Z), like SL(2, Z), consisting of integral
matrices of determinant 1.

3@ ={A€ 3@ |detAa=1}

In our view, these Moufang loops deserve to be studied further. It is worth remarking
in this connection that the units in 3(F), F a finite field, turned out to be crucial in the
classification of simple Moufang loops [14, 12].

3. The loops of interest. Our goal is to find the loop of units in the integral loop
rings of six loops which we label Ly, Li, ..., Ls and whose significance is this: except
for the omission of the so-called Cayley loop of order 16 and the direct product of this
loop with the cyclic group C; of order 2 (in whose integral loop rings all units are trivial
[6, Theorem 7]), these are all the Moufang loops of order n < 32 with loop rings over Z
which are alternative: the loop Ly has order 16, the remaining five loops have order 32.

Lo = M16(Q,2) = (a,b,u| a* =b* = 1,4’ = (a,b) = (a,u) = (b,u) = (a, b, u) = a*)
Ly = M3p(16T2¢, 16T ¢, 16T, 16T2ch)
=(a,b,u| a*=b*=1,u* = (a,b) = (a,u) = (b,u) = (a, b, u) = a*)
Ly = M3(Q X (7, 2)
={a,b,c,u|a* =b*=c* =1, u’ = (a,b) = (a,u) = (b,u) = (a, b, u) = a%,
(a,c)=(b,c)=(c,u)=(a,b,c)=(a,c,u) = (b,c,u)=1)
L3 = M3,(16T ¢, 1615, 1615¢y, 1615¢y)
=(a,b,u| a* =b* = 1,u* = a’V?,(a,b) = (a,u) = (b,u) = (a, b, u) = a*)
Ly = M3y(E;, 16)
={a,b,c,u|a* =1, (a,¢) = (b,c) = (a,b,0) = (a, c,u) = (b, c,u) = 1,
b = c* =u* = (a,b) = (a,u) = (b,u) = (c,u) = (a, b, u) = a*)
Ls = M3,(5,5,5,2,2,4)
=(a,bu| a®=b*=1,u> =d* (a,b) = (a,u) = (b,u) = (a,b,u) = a*)

We use (a, b) and (a, b, c) to denote the commutator of a and b and the associator of a,
b and c, respectively. The names of these loops are due to Chein [3] as are the above
presentations, except for a couple of notational changes. Where Chein uses u;, up, u3 or
uy, Uz, us, uy for generators, we adopt a, b, u and a, b, c, u, respectively. In Ly, we have
interchanged 1) and us; that is, Chein’s u;, u, u3 are our ¢, b, a. In Ls, we have replaced
Chein’s u; with the product uju; so as to obtain an element of order 2; thus Chein’s
u1, U >, u3 are our a, b, c. In each loop, there is a unique commutator (# 1) and a unique
associator (# 1) and these are equal. This element, which we generally denote e, is the
element a? in the presentation of each of the above loops except Ls, where e = a*. Note
that, in every loop, e is central and of order 2. Also, in each loop L, the given set of
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generators excluding u generates a group G of index 2 (as a subloop of L). Specifically,
and using Hall and Senior notation (see also [18])
e inly, G={a,b) = Dg;
in L], G= (a, b> = 16r2C2;
inL,,G=(a,b,c) T Dy x Cy;
inL3, G ={a,b) = 16I¢y;
inLy, G = (a,b,c) ¥ 16I':b;
e inLs, G=(a,b) = 16I,d,
Thus each of our six loops L is the disjoint union of G and Gu. Moreover, in each case,
the map

g  gcentral

* —
§—8 = 3g otherwise

is an involution (an anti-automorphism of period 2) such that gg* is central, for any
g € G, and multiplication in L = GU Gu is given by

g(hu) = (hg)u
(gwh = (gh™)u
(gu)(hu) = goh™g
for g, h € G, where u? = g is central in G and g = go. It follows that every element in

the loop ring ZL can be expressed in the form x + yu, x, y € 2G, and that multiplication
in ZL is given by

(x + yu)(a + bu) = (xa + gob*y) + (bx + ya*)u
where, for x = ¥ a;g; € ZG, x* means ¥ «;g}. The involution extends from G to L by

defining (gu)* = e(gu) and then to ZL by the rule (x +yu)* = x* + eyu. We refer the reader
to [4], [7] and [6] where this material is explained in greater detail.

4. General results. If Lis any loop and x € L, we denote as usual the left and right
translations L(x), R(x): L — L by

L(x): a — xa, R(x):a v ax

for a € L. In general loop theory, a subloop H of L is, by definition, normal if and only
if forall x,y € L, HT(x), HR(x,y) and HL(x, y) are subsets of H. Here, T(x), R(x, y) and
L(x, y) are the maps L — L defined by

T(x) = L(x)"'R(x)
R(x,y) = ROR()R(xy) ™!
L(x,y) = L(x)L(y)L(yx)""

Observe that if x and y are units in an alternative loop ring ZL, then each of T(x), R(x, y)
and L(x, y) extends, by linearity, to a function ZL — ZL which we denote with the same
symbolism.
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In any group or loop ring, the augmentation map €, which is defined by e( a,g) =
3 ay, is easily seen to be a ring homomorphism. As a consequence, the augmentation of
a unit is =1 and, more importantly, the maps T(x), R(x, y) and L(x, y) preserve augmen-
tation. For example, if = sR(x, y), then #(xy) = (sx)y, s0 e()e(x)e(¥) = e(s)e(x)e(y) and,
because neither e(x) nor €(y) is 0, we get €(z) = €(s).

The next theorem was established for Ly by Jespers and Leal [10].

THEOREM 4.1. Let L = (G, u) be any of the six loops Ly, . . ., Ls defined in Section 3,
with u and G as specified there. Let e denote the unique non-identity commutator (as-
sociator) in L. Let U = U(ZL) denote the unit loop of the integral loop ring of L. Then
U = £LV where

V={reu|r=1+(1—e)x+yu),x,y € ZG, e(x + yu) even}

is a subloop of U, a torsion-free normal complement for L.

PROOF. The centre Z(L) of L has order 4 and contains the associator-commutator
subloop L' = {1, e}. Since the square of any element of L is central, the quotient L/L’ is
an abelian group of exponent 2 or 4 [8] (see also [17, p. 57]). So all units in Z(L/L’) are
trivial. By Proposition 4! of [6] there are two possibilities for the shape of a unit r in .
Either

r=xlg+ (1 —exl+[(1 —e)ylu=2g{l+(1 —e)g ' x+yg 'ul}
or
r=2[(1 —ex] +[g+ (1 — e)ylu = 2gu{l + (1 — )[(g~')* + (g5 'xg~")*ul}

where x and y are in the group ring ZG. In either case, r is in the form £g[1+(1 —e)(x+yu)],
g € L, and hence in +L7 whenever €(x + yu) is even, but also if e(x + yu) is odd, as we
see by the equation

gll+(1 —e)x+yuw)]l =eg[l +(1 —e)(e —x — yu)]
The calculation

[1+ (1 —e)x+yw][l+(1—e)a+bu)]
=1+ —e){[x+a+2(xa+gob*y)l+[y+b+2(bx+ya*)u}

shows that 9/ is closed under multiplication.
To show that 9 contains the inverse of each of its elements we note that for r =
l+(1—e)x+yuw), r =1+(1—e)x* +eyu) =1+ (1 — e)(x* — yu) and

4.1 r=1+1—e)x+x" +20xx* — goyy")]

! Note the error in the statement of this proposition. The phrase “in the groupring ZG of a group determining
L” should quite obviously (in light of the preamble) read “in the group ring Z(L/L')".
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Now rr* is a central unit, but, since both L /L' and Z(L) are abelian groups of exponent 2
or4,ZL has only trivial central units [6]. Thus rr* = *a for some central a. Infact, rr* = a
because its augmentation is positive and a = 1 because (1 — e)[x + x* + 2(xx* — goyy*)]
can be written as (1 — e)2t, t € ZG. This follows by writing

X=X +X, X = 9 08 Xa= 9 g
a4 €Z(G) a, ¢ Z(G)

and observing that x+x* = 2x)+(1+e)x;. We have shown thatif r = 1+(1—e)(x+yu) € 7,
then r~! = r* = 14(1 —e)(x* —yu). Since x and x* have the same augmentation, ' € 7/,
so v/ is a subloop of U. Normality follows from remarks at the beginning of this section:
ifr=1+4+(1—e)x+yu) € v, if aand b are arbitrary elements of U and if § is any of
T(a), R(a,b), L(a,b),then 10 = 1 and ef = ¢, so r = 1 + (1 — e)[(x + yu)f] and e(x + yu)
even implies e((x + yu)O) even as well.

Finally, we must prove that every r = 1 +(1 — e)(x +yu) € v, r # 1, has infinite order
(from which LN % = {1} also follows). For this, note that the coefficient of the identity
inrism =1+ a; — a, while the coefficient of e is n = a, — |, where «; and «, are
the coefficients of 1 and e in x. Since it is impossible for both m and n to be 0, some
coefficient of a central element in r is non-zero. Thus, if r has finite order, r = +a for
some central a [S, Corollary 2.2], r = +a because it has positive augmentation and a = 1
because the augmentation of x + yu is even, as in our previous argument about rr*. =

Because of this theorem, our search for units in the integral loop ring of any of the
loops in question can be restricted to a hunt for units of the form 1 + (1 — e)(x + yu).
In the work which follows, our achievement for each L; will be to represent ¥V either
as a subloop of the invertible matrices in Zorn’s vector matrix algebra over the rational
or Gaussian integers or else as a subloop of the direct product of 3,(Z) with itself. Our
method, in every case, makes use of an observation implicit in the proof of the theorem.

COROLLARY 4.2. Letr=1+(1 —e)(x+yu), x,y € ZG, be an element of the loop ring
ZL. Write x = ¥o,cc @8 and define x| by x| = L, e 2(G) 8- Then r is a unit if and only
if (1 — e)(xy +xx* — goyy*) = 0.

PROOF. Equation (4.1) made it clear that r is a unit if and only if (1 — e)[x + x* +
2(xx* — goyy*)] = 0. The proof of the theorem shows that (1 — e)(x + x*) = (1 — €)2x;.
Therefore r is a unit if and only if 2(1 — e)(x; +xx* — goyy*) = 0 and the result follows. =

5. Mi6(Q,2). The unit loop of ZM¢(Q, 2) has been determined recently by Jespers
and Leal [10]. We find it again here (in a slightly different form) because it provides a
simple illustration of our general approach and because this particular unit loop reappears
later.

We present Ly = M6(Q, 2) as in Section 3; that is,

Lo ={a,b,u|a*=b*=1,u* = (a,b) = (a,u) = (b, u) = (a, b, u) = a®)
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Recall that G = (a,b) ¥ D4, e = a® and gy = u> = e. Any element of ZG is a
linear combination of 1, a, b, ab and the product of these elements with a* = e. Since
(1 —e)e=—(1 —e) and

(1 —e)[(ag + axja + arb + azab) + e(ay + asa + agh + c;ab)]

= (1 —e)[(ap — ag) + (a1 — as)a+ (o — as)b + (a3 — at7)ab),

for any x € ZG, (1 — e)x is a linear combination of just 1, a, b and ab. Therefore, if an
element r in ZL has the form r = 1 + (1 — e)(x + yu), we may assume that

x = oy + aja+ arb + azab and
y =Bo + f1a+ B2b + B3ab

Recalling the definition of * and noting that Z(G) = {1, e},

x* = ap + e(aja + arb + azab) and
y* = Bo +e(Bra + B2b + B3ab)

With x; defined as in Corollary 4.2, here we have x; = o and it is easy to see that

xx* = (g + 2) +e(a5 + a3) + (1 +e)s and
W = (B + B +e(By +53) + (1 + )t

for certain s, € ZG. Since gy = u* = e,

(1 — e)(x; +xx* — goyy") = (1 — e)(x1 +xx* +yy")
= (1 —e)lag + (o + ) — (a3 + AB) + (G5 + 3) — (B3 + 8]

Let m be the integer
_ 2, .2 2 2., 32, @2 2 2
m=qo+ay+ap—a; — o3+ + 01 — By — B

By Corollary 4.2, r is a unit if and only if (1 — e)m = 0, hence if and only if m = 0, or
equivalently, if and only if

G
(1+2a0)” + 2a1)? — 2a)® — 2a3)” + (260)* + (261)* — (262)* — (2B3)* = 1

Note that e(x + yu) is even if and only if o is even since 0 = m = o + (Z(a,- + ﬁ,'))2
(mod 2) = ap + X(o; + ;) (mod 2) = oy + €(x + yu).
The trick now is to observe that (5.1) is equivalent to

ax
det{yb]_l
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in Zorn’s algebra 3(Z) where

a=1+2(ap+ a3)

b=1+2(ag— a3)
x=2(c +ay, B3+ 8o, B2 — B1)
y =2(02 — a1, B3 — Bo, B2 + B1)

and then to verify that the map which this matrix suggests,

L, ]ax
e: v b

is a loop homomorphism into 3,(2Z). It’s clearly one-to-one and its range is easily
determined. So we obtain the following theorem.

THEOREM 5.1. Let
Lo=Ms(Q,2) = (a,b,u| a* =b* = 1,u’ = (a,b) = (a,¢) = (b, ¢) = (a, b, u) = @*).

Then the unit loop of the integral loop ring ZLy is +LyV where V is a torsion-free normal
complement of Ly consisting of elements of the form

r=1+(1-— az)[(ao + 0ja + b + aszab) + (B + Bra + B2b + Bzab)u]
with ag even and
(1 +200)* + (221)* — (2a2)* — 2a3)* +(280)* + (261)* — (262)* — (263)* = 1

Furthermore,

~ [|1+2a 2x
rV_{[ 2y 1+2b]681(2)|a+b€2Z,x+ye(2zﬁzz,zz)}

the isomorphism being given by

. [ 14+ 2(ap + @3) 2(a2+0€1,ﬁ3+507[32—ﬁ|)}

2(0og — oy, B3 — Bo, B2 + B1) 1+2(atg — a3)
6. M3(16T5¢a, 16T5¢, 16Tac%, 16T5¢,%).  We present this loop (L;) as in Section 3:
L= (a,b,u l at=pt= l,uz=(a,b)=(a,u):(b,u):(a’b,u)=a2>
Aswith Ly, G = (a, b), e = a*and gy = u® = e. The centre of Gis Z(G) = {1, e, b?, eb?}

C, X C,. Any x € ZG is a linear combination of 1, a, b, b%, b, ab, ab?, ab® and the product
of these elements with a® = e. It follows that (1 — e)x is a linear combination of just 1, a,
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b, b%, b*, ab, ab* and ab’. So for an element r € ZL; of the form r = 1 + (1 — €)(x + yu),
x,y € ZG, we may assume

x = (0 + aa + b + azab) + b*(afy + aja + b + abab) and
y = (Bo + B1a + Bab + B3ab) + b*(3) + Bia + Byb + B3ab)
We have
x* = (ag + b*a)) + el(aja + b + azab) + b*(aa + b + oyab)]

and there’s a similar expression for y*. With x; defined as in Corollary 4.2, we have
X1 =Qp+ b2 0(6,
6.1) " = (o + a62 +al+ aﬁz) +e(Qapah +20305)
+ b [(Rapag + 20 0)) + e(a3 + a’22 +a3+ agz)] +(1+e)s
for some s € ZG, and a similar expression for yy*.

It may be of help to the reader to indicate how we calculate these expressions quickly.
(Exactly the same procedure works when dealing with the loop rings of each of the
remaining loops.) We write x = (o + b>a) + (p + b>q) where p = aja + ab + azab and
q = o jb+ayb+ayab. Thenx* = (ap+b*af)+e(p+b*q) and xx* = (o +b* ) +e(p+b*g)?
plus another term containing 1+ as a factor (which is of no concern since it is (1 — e)xx*

in which we are actually interested). Since no two of a, b, abcommute, gh+hg = (1+e)gh
for g # h € {a, b, ab} and therefore, modulo more terms containing the factor 1 +e,

p2 = af%a2 + a%bz + a§b2
7 = oi’d + a5'b + o’ b
pq+qp = 2010,a° + 20,0507 + 23 yb?
So, modulo (1 + ¢)ZG,

xx* = (o + b?a))? +e(p + b2q)°
= (a@ + 2b%agay + o)) + ep? + eb*(pq + gp) + eq
= o} + 262 o) + @) + o} + ebX (A + )
+ 2000, b? + 2e0,0) + 2eazas + ) + eb(ty” + )
which gives (6). Now we return to our central line of reasoning.
Since go = e, we have (1—e)(x; +xx* —goyy*) = (1—e)(x; +xx* +yy*) = (1 —e)(m+nb?)
where m and n are the integers
m=og+ad+al +ad + o)t — 200 — a3}
+ 85+ 85"+ B+ 817 — 28285 — 2838

2 2
n=a)—as—ay — a5 — oy +2aa) + 20 )

2 2
— B3 =By — B3 — By +2B0By + 28151
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By Corollary 4.2, r = 1 + (1 — e)(x + yu) is a unit if and only if (1 — e)(m + nb?) = 0 and
so, because 1, e, b* and eb? are linearly independent over Z, if and only if m = n = 0.
Subtracting the above expressions for m and n, then multiplying by 4 and adding 1, the
conditions m = n = 0 imply

[1+2(cto — ag)]* + [2(cs — @)1 + [2(c2 — 2T + [2(a3 — a3)]

+12(80 — B + [2(81 — B> + [2(82 — B5)1* +[2(8s — 851> = 1

/
i’

to which there are two solutions. In each of these, o; = a,’-, i=1,23and 3, =0
i =0, 1,2, 3. In addition, in one case we have oy = &, and, in the other, o = 1 + .

CASEi. ap= .
In this case,
(6.2) x=(14b*) (g + c1a + czb + czab)
y = (1+b3)(Bo + fr1a + Bab + B3ab)

and m = n = ag + 200 + 203 — 203 — 203 + 233 + 287 — 235 — 233. The condition
m = n = 0 is conveniently expressed as

(6.3)
(1+400)* + (4a))? — (4ar)* — (4a3)* + (460)* + (461)* — (482)* — (483)* = 1
CASEil. aj=1+a
This time
x=b*+ (1 4+ b*) (g + aya + b + azab) and
y = (1+b*)(Bo + Bia + B2b + Byab)
with
O=m=n=ag+0}+(1+ap)’+2a% —2a3 — 203 + 2033 + 233 — 2% — 232
= —(1 + ) + 2[—(1 + ap)]* + 2(—ay)* — 2(—a3) — 2(a3)?
+2(—B0)* + 2(=B1)* — 2(—B2)* — 2(—B3)*.

So
r=1+(1—-e)x+yw)y=1—e+e+ (1 —e)x+yu)
=e+(l—e)(l+x+yu)=¢[l+(1—e)(—1—x—yu)]
=e[l+ (1 — e)(x1 +y1u)]

where

x1=—1—x=1+b%)[—( + ag) — aja — b — azab] and
yi1=—y=(1+b)[—Bo — Bia — ab — B3ab].
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In other words, r = er; where r; is a unit of the type discovered in Case i.

Summarizing, we have shown that r = 1 + (1 — e€)(x + yu) is a unit if and only if x
and y in ZG have the form (6), their coefficients satisfying (6.3). Note that this time, the
condition which puts r € /—augmentation of x + yu even—is automatically satisfied.
We are now in a position to characterize the loop of units in ZL;.

THEOREM 6.1. Let Ly = M3;(1615¢;, 16175¢,, 16rzcg, 16I“2cg) be the loop
(a,byu| a*=b*=1,u* = (a,b) = (a,u) = (b, u) =(a,b,u)=a2>

Then the unit loop of the loop ring ZL, is =L,V where V is a torsion-free normal
complement for L, consisting of elements of the form

r=1+1—a®)(+b>)[(ap+ aja + azb + azab) + (Bo + Bra + Ba2b + Bsab)u]
whose coefficients satisfy
(1 +4a0)* + (4o1)* — (4ap)” — (da3)” + (480)* + (481)° — (482" — (4B3)* = 1.

Furthermore, the subloop V is isomorphic to

1+4a 4x
4y 1+4b 681(2)]a+b€22,x+y€(2Z,22,2Z)}
the isomorphism being given by
, [ 1 +4(ao + a3) 4(ar + ay, B3 +Bo»ﬂ2—ﬂ1)]
(a2 — a1, B3 — Bo, B2 + B1) 1 +4(ap — a3) '

PROOE. Let Uy = =Ly V) be the loop of units of ZLy where 7/ is the loop ¥V specified
in Theorem 5.1. We have determined already that the loop of units of ZL, is U, = £L; v
where 7/, is the subloop of 11| consisting of units of the form r = 1 + (1 — a®)(x + yu),

x=(1+b*)(a + a1a + b + azab)
y=(1+b%)(Bo +Pra+ B2b + B3ab)

the coefficients here satisfying (6.3). Rather than viewing (6.3) as a statement about a
certain determinant (as we did at this point in the previous section), we proceed in a
manner which avoids the tedium of checking that a certain map is a homomorphism.

Let W, be the subloop of ¥ generated by units of the form 1 + 2(1 — a?)(x + yu),
where

x =0y +aja+oarb+ azab
y =Bo + B1a + B2b + B3ab

The map : Ly — Lo defined by % +— 1 extends to a one-to-one loop homomorphism
11 — Wy which (surprisingly?) is also onto. To see this, just note that any unit s =
1+2(1 — a®)(x+yu) € Wy is Y(r) for r = 1 + (1 — a®)(1 + b%)(x + yu), the coefficients of
x and y in such r satisfying (6.3) because the coefficients of 2x and 2y satisfy (5.1); i.e.,
r € ;. Finally, we obtain the isomorphism specified in the statement of the theorem by
composing ¢ with the isomorphism of Theorem 5.1. (]
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7. M3(Q X C,2). We present L, = M3;(Q X C5,2) as in Section 3:

L2=<a,b,c,u|a4=b2=cz= 1,u? = (a,b) = (a,u) = (b,u) = (a, b, u) = a,

(a,¢) = (b,c) = (c,u) = (a,b,c) = (a,c,u) = (b,c,u) = 1)

Wehave G = (a,b,¢) ¥ Dyx Cy, Z(G) = {1,e,c,ec} = C;xCy,e =a’and go = u® = e.

Any x € ZG is a linear combination of 1,a, b, ab, c, ca, cb, cab and the product of
these elements with a®> = e so (1 — e)x is a linear combination of just 1, a, b, ab, c, ca,
cb and cab. For r =1 + (1 — e)(x + yu), we may therefore assume that

x = (ap + aja + apb + azab) + c(ag + oja + b + oyab) and
y = (Bo + Bra + Bab + B3ab) + c(By + B1a + B3b + B3ab)

This time, we have
x* = (ap + ca) +e[(a1a + azb + azab) + c(aa + ayb + oyab))

and there’s a similar expression for y*. Also, x; = o + ca{),

2 2
= [(0d + o) +ad + %) + cQapag + 2a1a))]

2 2
+e[(03 + 05" + A5+ a5%) + cRanah + 2a3a)] + (1 + e)s
for some s € ZG, and there’s a similar expression for yy*. Since go = e,

(1 — e)(x; +xx* — goyy™)
= (1 —e)(x; +xx" +yy*)
2 2
= (1 — e){ao+caj+ (af + o +af + ] —ad -y — k)
+2c(apag + ) — cah — azah)
2 2 2 12 2 2 2 2
+(Bo+Bp +B81+681 —B2—0 —B3—063)

+2c(BoBy + 8181 — B35 — B335)}

which is of the form (1 — e)(mm + cn) where m and n are the integers

2 2 2 2
m=op+ad+ay +ai+a) — a3 — " — b — o

2 2 2 2
+B5+By +B1+B) — 65— By — 65 — B3
n=ay+2(aa) + ooy — aaay, — azal
+ BoBo + 8181 — B28; — B353)
By Corollary 4.2, r = 1 +(1 — e)(x+yu) is a unit if and only if (1 —e)(m +cn) = 0, hence,

if and only if m = n = 0. (Note that here, e(x + yu) even is equivalent to oy = o, = 0
(mod 2).) First adding and then subtracting the above expressions for m and n, it is
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convenient to observe that the equations m = n = 0 are equivalent to

(o + af) + (g + ap)? + (@) + &})* — (2 + Ab)* — (a3 + o)’
+(Bo +B0) + (B + 51> — (B2 + 85> — (B3 + B5)* =0 and
(g — ) + (g — a)* + () — ) — (0 — @h)* — (a3 — a})?

+(Bo — Bp)* +(B1 — B — (B2 — B5)* — (B3 — B5)* =0

and hence to
[(1+2(at0 & ap)* + [2(a; £ a})]* — [2(ar = &) — [2(a3 + b))
(71.1) +[2(80 & B)I* + [2(81 + B> — [2(B2 £ 81> — [2(B3 £ 8P = 1.

Now the map L, — Ly which sends c to 1 extends to a ring homomorphism ZL, — ZL,
which induces a loop homomorphism ¢: U(ZL,) — U(ZL,) with kernel
kerp = {1+ (1 —e)(1 —c)(x+yu) | x,y € 2ZG}
and, similarly, the map L, — Ly which sends c to e = a? induces a loop homomorphism
V. U(ZLy) — U(ZLy) with kernel
ker = {1+ (1 —e)(l +c)x+yu) | x,y € ZG}
Since (1 +¢)(1 —¢) =0, ker p Nkery = {1} and thus r — (cp(r), w(r)) is a one-to-map
homomorphism into U(ZLy) X U(ZLy). We claim that its range is
{(Sl, S2) | 51 = 1+ (1 — e)[(oco + aja+ (lzb + a3ab) + ([30 + ﬁla +,82b + ,83ab)u]
sp =1+ —e)(Vo+Y1a+72b+7Y3ab) + (g + b1a + 62b + b3ab)u)
where (o; +7;) and (8; + §;) are even, for all i,
(1+2a0)° + 21’ — Q) — Q)
(12) +2B0)* +(281)" — (282)* — (283)* = 1 and
(1+27%)* +20)* — 212 — W)’
+(260)” +(261) — (262)* — (263)* = 1}
the conditions on the coefficients appearing because, as units of ZLy, s; and s, must
satisfy (5.1).

To justify our claim, let s; and s, be as above. Then, letting
pi = %(ai +71), f/’,’ =l%(ai =)
Ti=5(Bi+6:), 7 =308 —b)
the element r = 1 + (1 — e)(x + yu) with
x = (po + pra + pab + p3ab) + c(p}y + pla + phb + piab)
y = (10 + T1a + Tob + T3ab) + c(1y + Ta + Thb + Thab)
satisfies (<p(r), w(r)) = (s1,52) and is a unit in ZL, because the equations (7) hold, these

being exactly the two equations (7.2) which say that s; and s; are units in ZLy. Thus we
obtain the following characterization of the units in ZL,.
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THEOREM 7.1. Let L, = M33(Q X C3,2) be the Moufang loop with presentation

{a,b,c,u|a* =b*=c® = 1,u* = (a,b) = (a,u) = (b,u) = (a, b, u) = a°,

(aa C) = (b’ C‘) = (C7 u) = ((1, b,C) = (a7C7 u) = (ba c, M) = 1>

Then the unit loop of ZL, is £L,V where V is a torsion-free normal complement of L,
consisting of elements of the form

r=1+1—a*{l(ao+ ara+ azb + asab) + c(ag + aya + ayb + asab)]
+[(Bo + B1a + Bab + B3ab) + c(B) + Bia + Byb + Biab)lu}
with oty = ) = 0 (mod 2) and
[(1+2(a0 + o) + [2(a1 + o)) = [2(ez £ &)))* = [2(e3 £ &)
+[2(80 £ B + 1281 £ 81 — [2(82 £ B)) — [2(83 £ 831> = 1
Furthermore,

V¥ {(A1,4) € 3, x 3,@) |

1+2a; 2% A = 1+2a;, 2x
2y, 1+2b |0 27| 2y, 1+2b,
ay+ay,by+byanda;+b; €22, i=1,2,

(1.3) Ay = [

X +X2,Y; +y2 and X; +yi € (22, 2Z, 22), i= 1, 2,
aj+ay+by+byandx;;+y,+x+yy €42, i= 1,2}

where X; = (xi1, xi2,x3) and ¥; = (yi1, yi2, yi3), i = 1,2, the isomorphism being given by
r— (A1, Ay) where

A=

1+2a; 2x A, = 1+2a; 2x,
2y, 1+2b " 27| 2y, 1+2b

ay=ap+ay+os3+ah

bi=ap+a)— a3z —af

X1 = (o + o)+ +ay, B3+ 05+ Bo + By, B2 + 85 — B1 — B7)

Y1 = (02 + 05 — a1 — a1, B3+ B3 — Bo — Bo, B2 + B2 + Bi +B1)
ay=ap—ap+a3 — a4
by=ag—a)— a3+,

X = (0 — oy + a1 — &), B3 — B3+ B0 — B, B2 — B3 — Bi +BY)

V2= (00— o) — o+, B3 — B — Bo+Bg, B2 — By + B — BY)

PROOF. The isomorphism is the composition of the map r — (cp(r). d](r)) and

applications in each coordinate of the isomorphism exhibited in Theorem 5.1. The
conditions on the entries of the matrices A; and A, are obtained by noting that a pair
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(A1, A2) of matrices with A; as in (7.3) is in the range of the homomorphism if and only
if the following systems have integral solutions:

Qo +og+az+0s=a
a0+a{,—a3—a’3=b1
A —ay+os— oy =ar

a— oy —o3+ay=b;

ar+ 0y + ap + &) = xy;
! /

ar+ 0y, —ap — a; =)y11

a — oy +a —ap =x

/ !
az—az-‘a|+al =y21

B3+ B3 + Bo + o = x12
B3+ 83— Bo— B =yn2
B3 — B3+ Bo — By = x2
B3 — B3 —Bo+ By =y»

Ba+By+ 81+ 8 =yi3
B2+ By —B1 — By = xi3
Ba—By+B1 =B =yn
Br— By — B +B] =xn
Each of these systems has the same matrix of coefficients. Over Z the first reduces to

1111 |y

2020 |a) +ap
2200 al+b1
4000 |aj+b1+ay+b;

which implies that 4 | (@1 + by + ay +b2), 2 | (a1 +a3) and 2 | (a1 + by). Conversely,
assuming these three conditions, the elements
g = %(al +by +a; + by)
oy = 1@ +b) — o
a3 = 3(ar +az) — g
ay=a;—ay—oyg— a3
satisfy the first system. The solution to the other three systems is similar and it is apparent
that the range of our homomorphism is as given. ]
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8. M3;(16Icy, 16I05¢;, 1615¢y, 16T75¢;).  This loop is L3, which was presented in
Section 3 as:

Ly = (a,b,u| a* = b* = 1,u* = a*b*,(a,b) = (a,u) = (b,u) = (a,b,u) = a*)

The group G = (a, b) has centre Z(G) = {1, e, b?, eb?*} ¥ C, x C;; moreover, e = a® and
go = u? = a*b?.

Any x € ZG is a linear combination of 1, a, b, b, b*, ab, ab®, ab® and the product
of these elements with a> = e and so (1 — e)x is a linear combination of just the eight
elements just listed. Thus, for r = 1 + (1 — e)(x + yu), we may assume
8.1 x = (0 + aja + azb + azab) + b + Aja + oyb + oyab)

y = (Bo+ Bra+ Bab + Baab) + b*(By + Ba + Byb + Bab).
We have
x* = (ap + b*ap) + e[(aya + azb + azab) + b*(aa + ahb + oyab)]
and a similar expression for y*, x; = ap + b2a<’),
xx* = [(ad + a(')z +a2+ a'lz) + b2 Qaya) + 2apa)]
+ e[(2000 + 20304) + X3 + oty + &b + oy + (1 + e)s
for some s € ZG, and a similar expression for yy*. Since go = eb?, go(1 —e) = —(1 — e)b?
and (1 — e)(x; +xx* — goyy*) = (1 — e)(x1 + xx* + b%yy*) = (1 — e)(m + nb*) where m and
n are the integers
- 2 /2 2 12 2 r2 2 72
nl—a0+a0+a0 +(X] +O(1 —,82 — P2 _ﬁ:; — D3
— 2(12(1; — 2(130(3 + 2,30[36 + 2,@15/1
n=ay—aj— oy’ — o} — oy + B+ By’ + B+
+ 2(10(1'6 + 20!1(1',1 — 2ﬁ2ﬁ/2 — 2,33ﬂg
By the linear independence of 1, e, b%, eb? over Z and Corollary 4.2, r = 1+(1 —e)(x+yu)
is a unit if and only if m = n = 0; i.e., if and only if
(ot + ) + (g + ah)? + (g + )2 — (0 + ah)? — (a3 + y)?
+(Bo +Bp)* + (B1 +B1)* — (B2 +32)* — (B3 + B3)* =0 and
(a0 — o) + (@0 — ag)* + (o) — o)) + (a2 — @p)? + (a3 — &)?
—(Bo — Bo)* — (B — B> — (B2 — B)* — (B3 — B3)* =0
which is to say, if and only if
(B8.2)[1 +2(atg + af)]* + [2(ay + a))]* — [2(arz + ah))? — [2(3 + }))?
+ (280 + B)* + [2(81 + BN — [2(82 + BT — [2(B3 + 3)]* = 1 and
[1+2(a0 — ap)I* + [2(a1 — &))I* = [2(B0 — B — [2(B1 — BN
+[2(ar — ap)) + [2(as — @) — [2(B2 — B> — [2(Bs — B = 1
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(Note that here we must have op = o, (mod 2).) Now we proceed as in the previous
section. We observe that the maps ¢ and 1: Ly — Lo whichsend b’ to 1 and b*toa® = e
respectively induce loop homomorphisms U(ZL3) — U(ZL,y) with kernels

ker o = {1+ (1 —e)(1 — b} (x +yu) | x,y € ZG}
keryp = {1+ (1 — e)(1 +b*)(x+yu) | x,y € ZG}

Again, ker ¢ Nkery = {1} and r — (<p(r), w(r)) is a one-to-one homomorphism into
U(ZLy) X U(ZLy).

At this point, we note a subtle difference between what is happening here and what
happened at a similar stage of the previous section. While ¢ maps the generators a, b, u
of L3 to the generators a, b, u of Ly, respectively (as both ¢ and v did in Section 7), here
the map v interchanges b and u; that is, ¢ sends a, b, u of L3 to a, u, b of Ly, respectively.
Thus, forxand yasin(8) and r = 1 + (1 — e)(x + yu),

Y(r) = 1+ (1 — e){[(ao + 1@ + azb + azab) + ety + aja + ayb + a3ab)]
+[(Bo + Br1a + Bab + Bab) + e(By + Bra + Byb + Brab)u}
=1+ (1 — e){[(@0 — ap) + (a1 — a})a+ (a2 — Ay)b + (a3 — a3 )ab]

+[(Bo — B + (B1 — B})a+ (B2 — Byb + (B3 — B;)ablu)

and so, using bu = eub and (ab)u = e(au)b, we see that the way to write ¥(r) as an
element of 7V, the torsion-free complement of Ly in U(ZLy), when the generators of Ly
are a,u, bis

W) =1+ (1 — e){[(cto — ctp) + (o1 — &} )a+ (Bo — Byu+ (B — B})au]
+ (2 — o)) + (a3 — &y)a — (B, — By)u — (B3 — B3)aulbbigr}

Notice that the second equation of (8), together with the fact that ap — a(’) =0 (mod 2),
are precisely the conditions of Theorem 5.1 which say that ¢(r) is in ¥ (justas ag+ay =
0 (mod 2) and the first equation of (8) are the conditions that put ¢(r) in V).

We claim that the range of the map r — (cp(r), w(r)) is

{(sl,sz) | s1 =1+ (1 —e)(x + aja+azb + azab) + (Bo + f1a + B2b + B3ab)u]
s =1+ —e)[(Yo +V1a +You+Yzau) + (bg +b1a + bru + Yzau)b)
ag + Yo, 01 + Y1, a2 + 6o,
az +01, o +72, 81 +73, B2 + 82, B3 + 83 even,
(8.3) (1 +2a0)* + Qar)* — (2a)* — (2a3)* + (2B0)* + (2B1)°
— (262 — (283 = 1,
(1427 + (211)* — (272)* — (273)°
+(280)% + (261)° — (262)* — (283)* = 1}
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Equations (8.4) follow from the fact that, as units of ZLo, s; and s, must satisfy (5.1).
Our claim is justified by observing that given sy, 57 as described and letting

po(py) = 20 £Y0),  pi(p}) = 3(a1 £71)
p2(ph) = (o2 £ 60),  p3(ph) = (a3 £61)
To(rp) = 3B £ V2), () = 3B £73)
) =3B F &), T3(1h) = 3(B3 Fb3),
the element r = 1 + (1 — e)(x + yu) with
x = (po + p1a+ pab + paab) + b2(py + pla + phb + piab)
y = (To + T1a + Tab +T3ab) + b*(1) + T\a + Thb + Thab)

satisfies (<p(r), w(r)) = (s1,52) and is a unit in ZL3 because the coefficients of x and y
satisfy (8), these being exactly the equations (8.4) which say that s; and s, are units in
ZL,. Thus we obtain the following characterization of the units in ZL;.

THEOREM 8.1. Let
Ly = M35(16175¢;, 1610¢;, 16175¢, 1617¢y)
= (a,b,u| a* =b* = 1,u* = a®b?, (a, b) = (a,u) = (b, u) = (a, b, u) = a*)

Then the unit loop of ZL3 is £L3V where V is a torsion-free normal complement of L3
consisting of elements

r=1+(1—a){[(ao+ a1a+ arb + asab) + b*(ctg + aja + abb + ahab))]
+[(Bo + Bra + Pab + B3ab) + b*(B) + Bia + Byb + Biab)]u}
with ap = oy (mod 2),
[1+2(ct0 + ap))* + [2(cty + a}))* — [2(a2 + &y))* — [2(3 + b))
+[2(80 + Bo))* +[2(B1 + BDI* — [2(B2 + B — [2(33 + B3))* = 1 and
[1+ 2(atg — a))* + [2(ar — a})I* = [2(80 — Bp))* — [2(B1 — B
+[2(ar — )P +[2(az — 4 — [2(82 — I — [2(83 — B> = 1

Furthermore,
V¥ {(A1,A2) € 3,(@) % 3,@ |
_ 1+2a; 2x; _ 1+2a, 2x;
®4) Ar=1 oy, 1+2bl]’ A= oy 14+2b

ai+b; € 22,xi+y,- € (22,22,22),i=1,2
and each of the following in 4Z
a+by+ax + by, x13 +y13 + X23 + Y23,
ay — by +x3 —yu3, ay—by+x3—y3,
X111 — yn +x21 — y21, x11 +yn +x22 — y2,
X12 = Y12 ¥ x21 +y21, Xi2 +yi2 +x22 +Y22}
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where X; = (xj1,Xi2,x3) and ¥; = (yi1, Yi2, ¥i3), i = 1,2, the isomorphism being given by
r+— (A, Ay) where

1+2a; 2x; 1+2a; 2x
2y, 1+2b 2y, 1+2b,

ar=op+ay+ o3+ o

Al= 2=

by=op+af— a3 — o,

xi = (2 + 05 +ar +ay, B3+ B3+ Bo+ By, B2+ B, — B1 — B3)
yi = (o + 0y — oy — ay, B3+ B3 — Bo — Bos B2 + B3 + Bi +B7)
ay=ap— o+ B — B
by = ap — ay — B1 + 3
X; = (B0 —Bo+ a1 —ay, B3 —Ba+ar — 3,8, — o — a3 + 3)
Y, =B — By — a1+, B3 — B3 — ax + &y, By — Br + a3 — )

PROOF. The isomorphism is the composition of the maps r — (ap(r), z/;(r)) and two
applications of the isomorphism given in Theorem 5.1. The conditions on the entries of
the matrices A; and A, are obtained by noting that a pair (A}, A;) of matrices with A; as
in (8.4) is in the image of the homomorphism if and only if

't 1.0 0 0 01 1.00 0 0 00 0 0]7 aol [a; ]
1 1.0 0 0 0-1-1 0000 O0O0O0 Of]a b,
o 01111 0 0 O0OO0OO O 0 O0 O0 0]fo X1
0 0-1-1 1 1 0 0 0 0 O O O O 0 0| Yu
o 0 0 00000 11 0 O0 0011 162 X2
o 0 0 0 0 0 0 0-1-1t 0 0 0 O0 1 1 a Yi2
0000 OO O 0O O0-=1-11120 0| x31
00 00 0 O0O0OOOOTI1T 11 1 0 O0ffag|_[yn
1-1 0 0 0 00 00 0 1—-1 00 0 O||Be]| |a
1-1. 0 0 0 00 00 0-1 1 00 0 0|8 b,
00 1-1 00 0 O T1-1 0000 O0 O0f]|A X2
0 0-1 1.0 0 0 0 1-1 0O0O0O0O0 0f]|Bg Yai
o 0 0 606 1-1 0 060 0 0 O 0 0-1 1 B2 X2
o 0 0 0-1 1.0 0 00O 0 0 0 0-1 1 85 Y2
O 0 0 0 00-1 1 00O O0-1 1 0 0)fps X23

000 000 1—-1 000 0-1 10 0f|[8] [ys]

has an integral solution, and this occurs if and only if the following sixteen integers are

congruent to 0 (mod 4):

ai+ax+by + by, x11 — yi +x21 — Y21, X11 +yn +x22 — y2, a1 — by +x23 — y23,
ay —ax+ by — by, x11 —x21 —yu +ya1, X11 +y1 — X2 +y2, —ar + by +x3 — y3,
X12 — Y12 +X21 + Y21, a2 — by + X13 — y13, X13 + Y13 + X23 + y23, X12 + Y12 +x22 + 22,
X12 = Y12 — X21 — Y21, @2 — by —x13 + Y13, X13+ Y13 — X23 — 23, X12 + Y12 — X2 —y»
The second and fourth rows are consequences of the first and third because a; + b; as

well as x;; + y;; are all even. The first and third rows are those specified in the statement
of the theorem. ]
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9. Ms,(E;, 16). Asin Section 3,
M3(Ei 16) = Ly = (ab,c,u | a* = 1,(a,¢) = (b,¢) = (a,b,¢) = (a,c,u) = (b.c,u) = 1,
b? = = u? = (a,b) = (a,u) = (b, u) = (c,u) = (a, b, u) = a*)
In this case, G = (a, b, c) has centre Z(G) = {1,c,e,ce} ¥ Cyand go = u> = a® = e.
Any x € ZG is a linear combination of 1, a, b, ab, ¢, ac, bc, abc and the product of these
elements with e so, forr = 1 + (1 — e)(x + yu) € ZL4, we may assume that

9.1 x = (ap + 1@ + b + azab) + c(afy + aja + abb + aab) and
y = (Bo + B1a + Bab + B3ab) + c(By + B1a + Byb + B3ab)
We have
x* = (ap + cagy) +e[(ara + azb + azab) + c(aja + ahb + asab))
with a similar expression for y*, x; = ot + cay,
xx* = [(0 + a? + a3 + @3) + e + 201 ) + 20000 + 2a305)]
+ e[ozf)2 + oc’l2 + a§2 + agz] +(1+e)s

for some s € ZG, and a similar expression for yy*. Therefore, (1 — e)(x; + xx* — goyy*) =
(1 —e)(x; +xx* +yy*) = (1 — e)(m + nc) where m and n are the integers

2 2 2 2
m=ay+o—a) +ad —a" +ai— o) +dd—

2 ’2 2 ’2 2 ’2 2 2
+05—Bo +B1— B +B;— By + 55— B4
n= (X(,) + 2(&0&6 + (11(1/1 + azaé + (,1’3(13 + ﬁoﬁ(l) + Blﬁll + Bzﬁg +ﬂ3ﬂg)

Since 1, e, a, and ea are linearly independent over Z, r = 1 + (1 — e)(x + yu) is a unit if
and only if m = n = 0; equivalently, if and only if m + ni = 0, i = /—1, a condition in
turn equivalent to

(1 + 2(ao+iog)) + [2(a; +ia})]? + [2(0rp + iah)]* + [2(a + i)
+[2(Bo + iBY)I* + [2(B1 + B + [2(B2 + iBP]* + [2(83 +iB3)])* = 1
If we let z; = o + i and wy = B¢ + i3, for k = 0, 1, 2, 3, this becomes
(14220 + 221" + 222" + (223)* + @wo)* + 2w1)* + Qw2)” + (2w3)* = 1
which we recognize as detA = 1, where A € 3(Z[i]) is the matrix

1 +2(z0 + iz1) 2(izp — 73, Iwg — Wi, Wy — iw3)
2(iz2 + 23, iwg + w1, —wp — iw3) 1 +2(z0 — izy)

Just as with Ly, the idea is now to prove (admittedly, with some labour) that the map
r=1+(1—e)(x+yu) — A (xandy as in (9)) is a homomorphism into 3, (Z[i]). Its range
is readily determined and so we obtain the following characterization of the unit loop of
ZL,.
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THEOREM 9.1. Let L4 denote the loop
M32(Eia 16) = <a7 b7 Cu | a4 = 17 (a7 C) = (ba C) = (a7 b7 C) = (a7 c, u) = (ba c, u) = 17
b’ =c* =’ = (a,b) = (a,u) = (b, u) = (c,u) = (a,b,u) = a°).

Then the unit loop of ZL4 is L4V where V is a torsion-free normal complement of Ly
consisting of elements of the form

r=1+(1—a){[(ao + a1a+ b + azab) + c(ap + aha + ahb + Ayab)]
+[(Bo + Bra + Bab + Baab) + c(By + Bia + Byb + Biab)lu}
with ag = oy = 0 (mod 2) and
[1+2(ao + iap)]? + [2(c; +ia)]* + [2(0 + i) + [2(a3 + ia})]?
+[2(80 + BT + [2(81 +iBD1 + [2(82 + BT + [2(83 +iBy) = 1.
Furthermore,

1+2a 2x

2y 1+2b € 3,@li]) | a+b € 22[i], x +y € (2Z[i], 22[i], 2Z[i])

q/g{

the isomorphism being given by
2(icy — oty — o3 — it}
1+2(a0+ia6+ioz1 —0!/1) iﬁo—ﬂé—ﬁl —iﬁg,
Ba +iBy — iB3 +33)
20 — oy + o3 + i,
iBo— By + 61 +iB,  1+2(ap+iag—iog+ay)
—B2 —if — iB3 +33)
10. M3x(5,5,5,2,2,4). We present Ls = M3,(5, 5,5, 2,2,4) as in Section 3:
Ls={a,b,u| a® =b*=1,a* = u? (a,b) = (a,u) = (b, u) = (a,b,u) = a*).

Here G = (a,b) ¥ 16T2d, 2(G) = {1,a% e,ea’} ¥ Cy4, e = a* and gy = a*. Any x € ZG
is a linear combination of 1, a, a?, a, b, ab, a*b, a>b, and the product of these elements
with e, so for r = 1 + (1 — e)(x + yu) € ZLs, we may assume that

(10.1) x = (@ + @1a + cob + azab) + a*(ay + aja + abb + oyab)
Y = (Bo + Bra+Pab + Byab) + a* (B + Bia + Byb + Biab).

Here we have
x* = (ap + a*a) + e[(a1a + anb + azab) + a*(aja + ohb + ayab)]
with a similar expression for y*, x; = o + aza(’),

2
xxt = (02 + ) + 200 a)) + a?Qogady + o) + ad)
+el(ch + 03 +2a30}) + a¥ (P + o + 2e,05)] + (1 + €)s
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for some s € ZG, and a similar expression for yy*. Also, (1 — e)(x; +xx* — goyy*) =
(1—e)(m+ na®) where m and n are the integers
m=ag+0d — o)l — o+ + 20,0, — 2a30
2 12 2 /2 / /
—Bi+ B+ 85— B3 +2608) — 265,
2 2
n=a)—al+a) +ad— o+ 2000 — 2o,
2 /2 2 72 / /
—Bo+ By +B;— B2 — 28181 +2835;

S0, just as in the previous section, we discover that r = 1 + (1 — e)(x + yu) is a unit (x and
y as in (10)) if and only if m + ni = 0, a condition which can be expressed as

[1 +2(ag + i) — i[2(a + ia))]* — [2(ery + i) + i[2(as + icdy))?
— i[2(Bo + iBp)I> — [2(B1 +iBD)* +il2(B2 + BT +[2(83 +iB3))* = 1
or, equivalently,

1+2(z0 + 22) 2(i(z1 — z3), w1 + w3, i(wo + w2)) | _

det 1
¢ 2(z1 + 73, w1 — w3, wyg — wp) 14+2(z0 — 22)

where z; = o +ioy and wy = (¢ + i3, for k = 0, 1,2, 3. The matrix here suggests a map
into 3,(Z[:]) which turns out to be a loop homomorphism.

THEOREM 10.1. Let Ls denote the loop
M3,(5,5,5,2,2,4) = {a,b,u| a® = b* = 1,u® = a°,
(a,b) = (a,u) = (b,u) = (a, b,u) = a*).

Then the unit loop of ZLs is £LsV where V is a torsion-free normal complement of Ls
consisting of elements of the form

r=1+1—a*{[(ao+a1a+ arb + azab) + a*(ay + afa + abb + othab))
+[(Bo + Bra + Bab + B3ab) + a*(By + Bia + Bob + Brab)u |
with ag = oy (mod 2) and
[1+2(ag + iag)]* — i[2(a +ia})]* — [2(0z + iah)]* + i[2( a3 + iay)]?
— i[2B0 +iBo)1 — [2(81 + BN +i[2(B2 + By + [2(B5 + i) = 1.

Furthermore,

~ |[1+2a 2x § ) . . .
V= {[ 2y 1+2b} EBI(Z[I]) | a+b7x2+y2vxl+ly1,X3+ly3 € 22[i]

the isomorphism being given by
2(ia; — o) — i3 + o,
1+ 2(a + iy + ap + i) Bi +iB) + B3 + i35,
iBo — By + B2 — )
2o +iod + a3 +iaj,
Bl +iﬂ’1 —53 —iﬁg, 1+2(a0+ia6—a2—ia§)

Bo + By — B2 — iB5)
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