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SIX MOUFANG LOOPS OF UNITS 

EDGAR G. GOOD AIRE 

ABSTRACT. We compute the loops of units in the integral alternative loop rings of 
six Moufang loops. Four of these are subloops of the loop of matrices of determinant 
one in Zorn's vector matrix algebra over a ring of integers while the remaining two are 
closely related to this interesting algebra. This paper thus serves, in part, to highlight a 
Moufang analogue of SL(2, Z) which the author suggests is worthy of further study. 

1. Introduction. For many people, the group of units (invertible elements) in the 
integral group ring ZG of a finite group G holds great fascination. Certainly the elements 
of G (together with their negatives) are units, but, as Higman showed in 1940 [8], it is 
rare that these are all. So how can one construct other units? Can one perhaps describe 
the full group of units in some specific cases? These are the sorts of questions which 
intrigue people and to which many have put considerable effort with, by and large, spotty 
progress. The unit groups of ZS3 and ZD4 (S3, the symmetric group on three letters and 
D4, the dihedral group of order 8) were the first to be discovered [9,13]. Lately, Allen and 
Hobby have described completely the units in the integral group rings of the alternating 
and symmetric groups on four letters [1, 2]. In a remarkable paper not yet in print [10] 
Jespers and Leal have found the units in the group rings of whole families of 2-groups. 
In another direction, in cases where the full group of units is illusive, Sehgal and others 
hunt for subgroups of finite index [16]. 

In recent years, Chein and the author have introduced the notion of an alternative loop 
ring. Here, one starts with a loop L (an algebraic structure with a single operation; it's 
like a group without the requirement of associativity) and, in a manner identical to the 
construction of an integral group ring, constructs the loop ring ZL which is sometimes 
alternative. An alternative ring is a ring which satisfies the two laws 

(yx)x = yx2 and x(xy) = x2y. 

An associative ring is alternative, hence a group ring is an alternative loop ring, but 
the interest, for some, lies in the "not associative" situation for here one can hope to 
generalize or prove analogues of theorems already known for group rings. In particular, 
the loop of units in an alternative loop ring is a natural place to look for such results. 
In 1986, Parmenter and the author generalized the afore-mentioned Higman result by 
proving that except for abelian groups of certain small exponents and for Hamiltonian 
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Moufang 2-loops, the loop of units in the alternative loop ring of a periodic loop L 
consists of more than just the so-called trivial units, ±£, l G L [6]. In this paper, we 
determine the full loop of units in the integral alternative (not associative) loop rings of 
the six smallest order loops where it is known that the loop rings have non-trivial units. 

I want to acknowledge with gratitude the encouragement of my good friend, M. M. 
Parmenter, whose paper [15] relating the unit groups of D4 and \6T2C2 motivated this 
work. 

2. Zorn's vector matrix algebra. Since any alternative ring satisfies the three 
(equivalent) Moufang identities 

{(xy)z)y = x(y(zy))\ ((xy)x)z = x(y(xz))\ (xy)(zx) = (x(yz))x 

it follows that if ZL is alternative, then the loop L as well as the full unit loop in ZL will 
satisfy these identities; hence, by definition, these are Moufang loops. 

Since our object here is to describe six Moufang unit loops, we begin by explaining 
the form these descriptions will take. The experience with group rings has been often 
to represent a unit group as a certain subgroup of the special linear group SL(2, Z). It is 
particularly pleasing that there is a Moufang matrix loop available which plays the role 
of SL(2, Z) in the not associative context. In fact, each of the unit loops we determine in 
this paper is closely related to this matrix loop, whose origins go back to Max Zorn. 

As in [19, p. 46], for any commutative and associative ring R with identity, we let R3 

denote the set of ordered triples over R and consider the set of 2 x 2 matrices of the form 

a x 
yb 

, a,beR, x, y e R3 

Such matrices are to be added entry wise, but multiplied according to the following 
modification of the usual rule: 

a\ X! 

Yi bx 

a2 x2 

y 2
 b2 

axa2 + xi • y2 axx2 + b2X\ - Yi x y2 

aiYi + /?iy2 + Xi x x2 bxb2 + yx • x2 

where • and x denote the dot and cross products respectively in R3. By this construction, 
we obtain an alternative algebra over R which we denote $(R) in honour of Zorn who 
used such an algebra to represent the Cayley numbers, taking R to be the field of real 
numbers. Of significance is the fact that there is a (multiplicative) determinant function 

in8(tf): 
r a x 

det yb = ab — x • y 

For many years, it has been fashionable to use a process due to Dickson to construct 
simple alternative algebras (see, for example, [19, pp. 28-33 and Corollary 1, p. 151]); 
consequently, Zorn's algebra is less known than perhaps it should be. This paper high­
lights the loop of invertible matrices in £J(Z), a Moufang loop obviously analogous to 
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GL(2, Z), and with an interesting subloop, ^ (Z) , like SL(2, Z), consisting of integral 
matrices of determinant 1. 

31(Z) = {AG3(Z) |de tA=l} 

In our view, these Moufang loops deserve to be studied further. It is worth remarking 
in this connection that the units in Q(F), F a finite field, turned out to be crucial in the 
classification of simple Moufang loops [14, 12]. 

3. The loops of interest. Our goal is to find the loop of units in the integral loop 
rings of six loops which we label Lo, LI , . . . , L5 and whose significance is this: except 
for the omission of the so-called Cayley loop of order 16 and the direct product of this 
loop with the cyclic group C2 of order 2 (in whose integral loop rings all units are trivial 
[6, Theorem 7]), these are all the Moufang loops of order n < 32 with loop rings over Z 
which are alternative: the loop Lo has order 16, the remaining five loops have order 32. 

U = Af i6(Q, 2) = (a, b,u\a4=b2 = l,u2 = (a, b) = {a, u) = (b, u) = (a, b, u) = a2} 

U = M32O6IV2,16IV2,16T24,16T24) 

= (a,b,u\a -b = l,w = (a,b) = (a,u) = (b,u) = (a1b1u) = a ) 

L2=M32(QxC2 ,2) 

= (a,b,c,u\ a4 = b = c = 1, u = (a, b) = (a, u) = (£, u) = (a, b,u) = a , 

(A, c) = (b, c) = (c, u) = (a, fr, c) = (a, c, u) = (&, c, u) = 1 ) 

L3 = M32(16r2c2, 16T2c2, I6IV1, I6IV1) 

= {a, b1u\a4 = b4 = l,u2 = a2b2, (a, b) = (a, u) = (b, u) = (a, b, u) = a2) 

L4=M32(Eh 16) 

= (a, bj c, u I a4 = 1, (a, c) = (b, c) = (#, b, c) = (<z, c, u) = (b, c, u) = 1, 

b2 = c2 = u - (a, b) = (a, u) = (b, u) = (c, u) = (a, b,u) = a ) 

L5=M3 2(5,5,5,2,2,4) 

= (a, b, u I as = b2 = 1, w2 = A2, (a, £) = (a, u) - (fr, w) = (a, &, w) = a4} 

We use (a, 6) and (<z, &, c) to denote the commutator of a and b and the associator of a, 
b and c, respectively. The names of these loops are due to Chein [3] as are the above 
presentations, except for a couple of notational changes. Where Chein uses wi, w2> «3 or 
wi, «2, w3, M4 for generators, we adopt a, £, w and a, &, c, w, respectively. In L4, we have 
interchanged u\ and «3; that is, Chein's u\, w2, w3 are our c, £, a. In L5, we have replaced 
Chein's w2 with the product «i«2 so as to obtain an element of order 2; thus Chein's 
u\, u\U2j w3 are our a,b,c. In each loop, there is a unique commutator (^ 1) and a unique 
associator (^ 1) and these are equal. This element, which we generally denote e, is the 
element a2 in the presentation of each of the above loops except L5, where e = a4. Note 
that, in every loop, e is central and of order 2. Also, in each loop L, the given set of 
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generators excluding u generates a group G of index 2 (as a subloop of L). Specifically, 
and using Hall and Senior notation (see also [18]) 

• inLo, G= (a,b) = D4; 
• inLuG={a,b) = 16r2c2; 
• in L2, G = (a, b, c) = D4 x C2; 
• in L3, G = (a, fc) *= 16r2c2; 
• in L4, G = (a, b, c) = 16r2fr; 
• inL5 ,G=(a,fc) = l6T2d\ 

Thus each of our six loops L is the disjoint union of G and Gu. Moreover, in each case, 
the map 

0 ^ 0 * = \ * g c e n t r a l 

6 6 \3g otherwise 
is an involution (an anti-automorphism of period 2) such that gg* is central, for any 
g G G, and multiplication in L = G U Gu is given by 

g(/iw) = (hg)u 

(gu)h = (gh*)u 

(gu)(hu) = g0h*g 

for g, ft 6 G, where M2 = go is central in G and g*> = go- It follows that every element in 
the loop ring ZL can be expressed in the form x + yw, JC, y G ZG, and that multiplication 
in ZL is given by 

(JC + yw)(a + bu) = (xa + go^*v) + (bx + ya*)w 

where, for JC = £ &igi G ZG, JC* means £ «*£*• The involution extends from G to L by 
defining (gu)* = e(gu) and then to ZL by the rule (JC+yw)* = JC* + eyw. We refer the reader 
to [4], [7] and [6] where this material is explained in greater detail. 

4. General results. If L is any loop and x G L, we denote as usual the left and right 
translations L(JC), R(x): L —-> L by 

L(x): a 1—• xa, /?(*): a H-> ax 

for a G L. In general loop theory, a subloop H of L is, by definition, normal if and only 
if for all x, y G L, HT(x), HR(x, y) and #L(JC, y) are subsets of //. Here, T(JC), R(x, y) and 
L(JC,y) are the maps L—+L defined by 

T(x) = L(x)'lR(x) 

R(x,y) = R(x)R(y)R(xyrX 

L(x,y) = L(x)L(y)L(yx)-1 

Observe that if JC and y are units in an alternative loop ring ZL, then each of 7(JC), R(x, y) 
and L(JC, y) extends, by linearity, to a function ZL —• ZL which we denote with the same 
symbolism. 
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In any group or loop ring, the augmentation map e, which is defined by e(£ agg) -
£ ag, is easily seen to be a ring homomorphism. As a consequence, the augmentation of 
a unit is ±1 and, more importantly, the maps T(x), /?(JC, y) and L(x, y) preserve augmen­
tation. For example, if t = sR(x,y), then t(xy) = (sx)y, so e(t)e(x)e(y) = e(s)e(x)e(y) and, 
because neither e(x) nor e(y) is 0, we get e(t) = e(s). 

The next theorem was established for Lo by Jespers and Leal [10]. 

THEOREM 4.1. Let L = (G, u) be any of the six loops Lo, . . . , L5 defined in Section 3, 
with u and G as specified there. Let e denote the unique non-identity commutator (as-
sociator) in L. Let 11 = 1i(ZL) denote the unit loop of the integral loop ring ofL. Then 
U = ±LtU where 

V= {r G 1/1 r = 1 +(1 - e)(x + yu),x,y G ZG,e(x + yu) even} 

is a subloop of Zl, a torsion-free normal complement for L. 

PROOF. The centre Z(L) of L has order 4 and contains the associator-commutator 
subloop L' - {1, e). Since the square of any element of L is central, the quotient Ljl! is 
an abelian group of exponent 2 or 4 [8] (see also [17, p. 57]). So all units in Z(L/L') are 
trivial. By Proposition 41 of [6] there are two possibilities for the shape of a unit r in Zl. 
Either 

r = ±[g + (l - e)x] + [(1 - e)y]u = ±g{l + (1 - e)[g~xx + yg~xu]} 

or 

r = ±[(1 - e)x] + [g + (1 - e)y]u = ±gu{\ + (1 - e)[(g-lyT + (#0 V 1 ) * " ] } 

where x and y are in the group ring ZG. In either case, r is in the form ±g[ 1 +( 1 — e)(x+yu)], 
g G L, and hence in ± L ^ whenever e(x + yu) is even, but also if e(x + y«) is odd, as we 
see by the equation 

g[\ + (1 - e)(x + yu)] = é?g[l + (1 - e)(e -x-yu)] 

The calculation 

[1 + (1 - e)(x + yw)][l + (1 - e)(a + in)] 

= 1 + (1 - e){[x + a + 2(xtf + gofc*y)] + tv + * + 2(&c + ya*)]«} 

shows that V is closed under multiplication. 
To show that V contains the inverse of each of its elements we note that for r = 

1 + (1 - e)(x + yu), r* = 1 + (1 - e)(x* + eyu) = 1 + (1 - e)(x* - yu) and 

(4.1) rr* = 1 + (1 - e)[x + x*+ 2(xx* - g0yy*)] 

1 Note the error in the statement of this proposition. The phrase "in the group ring ZG of a group determining 
L" should quite obviously (in light of the preamble) read "in the group ring Z(L/L')". 
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Now rr* is a central unit, but, since both L/L' and Z(L) are abelian groups of exponent 2 
or 4, ZL has only trivial central units [6]. Thus rr* = ±a for some central a. In fact, rr* = a 
because its augmentation is positive and a = 1 because (1 — e)[x + x* + 2(xx* — goyy*)] 
can be written as (1 — è)2t, t G ZG. This follows by writing 

x = X\ + x2, x\ = XI <**£> *2 = X <*gg 
agGZ(G) ag(£z(G) 

and observing that JC+JC* = 2jti+(l+e)jt2- We have shown that if r- 1+(1—e)(x+yu) G V, 
then r_1 =r* = 1 +(1 — e)(jt* — yu). Since x and x* have the same augmentation, r~l e n/y 

so ^ is a subloop of 11. Normality follows from remarks at the beginning of this section: 
i f r = l + ( l — e)(x + yu) G *V,\la and b are arbitrary elements of 11 and if 6 is any of 
T(a), R(a, b), L(a, b), then 10 = 1 and eO = e, so rO = 1 + (1 - e)[(jt + yu)0] and e(;c + yu) 
even implies e((jc + yu)Q} even as well. 

Finally, we must prove that every r - 1 + (1 — e)(x+yu) G V, r ^ 1, has infinite order 
(from which L Pi ^ = {1} also follows). For this, note that the coefficient of the identity 
in r is m - 1 + ai — ae while the coefficient of e is n = ae — a\, where a\ and ae are 
the coefficients of 1 and e in x. Since it is impossible for both m and n to be 0, some 
coefficient of a central element in r is non-zero. Thus, if r has finite order, r = ±a for 
some central a [5, Corollary 2.2], r = +a because it has positive augmentation and a - 1 
because the augmentation of x + yu is even, as in our previous argument about rr*. • 

Because of this theorem, our search for units in the integral loop ring of any of the 
loops in question can be restricted to a hunt for units of the form 1 + (1 — e)(x + yu). 
In the work which follows, our achievement for each Lt will be to represent V either 
as a subloop of the invertible matrices in Zorn's vector matrix algebra over the rational 
or Gaussian integers or else as a subloop of the direct product of ^ ( Z ) with itself. Our 
method, in every case, makes use of an observation implicit in the proof of the theorem. 

COROLLARY 4.2. Let r= 1 + (1 — e)(x+yu), JC, y G ZG, be an element of the loop ring 
ZL. Write x = Y,a GG

 agg and define x\ by x\ = £« <EZ(G) &gg- Then r is a unit if and only 
if (I - e)(xx +xx* - g0yy*) = 0. 

PROOF. Equation (4.1) made it clear that r is a unit if and only if (1 — e)[x + x* + 
2(xx* — goyy*)] = 0. The proof of the theorem shows that (1 — e)(x + x*) = (1 — e)2x\. 
Therefore r is a unit if and only if 2(1 — e)(x\ +xx* — goyy*) = 0 and the result follows. • 

5. Miô(Q, 2). The unit loop of ZMi6(Q, 2) has been determined recently by Jespers 
and Leal [10]. We find it again here (in a slightly different form) because it provides a 
simple illustration of our general approach and because this particular unit loop reappears 
later. 

We present Lo = Mi6(Q, 2) as in Section 3; that is, 

Lo = (a, b, u | a4 = b2 = 1, u2 = (a, b) = (a, u) - (b, u) - (a, /?, u) - a2) 
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Recall that G = (a, ft) = £>4, e = a2 and go = u2 = e. Any element of ZG is a 
linear combination of 1, a, fr, ab and the product of these elements with a2 = e. Since 
(1 — e)e = —(1 —e) and 

(1 — e)[(cco + oc\a + «2& + oc^ab) + e(a4 + ct^a + a6^ + a7fl&)] 

= (1 - é?)[(a0 ~~
 a4) + (<*i - «5)« + (a2 - a6)b + (a3 - «7)^1, 

for any JC G ZG, (1 — e)x is a linear combination of just 1, a, b and a£. Therefore, if an 
element r in ZL has the form r = 1 + (1 — e){x + yu), we may assume that 

x = oco + ai« + â fr + a^ab and 

y = /3o+/3ia + /32* + /Î3a* 

Recalling the definition of * and noting that Z(G) = {1, e}, 

JC* = ao + e(ai<? + a2& + a3#&) and 

y*=Po + e(Pia + l32b + p3ab) 

With xi defined as in Corollary 4.2, here we have x\ = ao and it is easy to see that 

xx* = (c*o + oc\) + e(a\ + a2) + (1 + e)*? and 

yy* = (f32+p2) + e(P2+f32
3) + (l+e)t 

for certain s, r £ ZG. Since g0 = u2 = e, 

(l - é?)(*i + *** -£oyy*) = (i - <0(*i + *** +yy*) 

= (1 - *)[a0 + (a2 + a?) - (a2 + a2) + CS§ + /??) - ( $ + $ ) ] 

Let m be the integer 

m = a0 + al + a2
l-a

2-a2+(3l+{l2
l-(3l- (32. 

By Corollary 4.2, r is a unit if and only if (1 — e)m = 0, hence if and only if m = 0, or 
equivalently, if and only if 

(5.1) 

(1 + 2a0)2 + (2a02 - (2a2)2 - (2a3)2 + (2/30)
2 + (2/?i)2 - (2/32)

2 - (2/33)
2 = 1 

Note that e(x + yu) is even if and only if «o is even since 0 = m = ao + (£(<*/ + A)) 
(mod 2) = a0 + £(a,- + A) (mod 2) = a0 + C(JC + yu). 

The trick now is to observe that (5.1) is equivalent to 

J \ a x i det , = 1 
Ly b\ 
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in Zorn's algebra $(Z) where 

a = 1 + 2(ao + #3) 

b = 1 + 2(a0 — a3) 

x = 2(a2 + a! , f t + ft,ft-ft) 

y = 2 ( a 2 - a i , f t - f t , f t + ft) 

and then to verify that the map which this matrix suggests, 

<p: r - a x 
yb 

is a loop homomorphism into 3i(Z)- It's clearly one-to-one and its range is easily 
determined. So we obtain the following theorem. 

THEOREM 5.1. Let 

„4 = h 2 = 1 „2 = Lo = Mi6(Q, 2) = (a, £7, w I a4 = / r = 1, i r = (a, fc) = (a, c) = (fr, c) - {a, b, u) = cf). 

Then the unit loop of the integral loop ring ZLo is ±Lo V where V is a torsion-free normal 
complement ofLo consisting of elements of the form 

r = 1 + (1 — a2)[(ao + <*\a + aib + a^ab) + (ft + ft a + ftb + foafyu] 

with ao even and 

(1 + 2a0)2 + (2cri)2 - (2a2)2 - (2a3)2 + (2ft)2 + (2ft)2 - (2ft)2 - (2ft)2 = 1 

Furthermore, 

V'= I 
\+2a 2x 

2y l + 2b 
e S^Z) I a + fc G 2Z,x + y G (2Z,2Z,2Z)j 

f/ie isomorphism being given by 

1 + 2(a0 + a3) 2(a2 + ax, ft + ft, ft - ft ) 
2 ( a 2 - a l 7 f t - f t , f t + ft) l + 2 ( a 0 - a 3 ) 

6. M32(16r2c2,16r2c2, \6T2C2K 16r2c2^). We present this loop (L\) as in Section 3: 

L\ = (a, fr, u I a = fr = 1, w = (a, £?) = (a, w) = (fr, w) = (a, fr, w) = a2) 

As with Lo, G = (a, &), e = a2 and g0 = w2 = e. The centre of G is Z(G) = {1, e, b2, eb2} = 
C2*C2- Any x G ZG is a linear combination of 1, a, b, b2,b3, aby ab2, ab3 and the product 
of these elements with a2 = e. It follows that (1 — e)x is a linear combination of just 1, a, 
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b, b2, Z?3, ab, ab2 and ab3. So for an element r G ZL\ of the form r = 1 + (1 — e)(x + yu), 
x, y E ZG, we may assume 

x = (ao + a\a + a2& + a3fl6) + Z?2(ao + a[a + a2b + a ^ b ) and 

y = (ft + 01Û + 02* + ft^) + **($ + # * + /32fc + 03**) 

We have 

x* = (a0 + b2af
0) + ̂ [(ai« + a2& + a3ab) + b2(a[a + a'2b + a'3ab)] 

and there's a similar expression for y \ With x\ defined as in Corollary 4.2, we have 
x\ = ao + b2a'0, 

(6.1) xr* = (OQ + ÛTQ2 + a2 + a'j2) + e(2a2a2 + 2a3a3> 

+ b2[(2aoa'0 + 2oc\a[) + ̂ (a2 + a2
2 + a2 + a'2)] + (1 + e>> 

for some s G ZG, and a similar expression for yy*. 
It may be of help to the reader to indicate how we calculate these expressions quickly. 

(Exactly the same procedure works when dealing with the loop rings of each of the 
remaining loops.) We write x = (ao + b2a'0) + (p + b2q) wherep = ct\a + a^b + a^ab and 
q = a j fc+a^+a^b. Then x* = (ao+b2a'0)+e(p+b2q) andxx* = (ao+b2a'0)

2+e(p+b2q)2 

plus another term containing 1 +e as a factor (which is of no concern since it is (1 — e)xx* 
in which we are actually interested). Since no two of a, Z?, ab commute, gh+hg = (1 +e)gh 
for g^ h e {a, /?, ab} and therefore, modulo more terms containing the factor 1 + e, 

p2 = a\a
2 + a\b2 + a\b2 

q2 = a[2a2 + a'2
2b2 + a'3

2b2 

pq + qp = 2a\a[a + 2a2a2b +2a3a
,?)b 

So, modulo (1 +é>)ZG, 

xx* = («o + b2a'0)
2 +e(p + b2qf 

- (al + 2^2a0«o + «o ) + ep2 + eb2(pq + qp) + eq2 

= oft + 2b2
 OCOOCQ + af

0
2 + a2 + eb2(aj + a2) 

+ 2aia/
1ft

2 + 2ea2a'2 + 2 ^ 3 ^ + a',2 + eb2^2 + a^2) 

which gives (6). Now we return to our central line of reasoning. 
Since go = e> we have (1 —e)(x\ +xx* —goyy*) = (l—e)(x\ +xt*+yy*) = (1 —e)(m+nb2) 

where m and n are the integers 

9 / 2 9 / 2 / / 

m = ao + OCQ + a0 + af + a! — 2a2a2 — 2a3a3 

+ Hi + fa2 + fî + tf- 2/32/52 - Wi 

n = a'Q — a2 — a2 — a2 — a^ + 2aoaQ + 2ai a'j 

- $ - /32
2 - ft2 - $ 2 + 2/3o#, + 2/3,/?',. 
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By Corollary 4.2, r = 1 + ( 1 — e)(x + yu) is a unit if and only if ( 1 — e)(m + nb2) = 0 and 
so, because 1, e, b2 and eb2 are linearly independent over Z, if and only if m = n = 0. 
Subtracting the above expressions for m and n, then multiplying by 4 and adding 1, the 
conditions m = n = 0 imply 

[1 + 2(a0 - 4 ) ] 2 + [2(«! - ai)]2 + [2(a2 - a2)]2 + [2(a3 - a'3)]
2 

+ [2(/30 - /?o)]2 + [2(/3i - /31)]2 + [2(/32 - /32)]
2 + [2(/J3 - $ ) ] 2 = 1 

to which there are two solutions. In each of these, a, = aj, i = 1,2,3 and ft = /?-, 
/ = 0,1,2,3. In addition, in one case we have ao = OC'Q and, in the other, a'0 = 1 + ao. 

CASE i. ao = <*Q. 

In this case, 

(6.2) x = (1 + &2)(a0 + aia + a2& + a3aZ?) 

y = (l+b2)((3o+Pia + (32b + foab) 

and m = n = a0 + 2a0
2 + 2a? - 2a^ - 2a\ + 2/3Q + 2/3? - 2/32 - 2/32. The condition 

m = n = 0 is conveniently expressed as 

(6.3) 

(1 + 4a0)2 + (4a0 2 - (4a2)2 - (4a3)2 + (4/30)
2 + (4/3i)2 - (4/32)

2 - (4ft)2 = 1 

CASE ii. af
0 = 1 + ao 

This time 

JC = b2 + (1 + b2)(ao + a\a + a2fr + a3ab) and 

y = (1 + fc2)(/30 + 0\a + /32fc + foab) 

with 

0 = m = n = a0 + ag + (l + a0)2 + 2a? - 2a^ - 2a^ + 2/?§ + 2/3? - 2(3J - 2/32 

= - ( 1 + a0) + 2[ - ( l + a0)]2 + 2{-axf - 2{~a\) - 2(a3)2 

+ 2(-/30)2 + 2(-/3i)2 - 2(-/32)2 - 2 ( - f t ) 2 . 

So 

r = 1 + (1 — e){x + yw) = 1 — e + e + (l — e)(x + yw) 

= e + (l — e){\ +x + yu) = e[l + (1 — e)(— 1 — * — yu)] 

= e[l + (I - e)(x{ + y{u)] 

where 

JCI = — 1 — x= (1 +b2)[—(1 + ao) — ai« — a2£ — a3afr] and 

V! = - y = (1 + Z>2)[-/30 - i3ifl ~ Hib - I33ab]. 
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In other words, r = er\ where r\ is a unit of the type discovered in Case i. 
Summarizing, we have shown that r = 1 + (1 — e)(x + yu) is a unit if and only if x 

and y in ZG have the form (6), their coefficients satisfying (6.3). Note that this time, the 
condition which puts r G V—augmentation of x + yu even—is automatically satisfied. 
We are now in a position to characterize the loop of units in ZL\. 

THEOREM 6.1. LetLi = M32(l6T2c2,16r2c2,16r24,\6F2c\) be the loop 

(a, b, u | a4 - b4 = 1, u2 = (a, b) = (a, u) - (b, u) = (a, b, u) = a2) 

Then the unit loop of the loop ring ZL\ is ±Li V where V is a torsion-free normal 
complement for L\ consisting of elements of the form 

r= 1 +(1 -a2){\ + b2)[(a0 + aia + a2b + a3ab) + ((30 + f3ia+f32b + f53ab)u] 

whose coefficients satisfy 

(1 + 4a0)2 + (4a02 - (4a2)2 - (4a3)2 + (4/30)
2 + (4£i)2 - (4/32)

2 - (4/33)
2 = 1. 

Furthermore, the subloop V is isomorphic to 

G 3i(Z) | a + b G 2Z, x + y G (2Z, 2Z, 2Z)J 

j/ze isomorphism being given by 

r ^ \ l + 4 ( a 0 + «3) 4(a2 + a1 ,/33+/30 ,/32-/3i)j 
[ 4 ( a 2 - a i , / 3 3 - ^ 0 , / 3 2 +/3 i ) l + 4 ( a 0 - a 3 ) J* 

PROOF. Let ZLQ = ±Lo ̂ o be the loop of units of ZLo where I/o is the loop V specified 
in Theorem 5.1. We have determined already that the loop of units of ZL\ is U\ = ±L\ <V\ 
where V\ is the subloop of Zl\ consisting of units of the form r = 1 + (1 — a2)(x + yu), 

x = (1 + b2)(ao + a\a + a2b + a3ab) 

y = (1 + b2)((30 +(3ia + (32b + (33ab) 

the coefficients here satisfying (6.3). Rather than viewing (6.3) as a statement about a 
certain determinant (as we did at this point in the previous section), we proceed in a 
manner which avoids the tedium of checking that a certain map is a homomorphism. 

Let ^ o be the subloop of V§ generated by units of the form 1 -h 2(1 — a2)(x + yu), 
where 

x = ao + oc\a + a2b + a3ab 

y = Po + (3ia + (32b + foab 

The map ip:L\ —• Lo defined by Z?2 i—̂  1 extends to a one-to-one loop homomorphism 
V\ —> Wo which (surprisingly?) is also onto. To see this, just note that any unit s = 
1+2(1 -a2)(x + yu) G Wo is ip(r) for r - 1+(1 - a2)(\ + b2)(x + yu), the coefficients of 
x and y in such r satisfying (6.3) because the coefficients of 2x and 2y satisfy (5.1); i.e., 
r G V\. Finally, we obtain the isomorphism specified in the statement of the theorem by 
composing ip with the isomorphism of Theorem 5.1. • 

f I 1 + 4a 4x 
\[ 4y 1+4Z? 
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7. M32(Q x C2,2). We present L2 = M32(Q x C2,2) as in Section 3: 

L2 - (a, b, c, M |a4 = Z?2 = c2 = 1, M2 = (a, fr) = (a, u) - (b, u) = (a, b, u) = a2, 

(a, c) = (/?, c) = (c, u) = (a, /?, c) = (a, c, w) = (b, c, M) = 1 ) 

We have G = (a, fc, c) = D4 x C2, Z{G) = {1, e, c, ec} = C2 x C2, e = a2 <mdg0 = u2 = e. 
Any x G ZG is a linear combination of 1, a, fr, afr, c, ca, c&, cab and the product of 

these elements with a2 = e so (1 — e)x is a linear combination of just \,a,b, ab, c, ca, 
cZ? and cab. For r = 1 + (1 — e)(jc + yw), we may therefore assume that 

x = (a0 + OL\a + «2^ + or3afe) + c(a'0 + ct\a + a2b + a^afc) and 

y = (/3o + /3ia + £2Z> + ft^) + c(/3^ + # a + fab + fcab) 

This time, we have 

x* - («o + cc*o) + e[(«i# + a2b + «30^) + c ^ a + a'2b + a^Z?)] 

and there's a similar expression for v*. Also, JCI = ao + ca^, 

xx*=[(ao + ao + a2 + ai )+ c(2aoa() + 2aia'1)] 

+ e[(a\ + a'2
2 + a] + a'2) + c(2a2a

f
2 + 2^3^)] + (1 + e)s 

for some 5 £ ZG, and there's a similar expression for yv*. Since go = e, 

(1 -é?)(*i + *** -goyy*) 

= (1 - e)(;ci +xr* +yv*) 

= (1 — é?){a0 + cag + («Q + a(,2 + a2 + a'j2 — a^ — a^2 ~ a\ ~~ a'^) 

+ 2c(aoaf
0 + a\a[ — a2(x2 — a^af

3) 

+ o s g + p ' 0
2 + p \ + 0 x

2 - a i - 02
2 - n i - a1,2) 

+ 2CC8OJ9/O + M - 1 8 2 / 8 2 - ^ 3 ) } 

which is of the form ( 1 — e)(m + en) where m and n are the integers 

m = ao + <*o + a0 +a\ + a\ — <x\ — a'2 — a\ — a'3 

+(32
0+(3'0

2+p2+02 - a \ - a'2 - a \ - v 2 

n = OC'Q + 2(ao«o + a\a[ — a2a2 — a3a3 

+ /3o/3[) + /3i /3 ,
1- /32^-/33^) 

By Corollary 4.2, r = 1+(1 — e)(x+yu) is a unit if and only if ( 1 —e)(m + cn) = 0, hence, 
if and only if m = n = 0. (Note that here, e(x + yu) even is equivalent to ao = af

0 = 0 
(mod 2).) First adding and then subtracting the above expressions for m and n, it is 
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convenient to observe that the equations m = n = 0 are equivalent to 

(c*o + ao) + (a0 + ao)2 + (al + a l ) 2 — (<*2 + «2)2 — ( a3 + a 3) 2 

+ (/30 + 0'o? + (/3i + # ) 2 - (& + 0'2? - (ft + /33)
2 = 0 and 

(a0 - c*o)+ (ao - «o)2 + (<*i - a[? - (a2 - a2)2 - (a3 - oc3? 

+ (0o - 0o? + (ft - 0\? ~ (02 - 0'2? ~ (03 -0'3? = O 

and hence to 

[(1 + 2(a0 ± af
Q)]2 + [2(ai ± a^)]2 - [2(a2 ± o^)]2 - [2(a3 ± ^ ) ] 2 

(7.1) + [2(ft ± /3[))]2 + [209! ± 0\)f - [2(ft ± 0'2)? - [2(03 ± fy? = 1. 

Now the map L2 —> Lo which sends c to 1 extends to a ring homomorphism ZL2 —> ZLo 
which induces a loop homomorphism <̂ : <U(ZL2) —> ^(ZLo) with kernel 

ker </? = {1 + (1 - e)(\ - c)(x + yu) \ x, y G ZG} 

and, similarly, the map L2 —• Lo which sends c to e = a2 induces a loop homomorphism 
V>: (U.(ZL2) —> îi(ZLo) with kernel 

ker^ = { l + ( l -e)(l+c)(x + yu) \ x,y <EZG} 

Since (1 + c)(l — c) = 0, ker (/? n ker 1/; = {1} and thus r t—• (</?(r), V>(r)) is a one-to-map 
homomorphism into UÇZLo) x llÇZLo). We claim that its range is 

{(JI ,^2) | $\ = 1 + (1 — e)[(cto + a\a + ot2b + a^ab) + (0o + 0\a +02b + 03ab)u] 

s2 = 1 + (1 - e)[(l0 + lia + 72£ + 73^) + (<$o + M + hb + b?>ab)u] 

where (a, + 7/) and (ft + <S;) are even, for all /, 

(1 + 2a0)2 + (2a02 - (2a2)2 - (2a3)2 

(7.2) +(2ft)2 + (2ft)2 - (2ft)2 - (2ft)2 = 1 and 

(1 + 27o)2 + (27i)2 - (272)
2 - (273? 

+(260? + (2bx? - (2ê2? - (2è3? = 1} 

the conditions on the coefficients appearing because, as units of ZLo, $i and s2 must 
satisfy (5.1). 

To justify our claim, let s\ and ,s2 be as above. Then, letting 

p,-=i («1+7,0, Pt = \(oci-ld 

the element r = 1 + (1 — e)(;c + yu) with 

JC = (po + Pi# + P2b + P3«^) + C(PQ + p\a + p2b + p^b) 

J = (TO + T\a + r2Z? + T3«Z?) + C(TO + r[a + r ^ + r^fr) 

satisfies (^(r), t/;(r)) = (s\, s2) and is a unit in ZL2 because the equations (7) hold, these 
being exactly the two equations (7.2) which say that s\ and s2 are units in ZLo. Thus we 
obtain the following characterization of the units in ZL2. 
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THEOREM 7.1. Let L2 = M^iQ x C2, 2) fre f/ie Moufang loop with presentation 

(a, b, c, u \ câ = b2 = c = 1, u = (a, fr) = (a, M) = (&, w) = (a, b,u) = a , 

(a, c) = (fr, c) = (c, M) = (a, &, c) = (a, c, M) = (fr, c, u) = 1 ) 

77zen f/ie unit loop ofZL2 is ±L2V where V is a torsion-free normal complement of Li 
consisting of elements of the form 

r = 1 + (1 — 02){[(ao + ot\a + a2b + a^ab) + c(af
0 + a[a + a'2b + a'3ab)] 

+ K/3o + Pia + ftfc + j33a&) + c ( $ + ̂ a + /32fc + #a*)]ii} 

w/fft ao = af
0 = 0 (mod 2) ant/ 

[(1 + 2(a0 ± af
0)]

2 + [2(ai ± a;)]2 - [2(a2 ± a2)]2 - [2(a3 ± a^)]2 

+ [2(ft ± /3(>)]2 + [208! ± P\)]2 - [2(132 ± &2)f ~ [2(ft ± ft)]2 = 1 

(7.3) 

*>*{(Ai,A2) € 8 i ( Z ) x 8 i ( Z ) | 

1 + 2ai 2xi 
2yt 1 + 2̂ >i Ai = A2 = 

1 + 2a2 2x2 

2y2 1 + 2fc2 

a\ + a2, Z?i + b2 and a, + fr; G 22, / = 1,2, 

xi + x2, yt + y2 and x, + y, G (2Z, 2Z, 2Z), i = 1,2, 

a\ + a2 + b\ + b2 #nd*ii + yii + JC21 + yn £ 4Z, / = 1,2} 

where x,- = (JC/I,XI2,X/3) andy( = ( j / i , ^ , ^ ) , i = 1,2, f/ze isomorphism being given by 
r t—-• (Ai,A2) w/iere 

A,= A2 = 
1 + 2a2 2x2 

2y2 1 + 2b2 

l+2a i 2xi 
2yj 1 + 2^i 

a\ = ao + «o + (X3 + a^ 

Z?i = ao + «o — «3 — a^ 

Xl = (a2 + a2 + a! + a ; , f t + $ + ft + / 4 & + /32 - ft - # ) 

Yl = (a2 + a2 - a! - a'1?ft + $ - ft - #>,ft + /32 + ft + # ) 

a2 = ao — ao + a3 — a^ 

fr2 = ao — ao — a3 + a'3 

x2 = (a2 - a2 + ttl - a ; , f t - # + f t - $ , ft - £2 - ft + # ) 

y2 = (a2 - a2 - a! 4- a ; , f t - $ - ft + $ , ft - /32 +ft - P\) 

PROOF. The isomorphism is the composition of the map r 1—> (<^(r), iK*")) a nd 
applications in each coordinate of the isomorphism exhibited in Theorem 5.1. The 
conditions on the entries of the matrices A\ and A2 are obtained by noting that a pair 
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(A\, A2) of matrices with At as in (7.3) is in the range of the homomorphism if and only 
if the following systems have integral solutions: 

ao + a'0 + as + a'3 = a\ 

oco + CC'Q — 0C3 — a'3 = b\ 

&o — &'o + # 3 — a'3 = a2 

«0 - «0 ~ «3 + «3 = b2 

Qf2 + « 2 + al + al ~ -̂ H 

a2 + a 2 - « i -a'\ =yn 

a2 — oc'i + oi\ — oc[ = x2\ 

a2 - a2 - a\ + <x[ = y2\ 

&+/3 3+A)+#)=*12 

ft+/33-/30-^ = v12 

/ ? 3 - / ? 3 + # > - 0 O = * 2 2 

/ 3 3 - / 3 3 - ^ 0 + ^ 0 = J 2 2 

ft+/?2+A+^i=Jl3 

/ 3 2 + / 3 2 - A - # = * i 3 

/ ? 2 - / 3 i + / 3 i - i 8 i = ^ 3 

Each of these systems has the same matrix of coefficients. Over Z the first reduces to 1 1 1 1 a\ 
2 0 2 0 ax + a2 

2 2 0 0 a\ + bi 
4 0 0 0 a\ + b\ +a2 + b2_ 

which implies that 4 (a\ + b\ + a2 + b2), 2 (a 1 + a2) and 2 (ai + fri). Conversely, 
assuming these three conditions, the elements 

<*o = \{a\ +b\ +a2 + b2) 

a'0 = \{a\ +bi)-a0 

a3 = \(a\ + a2)- a0 

a3 - a\ — ao — a'0 — 0C3 

satisfy the first system. The solution to the other three systems is similar and it is apparent 
that the range of our homomorphism is as given. • 
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8. M32(16r2C2,16r2C2,16r2Ci, 16r2Ci). This loop is L3, which was presented in 
Section 3 as: 

L3 = (a, b, u | aA = bA = 1, u2 = a2&2, (a, b) = (a, u) = (b, u) = (a, £, u) = a2) 

The group G = (a, &) has centre Z(G) = {l,e,b2, eb2} = C2 x C2; moreover, e = a2 and 

Any x e ZG is a linear combination of 1, a, b, b2, b3, ab, ab2, ab3 and the product 
of these elements with a2 = e and so (1 — e)x is a linear combination of just the eight 
elements just listed. Thus, for r = 1 + (1 — e)(x + yu), we may assume 

(8.1) x = (cxo + OL\CL + a2b + a3<z&) + £2(aQ + a[a + a'2b + a'3ab) 

y = (ft + ft" + ft*> + j33«&) + ̂ 2(/?o + )3ifl + $ * + &<*b). 

We have 

JC* = (a0 + ^ 2 «Q) + e[(oc\a + o^b + a3flfr) + b2(a[a + a^b + «3^)] 

and a similar expression for y \ JCI = ao + fr2^, 

xx* = [(aJ5 + ao2 + a\ + a^2) + fc2(2aiai + 2a0ao)] 

+ ^[(2a2a2 + 2a3a'3) + fe2(a2 + oc'2 + a2 + ag2] + (1 + e)s 

for some 5 G ZG, and a similar expression for yv*. Since go = eb2, go(l — e) = — (1 — e)fr2 

and(l —e)(x\ +xx* — goyy*) = (1 —e)(x\ +xx* +b2yy*) = (1 — e)(m + nb2) where m and 
n are the integers 

m = a0^a2 + af
0
2 ^a2^a[2 -p2-[3f

2
2 - f32-(3f

3
2 

- 2oc2a'2 - 2oc3a'3 + 2/30/3o + 2ft/3; 
n = a ' _ a 2 _ a , 2 _ a 2 _ _ a , 2 + / 3 2 + / 3 / 2 + / 3 2 + / 3 , 2 

+ 2a0a[) + 2a!a[ - 2ft/% - 2ft& 

By the linear independence of 1, e, b2, eb2 over Z and Corollary 4.2, r = 1 +(1 — e)(x+yu) 
is a unit if and only if m = « = 0; Le., if and only if 

(«o + <*o) + («o + <*o)2 + («i + <*i)2 - («2 + <*2)2 - («3 + «3>2 

+ (ft + £o)2 + (ft + P[)2 ~ (ft + /?2>2 - (ft + &? = 0 and 
(a0 - a'0)

+ (ao - oc'0)
2 + (ai - a^)2 + (a2 - a^)2 + (a3 - a^)2 

- (ft - fa)2 - (ft - (3[)2 - (ft - # ) 2 - (ft " &)2 = 0 

which is to say, if and only if 

(8.2)[1 + 2(a0 + a'o)]2 + [2(«i + cc[)]2 - [2(a2 + a'2)f - [2(a3 + af
3)]

2 

+ [2(ft + /3())]2 + [2(ft + f3[)]2 - [2(ft + fy]2 - [2(ft + fy]2 = 1 and 

[1 + 2(a0 - af
0)]

2 + [2( t t l - a;)]2 - [2(ft - ^ ) ] 2 - [2(/3i - (5\)f 

+ [2(a2 - a'2)]
2 + [2(a3 - a^)]2 - [2(ft - fyf - [2(ft - fy]2 = 1 
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(Note that here we must have ao = a'0 (mod 2).) Now we proceed as in the previous 
section. We observe that the maps <p and -0: L3 —> LQ which send b2 to 1 and b2 to a2 = e 
respectively induce loop homomorphisms îl(ZL3) —> li(ZLo) with kernels 

ker ip = {1 + (1 - e)(\ - b2)(x + yu) \x,y£ ZG} 

ker0 = {1 + (1 - e)(\ + b2)(x + yu) \ x,y e ZG} 

Again, ker ip P\ ker 0 = {1} and r •—• ((f(r), ip(rfj *s a one-to-one homomorphism into 
<U(ZLo) x <U(ZLo). 

At this point, we note a subtle difference between what is happening here and what 
happened at a similar stage of the previous section. While <p maps the generators a, b, u 
of L3 to the generators a, &, u of Lo, respectively (as both <p and T/J did in Section 7), here 
the map x/j interchanges b and u; that is, 0 sends a, 6, M of L3 to a, u, b of Lo, respectively. 
Thus, for x and v as in (8) and r = 1 + (1 — e)(jc + yw), 

<0(r) = 1 + (1 — e){ [(«0 + «i« + «2^ + oc^ab) + e{oc'0 + a'^ + a'2b + a'3ab)] 

+ [(ft + 0{a + 02b + foab) + ^ + 0[a + /^ft + /^O»)]M} 

= 1 + (1 - é?){[(«o - <*o) + (a i - a i ) ^ + (a2 - oc'2)b + (a3 - a3)ab] 

+ [(/3o ~ /3o) + (ft - # ) * + (ft - / ^ + (A - &)ab]u} 

and so, using bu - eub and (#£)w = e(au)b, we see that the way to write 0(r) as an 
element of 1̂0» the torsion-free complement of LQ in £i(ZLo), when the generators of Lo 
are <z, w, £ is 

0(r) = 1 + (1 - *){[(<*<> ~ «0) + («1 - cc\)a + (ft - #>)w + CSi - /J^w] 

+ [(a2 - a'2) + (a3 - a > - (02 ~ / ? > - (03 - 0'3)au]bbigr} 

Notice that the second equation of (8), together with the fact that ao — a'0 = 0 (mod 2), 
are precisely the conditions of Theorem 5.1 which say that i/j(r) is in VQ (just as a0+af

0 = 
0 (mod 2) and the first equation of (8) are the conditions that put p(r) in VQ). 

We claim that the range of the map r 1—• (<^(r), 0(r)) is 

{(s\,s2) I si = 1 +(1 - e)[(a0 + aia + a2b + a3ab) + (0o + 0\a + 02b + 03ab)u] 

s2 = 1 +(1 - e)[(l0 +7ia + 72u + J3au) + (è0 +àia + 62u + 73au)b] 

a 0 +7o,« i + 7 i , a 2 + <$o, 

«3 +61, 0o + 72, /3i + 73,02 +<$2, ft + <?3 even, 

(8.3) (1 + 2a0)2 + (2a02 - (2a2)2 - (2a3)2 + (2/30)
2 + (20x)

2 

-(202)
2-(203)

2 = l, 

(l + 27o)2 + (27i) 2 - (272) 2 - (27 3 ) 2 

+ (2è0)
2 + (2^i)2 - (2è2)

2 - (263? = 1} 
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Equations (8.4) follow from the fact that, as units of ZLo, s\ and s2 must satisfy (5.1). 
Our claim is justified by observing that given s\, s2 as described and letting 

Po(Po) = 3(«o ± 7o), Pi(pi) = \{(*\ ± 7i) 

pl{p'2) = 5(« 2 ± <$o), P3(P3> = I («3 ± <$l) 

ro(r'0) = \(/3o ±7 2 ) , r^rj) = ±(/3i ±7 3 ) 

T2(^)=|C82T«2), T3(T^)=i(/33T^3), 

the element r = 1 + (1 — e)(;c + yu) with 

x = (po + P\a + P2& + P^ob) + b2(p'0 + p[a + p2b + p^flb) 

y = (r0 + r\a + r2b + r^ab) + Z?2(TQ + rja + r2b + r ^b ) 

satisfies ta(r), î/>(r)) = (si, £2) and is a unit in ZL3 because the coefficients of x and y 
satisfy (8), these being exactly the equations (8.4) which say that 51 and £2 are units in 
ZLo. Thus we obtain the following characterization of the units in ZL3. 

THEOREM 8.1. Let 

L3 =M32(16r2C2, 16r2C2, \6T2C\, \6T2C\) 

= (a, by u I a4 = b4 = 1, w2 = a2/?2, (a, fr) = (a, w) = (/?, w) = (a, b,u) = a ) 

Then the unit loop ofZLi is àzL^I/ where V is a torsion-free normal complement of L3 
consisting of elements 

r = 1 + (1 — a2){[(a0 + ct\a + a2b + a3ab) + b2(a'0 + a[a + a2b + a'3ab)] 

+ K/?o + jSifl + ft* + ft^) + ̂ 2(/?o + /3i« + / ^ + 03**)]"} 

vv/f/i ao = «Q (mod 2), 

[1 + 2(a0 + a{,)]2 + [2(ai + <*i)]2 - [2(a2 + a2)]2 ~ P(«3 + ocf
3)]

2 

+ [2(/30 + (3'0)]
2 + [208! + Z?;)]2 - [2(/32 + £2)]2 - [2(/33 + /3s)]2 = 1 ^ 

[1 + 2(a0 - af
0)]

2 + [2(ai - a;)]2 - [2(/30 - /3{>)]2 - [2(/3i - # ) ] 2 

+ [2(a2 - a2)]2 + [2(a3 - af
3)]

2 - [2(/32 

Furthermore, 

V*{(AuA2) £ 3i(Z)*3i(Z)| 
l+2ai 2xi 

/32)]2 • [2 ( / ? 3 -# ) ] 2 = l 

(8.4) A, = A2 = 
1 + 2a2 2x2 

2y2 1 + 2b2 2yx 1 + 2bi 

at + fc/ G 2Z, Xj + y, G (2Z, 2Z, 2Z), i = 1,2 

and each of the following in 4Z 

a\ +b{ +a2 + b2, xu +v i 3 +x23 + v23, 
a i - f t i +*23 -3^23, « 2 - ^ 2 + ^ 1 3 ~ J l 3 , 

* n - y u + *2i - V 2 1 , xi i +V11 +X22 - V 2 2 . 

X\2 - V12+X21 +V21, X i 2 + y i 2 + X 2 2 + y 2 2 ] 
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where X; = (X/I,XJ2>*/3) andyt = (yi\,yn,yn), i = 1,2, the isomorphism being given by 
r H—• (A i,A2) w/zere 

Ai = 
l+2a i 

2yi 
2X! 

A2 = 
1 + 2a2 2x2 

2y2 1 + 2b2 

a\ = «o + &b + a 3 + a 3 
bi = ao + a'0 — a3 — «3 

xl=(a2 + a,
2 + al + a[,(53+pf

3+Po+Po,P2^P2-Pi-P[) 

yl=(a2 + a'2-al-a[^3+(3'3-f30-Po,p2+p2+Pi+P[) 

a2 = a 0 - «o + ft - Pi 

b2 = a0-a
f
0-pi+ p[ 

x2 = (ft — /3Q + «l — <*{, $ - ft + « 2 - a£, p'2 - fa - cc3 + a 3) 

y2 = (/30 - & - oc\ + «; , $ - ft - a 2 + a£, ^ - ft + «3 - oc'3) 

PROOF. The isomorphism is the composition of the maps r i—> (<^(r), V>W) and two 
applications of the isomorphism given in Theorem 5.1. The conditions on the entries of 
the matrices A\ and A2 are obtained by noting that a pair (A\, A2) of matrices with A; as 
in (8.4) is in the image of the homomorphism if and only if 

1 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0' "«o" " fll 

1 1 0 0 0 0 - 1 -1 0 0 0 0 0 0 0 0 < bi 
0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 oc\ xn 
0 0 - 1 -1 1 1 0 0 0 0 0 0 0 0 0 0 < yn 
0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 1 a2 *12 

0 0 0 0 0 0 0 0 -1 - 1 0 0 0 0 1 1 «i yn 
0 0 0 0 0 0 0 0 0 0 - 1 - 1 1 1 0 0 a3 *31 

0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 « 3 731 

1 - 1 0 0 0 0 0 0 0 0 1 - 1 0 0 0 0 ft a2 

1 - 1 0 0 0 0 0 0 0 0 - 1 1 0 0 0 0 ft b2 

0 0 1 - 1 0 0 0 0 1 - 1 0 0 0 0 0 0 Pi *21 

0 0 - 1 1 0 0 0 0 1 - 1 0 0 0 0 0 0 P'l yn 
0 0 0 0 1 -1 0 0 0 0 0 0 0 0 - 1 1 Pi *22 

0 0 0 0 - 1 1 0 0 0 0 0 0 0 0 -1 1 P'2 ?22 

0 0 0 0 0 0 - 1 1 0 0 0 0 -1 1 0 0 ft *23 

0 0 0 0 0 0 1 - 1 0 0 0 0 -1 1 0 0 .ft. _)>23 

has an integral solution, 
congruent to 0 (mod 4): 

and this occurs if and only if the following sixteen integers are 

tfi+a2+&i +b2, xn -yn +x2ï -y2h xn +yn + x22-y22, ax -b\+x23 - v 2 3 , 

01 -a2 + b\ —bi, xn - * 2 i —yu +y 2 i , *n +yn -x22+y22l -ax +b\ +x2 3 - v23, 

xX2 -y\2+x2\ +v 2 i , a2-b2 + x\3 -yn, -̂ 13 +J13 +^23 +J23, ^12 +J12 +^22 +^22, 
x\2-yn-x2x -yn, a2-b2-xX3+y\3, x\3+y{3 - x23 - y 2 3 , xn + yX2 -x22 -y22 

The second and fourth rows are consequences of the first and third because at + bi as 
well as Xy + ytj are all even. The first and third rows are those specified in the statement 
of the theorem. • 
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9. M32OE;, 16). As in Section 3, 

M^iEt, 16) = L4 = (a,b, c, u \ a4 = 1, (a, c) = (&, c) = (a, fr, c) = (a, C, W) = (&, c, w) = 1, 

b2 = c2 = u2 = (a, b) = (a, M) = (&, u) = (c, w) = (a, fr, w) = a2) 

In this case, G = (a, &, c) has centre Z(G) = {1, c, e, ce} *= C4 and go = u2 = a2 = e. 
Any JC G ZG is a linear combination of 1, a, b, ab, c, ac, bc, abc and the product of these 
elements with e so, for r = 1 + (1 — e)(x + yu) G ZL4, we may assume that 

(9.1) JC = (ao + oc\a + a2^ + a3a&) + c(ao + a^a + a'2b + â aZ?) and 

y = (/3b + /3m + ft* + ft**) + c(#> + ̂ a + $fc + p'3ab) 

We have 

JC* = (ao + ca'o) + e[(a\a + a2& + « 3 ^ ) + c(a[a + a2fr + a'3ab)] 

with a similar expression for y*, xi = a0 + ca^, 

xx* = [(ao + a2 + a\ + a2) + c(2(a0aQ + 2aiaj + 2a2a^ + 2a3a3)] 

+ e[af
0
2 + a'2 + cc'2

2 + a'2] + (1 + é?)s 

for some s G ZG, and a similar expression for yv*. Therefore, (1 — e)(jci +JCJC* — goyy*) = 
(1 — e)(jci + jcjc*+yy*) = (l — e)(m + nc) where m and rc are the integers 

2 /2 2 /2 2 /2 2 /2 
m = ao + ag — a0 + af — aj + a2 — a2 + a3 — a3 

n = ao + 2(a0a'0 + a i a i + a 2« 2 + <*3<*3 + A>/% + P\P\ + ft/32 + ̂ 3/83) 

Since 1, e, a, and ea are linearly independent over Z, r = 1 + (1 — e)(x + yu) is a unit if 
and only if m = n = 0; equivalently, if and only if m + m = 0, / = A/^T , a condition in 
turn equivalent to 

[1 + 2(a0+iaf
0)]

2 + [2(ai + /a;)]2 + [2(a2 + /a^)]2 + [2(a3 + iaf
3)]

2 

+ [2C3o + ^o)]2 + [2(/?i + i/?',)]2 + [2(/32 + */32)]
2 + [2(/J3 + ifyf = 1 

If we let Zk - ock + /a£ and w* = /?* + //3£, for /: = 0,1,2,3, this becomes 

(1 + 2z0)
2 + (2zi)2 + (2z2)

2 + (2z3)
2 + (2w0)

2 + (2w02 + (2w2)
2 + (2w3)

2 = 1 

which we recognize as det A = 1, where A G 3(Z[*]) is the matrix 

I" 1 -1- 2(z0 + iz\) 2(izi - Z3, iwo - vvi, vv2 - /w3) j 
[ 2(izi + Z3, *'w0 + wi, -w2 — m>3) 1 + 2(z0 - iz\ ) J 

Just as with Lo, the idea is now to prove (admittedly, with some labour) that the map 
r = 1 + (1 — e)(x+yu) »—• A (x and y as in (9)) is a homomorphism into Qi (Z[/]). Its range 
is readily determined and so we obtain the following characterization of the unit loop of 
ZL4. 
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THEOREM 9.1. Let L4 denote the loop 

Af32(£/, 16) = (a, b, c,u I a4 = 1, (a, c) = (b, c) = (a, £, c) = (a, c, w) = (£, c, w) = 1, 

b2 = c2 = u2 = (a, 2?) = (a, w) = (&, w) = (c, M) = (a, b, u) = a2). 

Then the unit loop 0/ZL4 is ^zL^V where V is a torsion-free normal complement ofL* 
consisting of elements of the form 

r = 1 + (1 — a2){ [(«o + cc\a + a2b + a3ab) + c(a'0 + a[a + a2b + a3ab)] 

+ [(#> + Pia + (32b + foab) + c(/3() + (3[a + #& + #fl*)]n} 

with a0 = «0 = 0 (mod 2) and 

J\l2 J\l2 f\i2 J\l2 [1 + 2(a0 + /ao)]z + [2(<*i + /ai)]z + [2(a2 + ^2)] + t2(a3 + ^3)] 
:?'\i2 9 > \ I 2 / M 2 + [2(/?0 + W + [2(0i + i/3i)]z + [2(/32 + *$)]z + [2(03 + i&)Y = 1. 

Furthermore, 

l + 2a 2x 
2y 1 + 22? 

G 3i(ZW) I « + * € 2Z[i], x + y G (2Z[i], 2Z[Î], 2Z[/]) 

f/i£ isomorphism being given by 

2(ia2 — oc2 — «3 — /«3, 
1 + 2(a0 + /a^ + iai - <x[) if30 - /% - 0i - i(3[, 

/32 + ^ - / / 3 3 + / 3 3 ) 
2 ( / a 2 — oc2 + 0:3 + /(X3, 

100 - /3Q + /3i + //3i, 1 + 2(a0 + icr£ - ictx + aj) 
- 0 2 - / ^ - / 0 3 + ^ ) 

10. M32(5,5,5,2,2,4). We present L5 = M32(5,5,5,2,2,4) as in Section 3: 

L5 = (a, £, u I a8 = fc2 = 1, a2 = w2, (a, &) = (a, w) = (b, u) = (a, b, u) = a4). 

Here G = (a, b) * \6T2d, Z(G) = {l,a2,e, ea2} * C4, e = a4 and g0 = a2- Any JC G ZG 
is a linear combination of 1, a, a2, a3

y b, ab, a2b, a3b, and the product of these elements 
with e, so for r = 1 + (1 — e)(x + yu) G ZL5, we may assume that 

(10.1) x = («o + oc\a + a2b + a3ab) + 02(aQ + a[a + a2b + a'3ab) 

y = (Po + P\a + fob + p3ab) + A V O + Pi" + /^2^ + ^3«*)-

Here we have 

JC* = (a0 + fl2ao) + ^[(«IÛ + oc2b + a3ab) + a2(a[a + a2b + a'3ab)] 

with a similar expression for v*, x\ = «o + «2«o, 

xx* = (aj) + a^2 + 2a\a\) + a2(2aoa'0 + a j 2 + a2) 

+ ^[(aQ2 + a\ + 2^30:3) + a2(a\ + af
3
2 + 2a2a2)] + (1 + e)s 
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for some s G ZG, and a similar expression for yy*. Also, (1 — e)(x\ +xr* — goyy*) = 
(1 — e)(m + na2) where m and n are the integers 

m = «o + «o ~~ ao ~ a2 + a2 + 2a\a[ — 2a3a3 

-&\ + f3\2 + (5l-& + 2(30(3'0 - 2(32p'2 

n = af
0 — a\ + a[ + a2 — a3 + 2aoa'0 — 2a2a2 

-Pl + (3'0
2 + 0l- & - 2/?!/?', + 2/J3# 

so, just as in the previous section, we discover that r = 1 + (1 — e)(x + yu) is a unit (x and 
y as in (10)) if and only if m + ni = 0, a condition which can be expressed as 

[1 + 2(a0 + ia'0)]
2 - i[2(ai + ic*i)]2 - [2(a2 + ia£)]2 + *[2(a3 + l'a^)]2 

- /[2(ft + Wo)]2 - [2(i8i + ^ i ) ] 2 + i[2(/32 +*'/32)]
2 + [2(03 + «^W2 = 1 

or, equivalently, 

[" 1 + 2(z0 + zi) 2(/(zi - z3), w\ + w3, /(wo + w2)) 1 = j 
[2(zi+z3,wi - vv3,w0-vv2) l+2(z 0 -Z2) J 

where z* = a* + /a£ and w* = ft + i/3'k for k - 0,1,2, 3. The matrix here suggests a map 
into 3i(Z[/]) which turns out to be a loop homomorphism. 

THEOREM 10.1. LetL5 denote the loop 

M32(5,5, 5, 2,2,4) = (a, Z?? w | a8 = ^2 = l,w2 = a2, 

(a, Z?) = (a, w) = (Z?, w) = (a,b,u) = a ) . 

Then the unit loop ofZL$ is ^zL-^V where V is a torsion-free normal complement ofLs 
consisting of elements of the form 

r - 1 + (1 — a4){[(ao + a\a + a2b + a^ab) + a2(a'0 + a[a + af
2b + a'3ab)] 

+ Kj3o + iSifl + 02* + foab) + a2(#) + fta + $& + #aô)]n} 

w/f/i ao = a[) (mod 2) an J 

[1 + 2(a0 + ia'o)]2 - i[2(ax + ia[)]2 - [2(a2 + iaf
2)]

2 + i[2(a3 + ia'3)]
2 

- i[2(/30 + ^ ) ] 2 - [2(ft + ift)]2 + i[2(/J2 + ifyf + [2(ft + i'#)]2 = 1. 

Furthermore, 

G 3!(Z[/]) | a + fc, x2 + y2, xi + ryi, x3 + /y3 G 2Z[i] 

f/ze isomorphism being given by 

[ 2(/ai — a\ — ia3 + a3, 1 
1 + 2(a0 + iaf

0 + a2 + /a^) /3i +1/?{ + ft + i(33, 

r ^ ifo-Po + ifa-Pi) 
2(a\ + /a'j + a3 + /a^, 
/3i + i^; - ft - / ^ , 1 + 2(a0 + iaf

0 - a2 - ia'2) 

[ ft + / ^ - f t - / ^ ) J 

V = l + 2a 2x 
2y 1+2b 
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