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On a family of contractive maps

Milan R. Taskovié

The object of this paper is to study common fixed points of
mappings of a complete metric space into itself. The results
obtained are generalizations of theorems of Iséki and Ray. An
example is given to show that our results are indeed extensions

of the theorem of Iséki.

1. Introduction

Let (X, p) be a metric space. A mapping T : X > X is called an
f-contraction iff for every x, y € X , there exist real numbers
a, = ai(x, y) (£=1, ..., 5) such that

plTz, Tyl = floyolz, yl, aplz, Tz, as0ly, Ty, oyplz, Tyl, agely, Tz])

sup{f(al, Gy Gy Oy, as) tx,y €Xp =X € [0, 1),

where the mapping f : R5 > R 1is increasing, semihomogeneous [that is to

> <
say, for all § = 0 one has f(éxl, ze, cees st) = Gf(xl, Tys wees xs)]
and g(x) = f[alx, cens asxs] continuous in the point x =1

In [6] I proved the following result.

THEOREM T. A4n f-contraction T : X » X on a T-orbitally complete
(that is to say, every Cauchy sequence {T'x | n € N, x € X} converges in
X] metric space X has a fized point, and this is wnique when

= def
AO = sup{ (al, 0, 0, o, as} tx, Yy € X} <1,

In a recent paper [Z] Iséki proved the following:
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THEOREM I. Let X be a complete metric space, T (n =1, 2, ...)

a sequence of mappings of X 1into itself. Suppose that there are non-
negative numbers a, b, ¢ such that for x, y € X,

plrye 7] < aloles 7))oy, 7,000]) +

+ b(p[x, Tj(y)]+o[:z/, 7,(2)]) + eplx, ¥y,

where 2a + 2b + ¢ <1 . Then the sequence of mappings {Tn} has a unique
common. fixed point.

(Let I be an infinite set of indices and let F = {T)\ : A€ I} be a
family of maps which map X into itself. A point & € X is a common
fixed point for F iff & = T)\E for each T)‘ € F )

THEOREM 1. Let X be a complete metric space, {Tn :n €N} a

sequence of mappings of X into itself. For x y € X, let there exist
real numbers oy (£ =1, ..., 5) such that

(1) ofr=, ij] = flogelx, yl, ayplz, T,(2)], asply, Tj(y)],

Foele, 75(4)], wugely, 7,(2)]) S
sup{f(al, Gys Oy Qs as) tx,y €Xp =8 ¢€[0,1),

5

where the mapping f : R° > R is increasing, semihomogeneous and

glx) = f[onlx, cens asxs 18 continuous in the point x =1 . Then the
sequence of mappings {Tn} has a common fized point & € X , and this is

unique when sup{f(al, 0, 0, %, 55&5) tx oy €X} = 8§y <1, and for

arbitrary x € X the sequence

(2) x, = Tn(xn—l) , (m=1,2, ...},

converges to & .

Proof. We prove that (2) is a Cauchy sequence, where =z, € X is

0

arbitrary. By assertion (1) we have
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p[xn, xn+l] = p[Tn(xn_l), T o (xn)] = f[alp[xn_l, xn], agp[xn_l, xn],
a3p[xn, xn+l:I i %ahp[xn—l’ xn+l] ? %OLSD [xn’ xn]]
Now we use the following lemma, proved in [5], p. 198.

LEMMA. Let f : Rk+2 >R (k € N) be a monotonically increasing

(with respect to every real argument) and semihomogeneous mapping, let

+ . . .
glx) = f[ao, ayTs -ees ak+lxk 1 be continuwous in the point x =1 , and

let the sequence (xn) of nommegative real numbers satisfy the condition

Tovk < f'(aomn,.alxnﬂ, cees X s akﬂC] , mM=1l,2, ...,

where k 1is a fixed natural number, Ags @ys cves Gy C are real

constants, and f'[ao, a - ak+l) € [0, 1) . Then there exist positive

l,
numbers L and © € (0, 1) such that

(3) z <10" (n=1,2, ...), L= max [xie‘t)
i=1,2,...,k

Applying this lemma to the sequence {p[xn, xn+l:|} , we obtain,

according to (3),

p[xn, '7cn+l:| <o 7:=1maX k [p[xi, xi+l] 9-7'] . fem 6o, 1)

Hence, for »n, 8 € N ,

n . n .
_ -1 n+j-1
< Loz ] = oz, ]0 o
ole,, @] jgl pl2yeia s ] ™ [o [ z;,,] j$=:1

_ 1max ) [p[xi, xiﬂ]e"‘]e"(l-e)'l s, (new,8¢(0,1)),
=1l,...,

which implies that {xn} is a Cauchy sequence. Hence, by the completeness

of X, {xn] converges to some point § in X . For the point £ € X ,
ofe, 7 (&)] = elg, =, 0] + olz,,,» T,(8)] = 0[&s = ] +0lr (), 7 (€]

ple, = p\] + Flogolz,, €], ayplz,» = 11, aplE, T (£)],

%_J(th[xm, Tn(g)]’ %asp[g’ xﬂH‘l]) ‘

1A
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Applying this lemma to the sequence {pE§n+l, Tn(g)]} , we obtain,

according to (3),
ple, 7(8)] = p[E, =, ] + 18" (m e, o€ (0, 1))

Letting m > o | we have p[E, Tn(E)] = 0 3 that is, the point & is a

common fixed point of all Tn .

To show that & is the unique common fixed point of all Tn , We
consider a point y in X such that Tn(y) =y for every n . Then we
have
olg, yl = o[, (8), T ()] = floolE, ¥, ayp[E, T, (8)], asply, T, ()],

s ele, 7, ()]s Bugelys 7,(8)]) = s plE, y)

n
Hence p[&, y] = 0 ; that is, & =y . This completes the proof of

Theorem 1.

Now we give an example of a family of maps satisfying the conditions

of Theorem 1, for which the conditions of Theorem I do not hold.

EXAMPLE, 1Let X = [0, 10] be the subset of reals with the usual

metric and let {Tn} be a sequence of functions which maps X into
itself, defined as follows:

0 , « € [0, 10/11) ,

10nac(1+11n)‘l , x € [10/11, 10] 3 n=0,1, 2,

Then the conditions of Theorem I of |séki [2] are not satisfied, since for
x =10/11 , y =1 ; while our conditions of Theorem 1 are satisfied for

the mapping

)—l

Fleys ooes t) <22 (6 vt vt )2 (b st rt o)™ b+ £

5
(tl+t2+t3 >2t), t, € R)

with a,=0a. =1, a, =0, ah =<3, 0. = a6 =0 .
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2.
In a recent paper [1], Cirié proved the following:
THEOREM C. Let F = {TA : X €T} bea family of functions which

maps a complete metric space (X, p) into itself and let 0 =q <1 . If

there exists some Ty ¢ F such that for each T, € F (A # AO) there are
0

positive integers iA and jx such that

7 J 7 1

A A A I
p[TXOx, TA y] < q-max{p{x, yl, p[x, TAOaJ . p[y, TA y] .

J i
tlole- ]l 1)}
0

holds for all =, y € X , then every T € F has a unique fized point in
X , which is a unique common fized point for F .

Let F = {T A€ I} be a family of functions each of which maps a

A H

metric space (X, p) into itself. If there exists some TA € F such
0

that for each T, € F (A # XO) there are positive integers %, J , and
for every x, ¥ € X there exist real numbers o (=1, ..., 5) such
that

) p[Tf\o(a:), T‘K(y)] s f[alo[x, yl, azp[x, T}io(x)}, o o[y, ’I{(y)},

sup{f(al, %y Qs O, us) tx,y €X} =6 € (o, 1),

where the mapping f : RS + R 1is increasing, semihomogeneous and

glz) = f ATy ..., asxs] continuous in the point x = 1 , then mappings

TA of this type will be referred to as having property (f) over X .

THEOREM 2. Let F = {T, : X € I} be a family of functions which

A
maps a complete metric space (X, p) into itself, and let TA € F have
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property (f) over X . Then every Ty € F has a fixzed point in X , and
it 18 unique when 6 o <1, and it is then the wnique common fized point
for F .

Proof, Let T, € F be arbitrary. For arbitrary & € X let us

consider a sequence

s 7z, o, = s eees X =7 g .
0 1 }\O 0 2 AL 2n-1 AO 2n-2

=
.'1:2" )\xm_l, e

By assertion (4) we have
p[xen, x2n+]_:| = pl:T{xzn-l’ Ti Ox2n:| =
=7 [O‘lp e [xQn—l’ Ti”zn-l] » 03P [mzn’ T §0x2n}
%“hp[xzn-l’ Tioxzn]’ %0‘5"[”2;1’ Tix’r}n—ln = flogeley, s 25,
002, 10 Tppls agplmy, 2] Fmelny, o0 2 05 HugplEy, Zonl)
Then by a routine calculation one can show that (5), from the lemma, is a

Cauchy sequence. Using completeness of X we have that lim -’L‘n =§ , for
n

some & € X . By assertion (L),

p[&, Tio(i)] sofg, z,,] + ol:xzn, TKO(E)] sole, z,,] + f[alp[xgn_l, e],
0,0z, 15 0] a3p[£, T’;O(E)}, %ahp[xgn_l, T’;O( z)}, $ogplE, xgn]]

Applying the lemma to the sequence {p[xzn, T‘;\ (E)il} , Wwe obtain according
0

to (3),

p[«i, T’;O(E)] s o6, @,,) + 16" (nem, 0 €0, 1))

Letting »n + « , then we have p[g, T‘[)’\ (E)J =0 ; that is, the point §
0

is a common fixed point of T; , and it is unique.
0
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. . . . 7
By Theorem 1 and assertion (L4), & is a unique fixed point of TA
0

and TJ

7 < .
. Since T [T g] =T [T E] =7, &£, T, & is also a fixed
A XO AO AO AO AO AO

point of T; , and therefore TA £ =& . Similarly it follows that
0 0
TAE = & . So we have proved that § 1is a unique fixed point of TK and
0
TA .

Now we shall show that & is a unique common fixed point for F .

Let TX € F (AO A 7 X) , be arbitrary. Since £ = TA £ implies
1 - 0

£ = T; £ , by (4) and Theorem 1, & is a unique fixed point of Ti . This
0

implies that & 1is a unique fixed point of TA . This completes the
1

proof of Theorem 2.
THEOREM 3. rLet X be a metric space, and let {Tn} be a sequence

of mappings which map X <into itself. Let T : X~ X be an
f-contraction and let X be T-orbitally complete, and 60 <1 . Ifeach

T has at least one fized point wu, , and if we suppose that {Tn}
converges wniformly to T , then the sequence {un} converges to the
unique fixed point u of T .

Proof. By Theorem T, T : X > X has a unique fixed point u . We
have

ol ] = ol7u, 7 ()] < o, ()] + olr(u ), 7 ()] =
=< f(alp[u, un], a,°0, a3p[un, T(un]], oy, 0 [u, T(un]],

sasolu,, o) + o[r(w,) 7,(8)] -
Applying the lemma to the sequence {DEA, un]} we obtain, according to

(3),
ofu, unJ < 18" + pEP(un}, Tn(un}] (n en, 8¢€(o, 1)

Since {Tn} converges uniformly to T ,
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Pl 7040 = 0, ()5 T(0,)] > 0 (n > )

and we have that 1lim p[ﬁ, un] = 0 , which completes the proof.
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