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ABSTRACT. The shift of the equilibrium-line altitude by 
climatic perturbations of air temperature STa, absolute 
humidity sPv' cloudiness Sw, and annual accumulation Sc in 
West Greenland (EGIG profile) is analyzed by heat-balance 
modelling. The perturbations STa = +1 K, SPv = +0.25 g m-3, 

Sc = +50 kg m- 2 result in a shift of the equilibrium-line 
altitude of 87.5, 9.8, and -24.3 m, respectively, while 
perturbations in cloudiness are negligible. The most 
important influence originates from changing air 
temperature, as air temperature affects daily heat-flux 
density of melt and duration of the ablation period. In 
regimes with negative values of the gradient of annual 
accumulation, the shift of the equilibrium line is enhanced . 

I . INTRODUCTION 

The shift of the equilibrium-line altitude and the 
increased melting in the ablation area of the Greenland ice 
sheet have been discussed repeatedly in relation to the 
rising concentrations of CO2 and other greenhouse gases in 
the atmosphere (National Academy of Sciences, 1985; 
Oerlemans, 1989). Heat-balance characteristics measured in 
the ablation area in West Greenland (Camp IV-EGIG, 
1013 m a.s.l., lat. 69 °40' N., long . 49°38' W; Ambach, 1963, 
1985a) allow calculation of the influence of climatic 
perturbations on the equilibrium-line altitude and the 
ablation regime. The analysis is based on earlier work by 
Kuhn (1980). Whereas in previous papers, changes of the 
ablation period (Ambach, 1985b) and of the latent heat-flux 
density (Ambach, 1985b, 1988; Ambach and Kuhn, 1989) 
were not taken into account, these terms are involved in 
the present paper. 

2. LIST OF SYMBOLS 

c Annual cumulative accumulation 
/ Non-dimensional number 
H Heat-flux density 
h Thickness of snow (ice) layer 
t.h Difference in altitude related to present equilibrium-

line altitude 
k Non-dimensional number 
L Specific heat of melting 
Q Heat of melting per unit area of the ablation period 
Q* Heat of melting per unit area of the ablation period 

integrated over the altitude 
Ta Air temperature 
W Water equivalent 
w Cloudiness 
z Altitude 
ex,cx' Factor of proportionality 
13 Factor of proportionality 
r Factor of proportionality 
jI. Factor of proportionality 
P Density 
Pv Absolute humidity 
T Number of ablation days 
<p Factor of proportionality 

3. ABLATION-DAYS METHOD 

At the equilibrium line, annual cumulative accumulation 
and annual cumulative ablation are equal at the end of the 
balance year. In that case, the heat-balance equation reads: 

(I) 

where To is the number of ablation days (d, number of 
days with averaged air temperature ~O °C), Ho is the 
averaged heat-flux density of melting (Ml/ m2 d) , k is the 
factor of proportionality taking into account the formation 
of superimposed ice explained below, L is the specific heat 
of ice melting (Ml/ kg), and Co is the annual cumulative 
accumulation (kg/m2). 

The left-hand term TO Ho means the total heat of 
melting per unit area over the entire ablation period 
originating from the interaction between the atmosphere and 
the surface. The right-hand term kLco means the heat 
required for melting of the annual cumulative accumulation 
including superimposed ice. The subscript zero refers to the 
prese nt-day condition at the equilibrium line. 

The method is called the ablation-days method, as the 
calculation of the heat of melting T oHo is based on the 
number of ablation da¥s To ' The d ef inition of ablation days 
as days with Ta ~ 0 C is arbitrary (Kuhn, 1987). Other 
suitable definitions of ablation days are T ~ O°C or 
T min ~ O°C. If the definition of the abl~tion days is 
changed, the value Ho is changed simultaneously so that 
Equation (I) remains satisfied. The ablation-days method is 
therefore independent of the definition of ablat ion days. 

A special feature of Equation (I) is the consideration 
of superimposed ice form ation . Superimposed ice is formed 
when melt water refreezes on a water-impermeable surface. 
The heat of freezing is released and causes an increase in 
temperature of snow .and ice layers beneath. In general, the 
summer ablation surface of the previous year serves as such 
a water-impermeable surface. Assuming conservation of mass 
during the transformation of melt water into superimposed 
ice without any loss by run-off, and assuming densi ties for 
snow and superimposed ice, the factor k amounts to 5/ 3. 
As a consequence, if there is complete superimposed ice 
formation at the equilibrium line , two-thirds more heat of 
melting is required compared with the simple case of no 
superimposed ice formation . The derivation of the value 
k = 5/ 3 is given in section 4. 

4. SUPERIMPOSED ICE FORMATION 

For the calculation of the influence of superimposed 
ice formation on the heat balance, the following are 
introduced: water equivalents of initial snow-pack before 
snow melt (Wo), melted snow layer with superimposed ice 
formation (Wl ), and superimposed ice layer (W2). With the 
densities of Pl = 300 kg m-3 for snow and P2 = 900 kg m-3 

for superimposed ice, the water equivalents are 
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ho·300 (2a) 

(2b) 

(2c) 

where ho is the initial snow depth and h2 is the thickness 
of the superimposed ice layer. 

In the case of superimposed ice formation at the 
equilibrium line, the melt is W 1 + W 2' whereas without 
superimposed ice formation the melt is Wo' Using Equations 
(2a-c), the ratio k reads 

k 

with the following results 

(3a) 

(3b) 

Complete superimposed ice formation (W2 Wo): 
k = 5/3; 
No superimposed ice formation (W 2 = 0): k = I; 
Partial superimposed ice formation (0 < W2 < Wo): 
k = I + 2h2/ho' 

In Equations (3) the ratio k also equals the ratio of 
heat of melting corresponding to the water equivalents 
W1 + W2 and Wo' As a consequence, the heat of melting 
required in the case of complete superimposed ice formation 
is greater by a factor of 5/ 3 compared with the case of no 
superimposed ice formation. 

5. CHANGE OF HEAT BALANCE BY CLIMATIC 
PERTURBA TIONS 

4.1. Heat of melting 
The heat balance reads 

(4) 

The terms are daily heat-flux densities averaged over the 
ablation period (MJ/ m2 d). H is the heat of melting, where 
the subscript R is net radiation, s is sensible heat, L is 
latent heat, e is conduction of heat, and p is precipitation . 

The terms HR' Hs, and HL are subject to changes by 
climatic perturbations, while He and Hp are assumed to be 
constant. 

By introducing climatic perturbations, Equation (4) 
reads 

where 

with 'OHe = 'OHp = 0 (5) 

'OHR = (a' 'OTa + 13'Ow)[, 

'OHs = (a'OTa)[, 

'OHL = ('I''OPv )[' 

(6a) 

(6b) 

(6c) 

'OTa, 'Ow, and 'OPv are climatic perturbations of air 
temperature, cloudiness, and absolute humidity, and a, a', 
13, and 'I' are factors of proportionality modelling local heat
flux densities. The term [ is a non-dimensional number for 
modelling the altitudinal profile of the heat-flux densities. T 
and H are decreasing functions of altitude (Figs I and 2) 
with the conditions T = 0 and H = 0 at the same altitude. 
From these conditions, the numerical value of the non
dimensional number [ is obtained. Combining Equation (5) 
with Equations (6), it reads 

with the numerical values of the coefficients 

(a + a')[ 

'1'[ 

13[ 

312 

jJ.l = 0.803MJm-2 d- 1 K- 1, 

jJ.2 = 1.272 MJ m-2 d- I per g m-3 

vapour, 

jJ.3 -0.045 MJ m-2 d- I per tenth 
cloudiness. 

(7) 

(8a) 

(8b) 

(8c) 

While factors a, a', and 13 have been explained 
previously in detail (Ambach, 1985a), in the present study 
for the first time changes of the latent heat-flux density 
due to climatic perturbations are taken into account by the 
factor <po After conversion of units, from Ambach and 
Kirchlechner (1986, equations (20) and (21)) 'I' = 2.63 MJ 
m- 2 d- 1 per g m- 3 vapour and jJ.2 = 1.272 MJ m- 2 d- 1 per 
g m-3 vapour result. These values correspond to the case of 
evaporation at a wind velocity of 7 m S-1 and are weighted 
means of 2 : I of corresponding values for snow and ice 
surfaces due to superimposed ice formation (Ambach, 
1985a). 

The change in heat-flux of melting at the equilibrium
line altitude under perturbed conditions results from both 
the climatic perturbations (Equation (9a)) and the shift in 
altitude (Equation (9b )). Tt holds 

H = Ho + 'OH + (BH/Bz)t::.h (9) 

The factors jJ.l' jJ.2' jJ.s and the gradients aTa/ az, Bpv/ Bz, 
and Bw/ az are assumed to be constants independent of 
altitude. t:Jz is the difference in altitude related to the 
present equilibrium-line altitude. 

4.2. Number of ablation days 
The number of ablation days depends on the seasonal 

course of the air temeprature. It is affected by perturbations 
of air temperture and depends on altitude. Starting with a 
measured series of Ta(I,ZI) at an altitude zl' the function 
T a(l,z) at any altitude z is obtained by applying the 
altitudinal gradient of the air temperature. The method has 
been described in detail by Ambach (1977, p. 53). 

The altitudinal gradient of temperature of 
-0.0073 K m-I was determined by comparing daily mean 
temperatures at Jakobshavn (40 m a.s.l.) and Camp IV-EGIG 
(1013 m a.s.l.) during the period of measurements in 1959 
(Ambach, 1977, fig. 19, p. 36). An anonymous referee 
proposed a value of -0.0057 K m-I was valid for the months 
June-August. The difference may be due to thermal 
advection in the ice-free area or may be explained by 
frequent katabatic winds. However, the ablation-days method 
is open to varying numerical applications. 

Figure I shows the number of ablation days averaged 
for 1958-71 as a function of altitude and of air 
temperature. The t.Ta scale is converted into the t:.h scale 
by BTa/ az = -0.0073 K m-I. In Figure I, ll.Ta can be 
substituted by the perturbation 'OTa when searching for the 
number of ablation days. 

The change in the number of ablation days at the 
equilibrium-line altitude under perturbed conditions results 
from both the perturbation in air temperature (Equation 
(lOa)) and the change in altitude (Equation (lOb)). It holds 
for 

T = To + 'OT + (aT / aZ)t::.h, 

'OT y'OTa, 

(BT/aZ)t:Jz yt:.Ta with ll.Ta = (BTa / Bz)t::.h, 

y = 10.4 - 0.011t:Jz d K-1 

y=13.5dK- I 

for t:Jz > -274 m, 

for t:Jz < -274 m. 

(10) 

(lOa) 

(lOb) 

As Y is not constant, the effect of 'OT a on T depends on 
altitude. In previous analyses (Ambach, 1985a; Ambach and 
Kuhn, 1985) a constant number of ablation days was 
applied to the initial and shifted equilibrium-line altitude, 
independent of climatic perturbations and of shift in 
altitude. This is only correct if the changes numerically 
derived from Equations (lOa and b) compensate each other. 
However, the present study shows that the influence on the 
number of ablation days by a climatic perturbation is not 
fully compensated by the corresponding shift in altitude. 
For example, the number of ablation days is changed due 
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Fig. 1. Number of ablalion days ( r ) as a function of 
altitude (llh) and air temperature ( llT a ) averaged for 
1958-7 1. M = 0 and llTa = 0 d enote the present 
equilibrium-line altitude. 

to the perturbation STa = +1 K by sr = 9.4 d (Equation 
(lOa» and due to the change in equilibrium-line altitude by 
(ar / az)M = -6.0 d (Equation ( lOb)) . As a consequence, a 
total change of +3.4 d results . Therefo re , it is concluded 
that the change of the number of ablation days is an 
important point. 

6. SHIFT OF THE EQUILIBRIUM-LINE ALTITUDE BY 
CLIMA TIC PERTURBA TIONS 

By applying perturbation analysis, Equation (I) is 
transformed into 

[ro + sr + (ar / az )M] [Ho + SH + (aH / az )M] 

= kL[co + Sc + (ac/az)M] ( I I) 

where Sr, SH, and Sc are climatic perturbations. sr and 
SH are obtained from Equations (9a) and (lOa), while Sc is 
an arbitrary value. The terms (ar/ az)M, (aH / az )M, and 
(ac/ az )M are changes due to the shift in altitude. ar / az 
and aH/ az are obtained ' from Equations (9b) and (lOb), 
while ac/ az is a measured value. The shift of the equili
brium-line altitude llh can be determined from Equation 
(11) when the climatic perturbations are introduced . 

In Figure 2, the annual accumulation a nd the heat-flux 
density of melting are linear functions of altitude, whereas 
the number of ablation days is a non-linear function . The 
non-linearity is taken into account by the non-constant 
factor r in Equations (lOa and b). Figure 2 shows that Sc, 
SH, sr, and the corresponding terms (ac / az)M, (aH/ az)M . 
and (ar / az)M have opposite signs. The climatic perturba
tions are partly compensated by the altitudinal shifts . As a 
consequence, climatic perturbations are attenuated by the 
shift of the equilibrium-line altitude. 

For example, a perturbation in air temperature STa of 
I K results in a shift of the equilibrium-line altitude M by 
87.5 m . At this altitude the temperature is lower by -0.64 K 
compared with the temperature at the initial altitude due to 
the altitudinal gradient of air temperature. Therefore, at the 
equilibrium line under perturbed conditions the effective 
change in temperature amounts to +0.36 K instead of +1 K. 

In the case of decreasing annual accumulation with 
altitude [( ac/az) < 0], this compensation is not effective. As 
a consequence, the shift of the equilibrium-line altitude is 
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Fig . 2. Annual accumulation (c). heat- flux 
melting ( H ). and number of ablation days 
altitude. 1 and 2 indicate the equilibrium- line 
initial and perturbed conditions. respectively. 

density of 
( r ) versus 

altitudes in 

amplified, and therefore instabilities in the 
may occur (Ambach. 1988; and section 7). 

ablation regime 

The equilibrium-line altitude can be obtained 
graphically from intersec tion of the following two functions: 

[ro + sr + (ar / az) M][Ho + oH + (a H/ az)M] (12) 

Qc(M) = kL[co + Sc + (ac/az)M ] (13) 

where QH(llh) and Qc(M) correspond to the left-hand side 
and the right-hand side of Equation ( 11). respectively. 
QH(M) is the heat-flux density of melting originating from 
the heat balance, and Qc(M) is the hea t of melting 
required for the annual accumulation plus super imposed ice. 
[n Figure 3, both functions are shown versus altitude, 
where llh = 0 is the present-day equilibrium-line altitude. 
The non-linear graphs represent QH(M) for -3 K < Ta < 
+3 K. and the straight lines represent Qc(llh) for ac/ az = 

0.55 kg m -2/ m and ac/ az = O. Each point of intersection of 
the straight lines with non-linear functions is a possible 
position of the equilibrium line. From Figure 3 it can be 
shown that decreasing gradients of annual accumulation 
displace the point of intersection to a greater equilibrium
line altitude. This means an enhanced sens itivity of the 
equilibrium-line altitude to climatic perturbations. 
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Fig . 3. Heat-flux density of melting for the entire ablation 
period (Q) versus altitude (/lh) for -3 K ~ ST ~ +3 K 
(curved lines) and heat of melting for the

a 
annual 

accumulation with altitudinal gradients 0.55 kg m-2j m and 
zero . respectively (straight lines). t.h = 0 denotes the 
present equilibrium-line altitude. 

Table I shows the altitudinal shift of the equilibrium 
line in the western EGIG profile for reasonable values of 
perturbations. The dominant influence of ST originates 
from the fact that air temperature controls both heat-flux 
density of melting and number of ablation days. Sc = 

50 kg m 2 is about 10% of the annual accumulation, measured 

TABLE 1. SHIFT OF THE EQUILIBRIUM-LINE 
ALTITUDE BY CLIMATIC PERTURBA TIONS AT THE 

EGIG PROFILE 

M STa SPv Bw Sc 

m K g m-J kg m -2 

+87.5 +1 0 0 0 

+ 9.8 0 +0.25 0 0 

- 4.9 0 0 +1 / 10 0 

-24.3 0 0 0 +50 

~ 0.75 
1K .<= 

<l 

50 
400 

0.50 
2K 40 

300 Ma[K] 

j 30 
0.25 200 

at the equilibrium line and Bpv = 0.25 g/ m3 corresponds to 
an increase of relative humidity of about 5% at O°C. 

The following numerical values are applied: 

TO = 35 d, Ho = 7.15 MJ m- 2 d - I, Co = 450 kg m-2, k = 5/ 3, 
L = 0.3335 MJ kg-I, f = 0.4836, aTa/ az = -0.0073 Km -I, 
ac/ az = 0.55kgm-2/ m, Bpv/Bz = -Q.0015gm-3 /m, aw/ az = 

0, III = 0.803 MJ m- 2 d- I K -I, 112 = 1.272 MJ m- 2 d- I per 
g m-J vapour, 113 = -{).045 MJ m- 2 d- I per tenth cloudiness. 

7. EFFECT OF THE GRADIENT OF ANNUAL 
ACCUMULATION ON THE ALTITUDINAL SHIFT OF 
THE EQUILIBRIUM LINE 

In Figure 4, the altitudinal shift of the equilibrium line 
is shown versus the gradient of annual accumulation ac/ Bz 
for climatic perturbations BTa , SPv' and Bc. At negative 
values of Bc/Bz, the altitudinal shift is particularly high. 
Negative gradients of annual accumulation on the Greenland 
ice sheet have already been reported by Benson (I962), 
hence this condition is of particular interest (Ambach and 
Kuhn, 1985). In such regions, instabilities of the ablation 
regime may occur as small climatic perturbations and may 
transform large areas of accumulation regime into areas of 
ablation regime (Ambach, 1988). In Figure 5, calculated 
shifts of the equilibrium-line altitude from two models are 
compared: dashed lines exhibit the shift under the 
conditions T = TO (constant) and apv/ az = 0, while full 
lines show results obtained from the present study. 

The differences in the results of the two models 
significantly depend on both the perturbation ST and the 
gradient Bc/Bz. With EGIG data and with sI = +1 K 
shifts of 77 and 87.5 m result from the pre:ious and 
present models, respectively. The difference is small 
compared with differences at ac/ az > I kg m-2/ m and 
ac/ Bz < O. Opposite signs of the difference are obtained at 
low and high gradients of annual accumulation. 

8. CHANGE OF NET ICE ABLATION BY CLIMATIC 
PERTURBA TIONS 

From Equation (12), the heat-flux density of melting 
for the entire ablation period QH(lIh) is given as a function 
of altitude. This function is shown in Figure 6 for ST = 
-I K, 0 K, +1 K. QH(M) is the heat required to ~elt 
snow, superimposed ice, and old glacier ice: 
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Fig. 4. Altitudinal shift of the equilibrium line versus the gradient of annual accumulation for 
perturbations of air temperature ST a (left), absolute humidity Bpv (center) and annual accumulatIOn Bc 
( right). 
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Fig. 6. Heat of melting for the entire ablation period ( Q) 
versus altitude (l!.h) for perturbations 'OTa = -I K ,O K .+I K . 
Dashed lines represent the heat of melting for snow plus 
superimposed ice plus old glacier ice ( Qs + Q S1 + QI; 
Equation (14 ) ); full lines represent the heat of melting 
for old glacier ice ( Qr*). 

where the subscripts mean snow, superimposed ice, and ice 
(more exactly, old glacier ice). At the equilibrium line 
Q1 = O. 

For complete superimposed ice formation, according to 
section 4: 

Qs(!!.h) = (2 / 3)Lc(!!.h), 

QSI(!!.h) Lc(t;h), 

QI(!!.h) QH(t;h) - (5 / 3)Lc(t;h), 
with 

c(!!.h) Co + (Bc/ Bz)!!.h . 

(15) 

(16) 

( 17) 

(18) 
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Fig. 7. Relative change of the heat of melting for the 
entire ablation period and the range of altitude versus 
perturbations of air temperature. The dashed line is 
related to the heat of melting for old glacier ice (QI* ' 
corresponding to the net ice ablation ; Equation ( 20 ) ) . The 
full line represents the heat of m elting for snow plus 
superimposed ice plus old glacier ice ( QH* = Qs* + 
QS1* + Qr*; Equation ( 19)). 

The symbols are the same as in Equations (13) and 
(14) . QI(M) is the heat of melting related to the net ice 
ablation, while (5 / 3)Lc(t;h) is the heat of melting required 
for snow plus superimposed ice. By integration of QH(l!.h) 
and QI(M) over the range of altitude, the heat of melting 
is obtained and this is effective over the altitudinal range: 

QH* = JQH(l!.h)dh 

Q1* = JQI(!!.h)dh 

(19) 

(20) 

where the lower limit of integration is the ice margin (l!.h = 

-600 m) and the corresponding upper limits of integration 
are obtained by the conditions QH(!!.h) = 0 and QI(!!.h) = 0, 
respectively. The terms QH* and Q1* (Equations (19) and 
(20» mean the heat of melting over the altitudinal range 
within a strip of unit width. QH * is the entire heat-flux 
density of melting originating from the heat balance and 
Q1 * is the part related to the net ice ablation. 

In Figure 7, the relative changes of QH * and Qr* are 
shown for -I K ~ Ta ~ +1 K . With 'OTa = +1 K , an 
increase of about 45% is obtained for Q1* corresponding to 
the same relative change in net ice ablation and an increase 
of about 30% results for QH*, which is related to the entire 
heat-flux density of melting (snow, superimposed ice, plus 
old glacier ice) . Strictly speaking, these results are related 
to the surface-ablation regime. Melt water may partly 
refreeze in the lower ablation area and, in the case of 
refreezing, melting cannot be interpreted as a loss of mass 
(Ambach, in press). 

9. FINAL REMARKS 

Most estimates of the present mass balance of the 
Greenland ice sheet suggest that gains and losses are about 
equal (National Academy of Sciences, 1985, table I , p . 2) . 
Within the next few decades, a significant increase in 
temperature is predicted at high latitudes due to the 
increase in CO2 concentration and other greenhouse gases in 
the atmosphere. From enhanced ice melt in Greenland, a 
sea-level rise of between 0.1 and 0.3 m to the year 
2100 A.D. is estimated. 

On the Greenland ice sheet, a shift of the equilibrium
line altitude of about 500 m is likely due to a temperature 
rise of 6 K and a simultaneous increase in precipitation of 
about 10%. From the above results, it is concluded that the 
rise in temperature is the controlling factor, while changes 
in precIpItation and humidity are of minor importance. 
Effects from cloudiness can even be neglected as cloudiness 
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oppositely affects short-wave and long-wave radiation 
balances. 

The sensitivity of sea-level to a shift in the 
equilibrium line is still uncertain because melt water may 
partly refreeze in the lower ablation area and iceberg 
discharge may be perturbed by the changing rheological 
regime. 
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