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Weak stability conditions as limits of
Bridgeland stability conditions

Tristan C. Collins®, Jason Lo®, Yun Shi, and Shing-Tung Yau

Abstract. In this article, we give a definition of weak stability condition on a triangulated category.
The difference between our definition and existing definitions is that we allow objects in the kernel to
have non-maximal phases. We then construct four types of weak stability conditions that naturally
occur on Weierstraf3 ellitpic surfaces as limites of Bridgeland stability conditions.

Introduction

The notion of weak stability conditions was defined in [18] and has been studied by
many authors (see, e.g., [3, 7, 18]). Recall that in [5], a Bridgeland stability condition
on the derived category of coherent sheaves of a smooth projective variety can be
equivalently defined as a pair (Z, A), where Z is a group homomorphism from the
Grothendieck group of the derived category to the complex numbers, called the
central charge, and A is the heart of a bounded t-structure. Weak stability conditions
are defined analogously, the main difference being weak stability conditions allow
nonzero objects in the heart A to lie in the kernel of the central charge Z, i.e., there
can be objects 0 # E € A such that Z(E) = 0.

In this article, we generalize the definition of weak stability conditions as defined in
[18]. This is motivated by the observation that weak stability conditions also naturally
occur as degenerations—or “limits”—of Bridgeland stability conditions. When the
data (Z,A) of a Bridgeland stability condition approaches a certain limit, it can
happen that ker(Z) begins to have nonzero intersection with A. One obvious issue
is how to define the phases of the objects in ker(Z) n A. In the original definition of
weak stability conditions in [18], the phase of any object in ker(Z) n A is always set
to be maximal. This is consistent with intuition, since ker(Z) n.A of weak stability
conditions considered in [18] merely contains skyscraper sheaves. But if we consider
weak stability conditions that occur as limits of Bridgeland stability conditions in
general, it can happen that ker(Z) n A contains objects not supported in dimension
zero. In this article, we propose a natural generalization,we define the phases of the
objects in ker(Z) n A to be the limits of their Bridgeland phases as the data (Z, A) of
a Bridgeland stability condition approaches a limit.
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The first application of this generalized definition is in our followup paper [8],
where we study the stability of certain objects with respect to Bridgeland stability
conditions. It turns out that in some cases, it is easier to first show an object is
stable with respect to weak stability conditions and then show it is stable with respect
to Bridgeland stability conditions. Our new definition then allows us to use the
stability of an object at a particular weak stability condition—considered as a limit
of Bridgeland stability conditions—to conclude the stability of the object with respect
to nearby Bridgeland stability conditions. More concretely, in the sequel [8] to this
article, we use the above method to establish the stability of a class of line bundles
on elliptic surfaces, which in turn allows us to compare Bridgeland stability of line
bundles with the existence of solutions to their associated deformed Hermitian-Yang-
Mills (dHYM) equation (also known as the Leung-Yau-Zaslow equation).

Besides the above application, we also hope that this generalization can give a
better understanding of the Bridgeland stability manifold. In particular, we hope that
the weak stability conditions defined in this article help give a better picture of the
boundaries of certain open components of the Bridgeland stability manifold. We
note that this direction has already been undertaken in [7], where the authors also
take an approach towards weak stability conditions using slicings. Our definition of
a weak stability condition, however, does not require the slicing to be locally finite,
nor require the existence of a support property. We do, however, require the weak
see-saw property. The main motivation behind our definition is that we imagine a
weak stability condition to be a degeneration of Bridgeland stability conditions and,
in our examples, we always define the phases of objects in the kernel to be limits of
their phases with respect to the associated Bridgeland stability conditions. Our main
application in this article is in proving the Bridgeland stability of specific objects, while
that of [7] is in compactifying the Bridgeland stability manifold.

Note on a previous version. This manuscript is based on the portion of version 1
of the arxiv preprint [8] where we develop our theory of weak stability conditions.
Version 2 of the arxiv preprint [8] no longer contains the theory of weak stability
conditions; rather, it contains only the applications of weak stability conditions as
discussed above.

1.1 Outline

In Section 2, we set up some notation for elliptic surfaces. In Section 3, we recall the
definition of very weak stability conditions as defined in [18] and give a generalized
definition of weak stability conditions. We also discuss several properties of weak
stability conditions that are analogous to those of Bridgeland stability conditions,
e.g., slicing, Harder—Narasimhan property etc. In Section 4, we show that a stronger
version of Bogomolov-Gieseker inequality for slope stable sheaves holds for some nef
diviors, too.

Then, in Section 5, we construct four types of weak stability conditions that satisfy
our definition. These are the weak stability conditions we encounter in our followup
paper, but they are of their own interests. In particular, they include the following
types of limits of Bridgeland stability conditions: (i) when the ample class approaches
a nef class; (ii) when the coeflicient of chy in the central charge Z of a Bridgeland
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stability condition approaches zero; (iii) when the limits of (i) and (ii) happen at the
same time; and (iv) the image of the weak stability condition in (iii) under the relative
Fourier Mukai transform. In each of these cases, it is easy to write down what the
central charge of the weak stability condition “should” be; it is less clear, however, as
to how to construct the right heart of t-structure so that both the positivity property
and the Harder-Narasimhan property are satisfied. In addition, in order to construct
a weak stability condition using our definition, we need to describe the objects in the
intersection of the heart and the kernel of the central charge. Most of Section 5 are
devoted to answering these technical questions.

Preliminaries on elliptic fibrations
Notation

Let X be a smooth projective variety X. We will write D’ (X) to denote D’ (Coh(X)),
the bounded derived category of coherent sheaves on X.

In Section 3, we will give a definition of weak stability conditions on any triangu-
lated category. In later sections, however, we will focus on weak stability conditions
on the derived category of coherent sheaves on a Weierstraf3 elliptic surface, and so
we also review the definition of such surfaces here.

Weierstral® elliptic surface

By a Weierstrafl elliptic surface, we mean a flat morphism p: X — Y of smooth
projective varieties of relative dimension 1, where X is a surface and

« the fibers of p are Gorenstein curves of arithmetic genus 1, and are geometrically
integral;

» phasasections: Y — X such that its image ® does not intersect any singular point
of any singular fiber of p.

The definition we use here follows that of [2, Definition 6.10]. Under our definition, the
generic fiber of p is a smooth elliptic curve, and the singular fibers of p are either nodal
or cuspidal curves. We usually write f to denote the class of a fiber for the fibration p,
and write e = —@2. Often, we simply refer to X as a Weierstraf8 elliptic surface. Note
that when Y = P!, X is K3 if and onlyif e = 2 [12, 2.3].

RDV coordinates for divisors

Suppose X is a Weierstraf3 elliptic surface. Given any divisor M on X of the form M =
a® + bf wherea, b € Rand a # 0, we can find real numbers Ry # 0 and Dy such that

2.3.1) M =Ry(® + (D + €) ).

We also set

M2
V=== Ry (Dy + %).
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Note that when Dy, Vi > 0 (e.g., when M is ample), we can write

Vum

Ry = .
M DM+§

The coordinates Ryr, D, Vi for divisors M are especially suited for computations
on elliptic fibrations, and are inspired by symmetries first observed in [11]. For
example, we have

(23.2) OM = RyDy
and, if W is a divisor written in the form (2.3.1), then
MW =RyRw(®+ (Dy +Dw +e)f)
which is reminiscent of multiplication for complex numbers in polar coordinates.
2.4 Bridgeland stability condition

Let X be a smooth projective variety over C. In Section 3, we will give a generalized
definition of weak stability condition, we first review the definition of Bridgeland
stability condition.

Definition 2.5 A slicing P of D?(X) is a collection of subcategories P(¢) c D®(X)
for all ¢ € R such that

1) P($)[1] = P(¢+1),

(2) if ¢1 > ¢, and A € P(¢1), B € P(¢2), then Hom(A, B) =0,

(3) every E € D’(X) admits a Harder-Narasimhan (HN) filtration by objects in
P(¢;) for some 1< i< m.

Definition 2.6 A Bridgeland stability condition on D?(X) with central charge Z is a
slicing P satisfying the following properties

(1) For any non-zero E € P(¢) we have

Z(E) e Ryge¥ ™,

)
| 1Z(E)|
C :=inf :0xEecP(¢),peRr>0
{ [ch(E)|
where | - | is any norm on the finite dimensional vector space H*V*" (X, R).

Let H denote the upper-half complex plane together with the negative real axis
{re'™ :r e Rug, ¢ € (0,1]}.

Proposition 2.7 (Bridgeland, [5]) A Bridgeland stability condition on D®(X) is equiv-
alent to the following data: the heart A of a bounded t-structure on D*(X), and a central
charge Z : K(A) — C such that for every nonzero object E € A, one has
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(i) Z(E) e H,
(ii) E has a finite filtration

0=EycEc---cE, cE,=E

such that HN;(E) = E;/E;_is are semistable objects in A with decreasing phase ¢.
Furthermore, the central charge satisfies Definition 2.6 (2).

3 Definition of weak stability condition

We begin by recalling the following definition of a very weak pre-stability condition
in [18]. Let us denote the strict upper-half complex plane by H = {re!™® : r € R,, ¢ €

(0,1}

Definition 3.1 [18, Definition 2.1] A very weak pre-stability condition on a triangu-
lated category D is a pair (Z, A), where A is the heart of a bounded t-structure on D,
and Z : K(D) — C is a group homomorphism satisfying the following conditions:
(i) For any E € D, we have Z(E) ¢ HU R_,.
R(Z)

(ii) Let p = 6] be the associated slope function, where we set p(E) = oo if

JZ(E) = 0. Then p satisfies the HN property.

In the next section, we will study weak stability conditions whose central charges
are limits of central charges associated with Bridgeland stability conditions. Intuitively,
we want the phases of the objects with respect to the limit stability conditions to be the
limits of the phases with respect to the Bridgeland stability conditions. To achieve this
goal, we modify Definition 3.1. In particular, we allow the objects in the kernel of the
central charge to have phases other than 1, and define the phases of the objects in the
kernel of the central charge to be the limits of the phases with respect to Bridgeland
stability conditions.

Definition 3.2 A weak stability condition on D is a triple

o= (Z,.A, {(p(K)}Keker(Z)ﬂA)’

where A is the heart of a bounded t-structure on D, and Z: K(D) — C a group
homomorphism satisfying:

(i) For any E € A, we have Z(E) €e HU Ry. For any K € ker(Z) n A, we have 0 <
#(K) <1

(ii) (Weak see-saw property) For any short exact sequence
0— Kl - K —> K2 -0

in ker(Z) n A, we have ¢(K7) > ¢(K) > ¢(K5) or ¢(K7) < ¢(K) < ¢(K3).
For any object E ¢ ker(Z), define the phase of an object E € A by

¢(E) = (1/m)arg Z(E) € (0,1].

We further require
(iii) The phase function satisfies the HN property.
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Note that to talk about HN property in (iii) of the above definition, one will need
the notion of the slope of a stability condition and the notion of semistability, which
we define below.

3.2.1

Define the slope of an object with respect to a weak stability condition by p(E) =
—cot(n¢(E)) Following [18], an object E € A is (semi)-stable if for any nonzero
subobject F c E in A, we have

p(F) <()p(E[F),
or equivalently,
$(F) < (<)¢(E/F).

Remark 3.3 Note that the condition (ii) in Definition 3.2 (weak see-saw property)
implies that for any short exact sequence in A

0—>F1—>F—>F2—>0,

we have ¢(F)) > ¢(F,) implies that ¢(F;) > ¢(F) > ¢(Fz), and ¢(F) < ¢(F,)
implies that ¢(F;) < ¢(F) < ¢(F,).

The weak seesaw property built into the definition of a weak stability condition
also gives the following property, which comes naturally with Bridgeland stability
conditions.

Lemma 3.3.1 Let (Z, A, {¢(K) }keker(z)na) be a weak stability condition. Then for
any short exact sequence in A

0-E -E-E">0
such that ¢(E"), ¢(E") > ¢¢ for some constant ¢y, we also have ¢(E) > ¢.

Proof If at least one of Z(E"), Z(E") is nonzero, then the claim is clear. Suppose
Z(E"),Z(E") are both zero. Then by the weak see-saw property, we have either
¢(E") > ¢(E) > ¢(E") or $(E") < ¢(E) < ¢(E"). It follows that

¢(E) > min {¢(E"), $(E")} > ¢o
and the claim follows. |

Let (Z, A, {¢(K)} keker(z)na ) be a weak stability condition. Similar to Bridgeland
stability conditions, for 0 < ¢ < 1, we define the full additive subcategories P(¢) of D
consisting of the objects in A which are semistable of phase ¢ together with the zero
object in D. For general ¢ define P(¢ +1) = P(¢)[1].

Proposition 3.4 P defines a slicing in the sense of Definition 2.5.
Proof We only need to check the following axiom in Definition 3.3:

If ¢1 > ¢2,Aj € P(¢;), then Homp (A1, A;) = 0.
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Without loss of generality, we assume that A, € A. Since A is the heart of a bounded
t-structure, if ¢; > 1 we have Homq (A1, A,) = 0. So we may assume that A; € A for
both i. Assuming there is a nonzero map f : A; - A,, we have the following short
exact sequence in A:

0 - ker(f) - A; » im(f) — 0,

0 - im(f) - A, - coker(f) — 0.

Since A ;s are semistable, we have ¢ (ker(f)) < ¢(im(f)) < ¢(coker(f)). Then by the
weak see-saw property, we have

¢(ker(f)) < ¢ < ¢(im(f)) < ¢2 < ¢(coker(f))

which contradicts ¢, > ¢. [ ]

Let A be a category. Recall that the extension closure of a collection of subcategories
of A is the smallest full subcategory of A which contains all the objects that can be
formed by extentions of the objects in the collection of the subcategories. Let P((0,1])
be the extension closure of all the P(¢) where ¢ € (0,1].

Proposition 3.5 A weak stability condition can be equivalently defined by

0= (Z,P,{$(E)} seker(2)nP((0,1]) )>

where P is a slicing with properties as in [5, Definition 3.3], and the central charge Z :
K(D) — C is a group homomorphism satisfying:

(i) For E € P(¢),
o if E ¢ P(¢) nker(Z), then Z(E) = m(E)e'™ where m(E) € Rso;
o if E€ P(¢p) nker(Z), then $(E) = ¢.

(ii) (weak see-saw property) For any short exact sequence
00— K1 - K —> K2 -0

in ker(Z)nP((0,1]), we have ¢(K;) 2 d(K) 2 ¢(Kz) or ¢(K;p) < ¢(K) <
$(K2).

Proof Suppose we have a weak stability condition (Z, A, {$(K) } keker(z)na) as in
Definition 3.2. By Proposition 3.4, we have that the triple defines a slicing P, where
A =P((0,1]). Then the phase of the objects in ker(Z) n A in Definition 3.2 defines
the phases {¢(E) : E € ker(Z) n P((0,1]) } and the weak see-saw property implies (ii)
in the Proposition.

Now assume that we have a triple (Z, P, ¢(E)|geker(z)nP((0,1])) as stated in the
proposition. Since P is a slicing, the full subcategory (P(>0),P(<1)) defines a
bounded t-structure on D. Let A = P((0,1]) be the heart of this t-structure, then A is
an abelian category. Then the definition of the triple 0 = (Z, P, ¢ (E)|gpeker(z)n?((0,1]))
implies the weak see-saw property and defines the phases {¢(E) : E e ker(Z) n
A} ]
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We also modify the criterion [5, Proposition 2.4] for the existence of HN filtrations,
for use in later sections.

Proposition 3.6 Let 0 = (Z, A, ¢(E)|geker(z)na) be a triple satisfying conditions (i)
and (ii) in the Definition 3.2. Suppose Z satisfies the following chain conditions:
(i) There are no infinite sequences of subobjects in A:

cCEjcEic--cE

with ¢(Ei+1) > ¢(Ei/E,'+1)fOV all i.
(ii) There are no infinite sequences of quotients in A:

Ei— - »E; > E;j\]— -

with $(K;) > ¢(E;s1) for all i, where K; = ker(E; - E;1).
Then ¢ has the HN property.

Proof We follow Bridgeland’s argument with certain modifications.

Claim1 Forany0 # E € A where E is not semistable, there exists a semistable subobject
A c E with ¢(A) > ¢(E/A); similarly, there exists semistable quotient E - B with
$(K) > ¢(B) where K = ker(E - B). |

We prove the claim for semistable quotient, as the case of semistable subobject is
similar. We have a sequence of short exact sequences

0->A; >Ei—~>E —0,

with Eq = E, and ¢(A;) > ¢(E;) for all i. By the chain condition (ii), we have the
sequence

E—>»>E - -+ > E; > -

is stationary, hence there exists semistable quotient E - E,,. Let A() be the kernel of
E - E;. Next we show that ¢(A(")) > ¢(E,).

By the diagram
0
|
0 Ai
| |
0 — AUD > E > Eiy > 0
||
0 > A0 > E > E; > 0
|
0
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we have short exact sequence
0> A 5 AD 5 4, 0.

We prove by induction that ¢(A()) > ¢(E;). By induction hypothesis we have
(AU > ¢(E;_,), which implies that

$(AU™) > §(Eir) > ¢(Ey).

We also know that ¢(A4;) > ¢(E;). By Lemma 3.3.1, we have ¢(A()) > ¢(E;). This
finishes the proof of Claim 1.

A maximally destabilising quotient (mdq) of an object 0 # E € A is defined to be a
nonzero quotient E - B such that any nonzero semistable quotient E - B’ satisfies
¢(B") > ¢(B), with equality holding only if (i) E - B’ factors via E - B and (ii)
¢(K") < ¢(B") for K" =ker(B — B’). A routine argument shows B is semistable (the
proof requires the use of condition (ii), which we did not need to impose in the case
of Bridgeland stability conditions), and ¢(E) > ¢(B).

We first check the mdq exists. If E is semistable, then itself is the mdq for E. If E is
not semistable, then by Claim 1, there is a short exact sequence in A:

0->A—>E—E -0
with A semistable and ¢(A) > ¢(E).
Claim 2 IfE' - B is amdq for E', then the composition E - B is a mdq for E.

Indeed, let E - B’ be a quotient with B’ semistable. If ¢(B’) < ¢(B), then ¢(B’) <
¢(E") < ¢(A). Then there is no map from A to B’, and hence the map E — B’ factors
through E’. This implies that ¢(B’) > ¢(B), and hence ¢(B’) = ¢(B). Since E' - B
is a mdq for E’, the conclusion of the Claim follows.

We continue the process by replacing E by E’. By the chain condition (ii), this
process terminates. So every non-zero object have a mdq.

Now we prove the existence of HN filtration under the assumption of the Propo-
sition. Take 0 # E € A, if E is semistable, we are done. If not, there is a short exact
sequence in A:

0—>E -E->B-0,

with E - B the mdq for E. By definition of mdq, B is semistable. Also by the
construction in the previous paragraph, ¢(E’) > ¢(B). Let E' — B’ be the mdq of E'.
Consider the diagram () in the proof of [5, Proposition 2.4], in which K is taken to
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be the kernel of E’ — B’, and Q taken to be the cokernel of K — E:

o

Q

QDé—Ré+—o
S

(3.6.1) 0

~
7:
~

(=)

CH— it —
Sl

ot i—
(=)

Claim3 We have ¢(B") > ¢(B).

First consider the case Q is semistable. Since E - B is mdq, we have ¢(Q) >
$(B). But since Q is semistable, we have ¢(Q) < ¢(B). So ¢(Q) = ¢(B). By the
property of mdq, the map E — Q factors through E - B, contradicting with E' — Q is
nonzero.

From here on, assume Q is not semistable. Let d : Q - Q' be the mdq of Q. Since
Q' is the mdq for Q, we have ¢(B) > ¢(Q’); since B is the mdq for E, we have
#(Q") > ¢(B). Hence ¢(B) = ¢(Q’). Now, that Q’ is the mdq for Q implies b factors
as b = ed for some e : Q' - B; on the other hand, that B is the mdq for E implies
that da factors as fc for some f : B > Q’. Overall, we have ed = b and da = fc which
gives

(fe)da = fba= fc=da.

Since da is surjective, this means e is injective, and hence an isomorphism,
ie,Q = B.

If $(Q) > ¢(Q") = ¢(B). Applying the weak see-saw property to the short exact
sequence 0 > B’ > Q — B — 0, we obtain ¢(B’) > $(Q) > ¢(B) and hence ¢(B’) >
8(B).

Assume ¢(Q) = ¢(B). Since Q is not semistable, there is a short exact sequence
inA

0-M-Q-M -0

such that M’ is semistable and ¢(M) > ¢(M’). Since ¢(Q) > ¢(M'), p(M') > ¢(B),
we have ¢(M") = $(B). Then the map Q — M’ factors through Q — B. Consider the
following diagram:

Downloaded from https://www.cambridge.org/core. 02 May 2025 at 02:04:20, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Weak stability conditions as limits of Bridgeland stability conditions 11

0 0
|
0 B’ M I\} > 0
I
(3.6.2) 0 s B . Q . B . 0
L
M —— M —0
L
0 0

By the definition of mdg, we have ¢$(N) < ¢(M'). Then ¢(M) > ¢(M") implies that
o(B') > ¢(M) = $(B).

Repeating the process for E’, by chain condition (i) the sequence terminates, and
this is the HN filtration for E.

Definition 3.7 Let E be a o-semistable object for some weak stability condition

0=(Z:72, {¢U(K)}|Keker(z,)no>(o,1])-
A Jordan-Holder filtration of E is a filtration
OZE()CEIC.,,CEan

such that the factors gr;(E) = E;/E;_; are stable, and for each i either gr;(E) ¢
ker(Z,), or ¢4 (gri(E)) = ¢4 (E).

Remark 3.8 We expect the weak stability conditions defined in this article give a
compactification to the Bridgeland stability manifold. In particular, the weak stability
conditions are the boundaries of certain open components. In the examples in Section
5, we see that with this “compatification’, particular slices of Bridgeland stability
manifold naively behave like blow up a point on R?. As a first step to make this precise,
we need to generalize Bridgeland’s topology to the set of weak stability conditions, we
leave this exploration to a furture work.

Remark 3.9 Recall that in 3.2.1, we defined when an object is -stable in the abelian
category A = P((0,1]). For a general ¢ we say an object is stable in P(¢) if it is a shift
of a stable object in P(¢") for some 0 < t' < 1.

In Section 5, we will give four types of examples of weak stability conditions:

(i) when the ample class in 0,5 degenerates to a nef class;

(ii) when the coefficient of chy in the central charge Z of a Bridgeland stability
condition degenerates to zero;

(iii) when (i) and (ii) occur at the same time; and

(iv) when a relative Fourier-Mukai transform is applied to the weak stability condi-
tion in (iii).

These are natural classes of weak stability conditions we obtain when specific parame-

ters of Bridgeland stability approach certain limits. One direct application of the these
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four weak stability conditions is in the sequel to this article, in which we obtain stability
ofline bundles at Bridgeland stability conditions by first studying their stability at these
four types of weak stability conditions.

Bogomolov-Gieseker type inequalities

Since we will be dealing with weak stability conditions that arise from nef divisors
in Section 5, we need to study Bogomolov-Gieseker-type inequalities for slope
semistable sheaves with respect to nef divisors first.

Let X be a smooth projective surface, and w an ample R-divisor on X. The usual
Bogomolov-Gieseker inequality for sheaves says the following: for any u, -semistable
torsion-free sheaf E on X, we have

Ch] (E)z

Chz(E) < 2ChO(E) .

It is easily checked that this inequality is preserved under twisting the Chern character
by a B-field.

When X is a K3 surface, we have the following, stronger Bogomolov-Gieseker
inequality which is known to experts (e.g., see [1, Section 6]):

Proposition 4.1 Let X be a K3 surface, and w, B any R-divisors on X where w is ample.
Then for any y,-stable torsion-free sheaf E on X, we have

(ch (E))? 1
2cho ()~ B Gy

Recall that on a smooth projective surface, a divisor class is nef if and only if it
is movable. In [9, Section 2.6], Greb, Kebekus, and Peternell showed that given a nef
divisor that is not necessarily ample, we can still define a notion of slope stability with
the usual expected properties. More concretely, suppose w is a nef divisor on a smooth
projective surface X. Then for every nonzero coherent sheaf E on X, we can define the
slope

(4.11) ch?(E) <

b (E) = aem®)ifcho(E) # 0
¢ o0 if chg(E) =0

We then declare a torsion-free sheaf E on X to be y,-(semi)stable if, for every nonzero
proper subsheaf A of E, we have p,(A) < (<) py(E). In particular, every torsion-free
sheaf E on X admits a HN filtration

0+E0$E % ¢$En=E
where each subquotient E;/E;_; is y,-semistable and
to(Eo) > .”w(El/EO) > > ‘uw(Em/Em—l)-

We write (g max(E) to denote piy, (Eo), and gy min (E) to denote gy (Ep/Ep-1). Then
for every nonzero proper subsheaf A of E, we have p,(A) < po,max (E)-

In the rest of this section, we will show that on a Weierstraf3 elliptic K3 sur-
face, o+ f-stable torsion-free sheaves also satisfy the stronger Bogomolov-Gieseker
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inequality (4.1.1) even though ® + ef is a nef divisor that is not ample (see Exam-
ple 4.5). We begin with the following “openness of stability” result.

Proposition 4.2 Let X be a smooth projective surface. Suppose H, H' are nef R-divisors
on X and the value

c:=min{Hc;(E) : H(E) > 0,E € Coh(X)}

exists. Then for any torsion-free sheaf E on X, there exists &g > 0 depending only on E, H,
and H' such that, for any 0 < & < &y, we have

E is uy-stable = E is py.cpr-stable.

Proof Suppose E is a pp-stable torsion-free sheaf. Since H' is nef, and hence
movable, for any nonzero proper subsheaf A of E, we have yp(A) < ppr max(E) [9,
Corollary 2.24], where gy max(E) depends only on H' and E.

By our assumption on H, for any nonzero proper subsheaf A of E, the intersection
number Hch;(A) must be an integer multiple of c. As a result, there exists § > 0
depending only on E and H such that

_ HChl (A)

max {yH(A) = () : A is a nonzero proper subsheafofE} <unu(E) - 4.

Now fix an &g > 0 such that

) )
o |unr max(E)| < 3 and  go|pn (E)| < T

Note that &y depends only on E, H' and 8. Then for any 0 < ¢ < ¢y and any nonzero
proper subsheaf A of E, we have

/’{H+£H’(A) = /"H(A) + sluH’(A)
< (#H(E) - (S) + SHH’,max(E)
< ‘blH(E) — 6+ g

=un(E) - g

<pn(E) + epm (E)
= Ups+en (E).
This means that, for any 0 < ¢ < &, the sheaf E is also g g -stable. ]

Proposition 4.2 is similar to the result [9, Theorem 3.4] by Greb, Kebekus, and
Peternell, but with slightly different assumptions.

Corollary 4.3  Let X be a K3 surface. Suppose H, H' are nef R-divisors on X satisfying
the hypotheses in Proposition 4.2 as well as

o There exists &, > 0 such that H + ¢H' is ample for all € € (0, &;).
Then any py-stable torsion-free sheaf E on X satisfies the inequality (4.1.1).
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Proof Let g be as in Proposition 4.2. Then for any 0 < ¢ < &, the sheaf E is also
Ur+enr-stable. Since H + ¢H’ is an ample divisor, Proposition 4.1 applies to E and the
claim follows. |

Here is a lemma we need for the example below:

Lemma 4.4 Letp: X — Y be an elliptic surface with a section ©. Then a divisor of the
form ® + af where a € R is ample if and only if a > -©%.

Proof By the Nakai-Moishsezon criterion, ® + af is ample if and only if (® +
af)?=2a-e>0and (® +af)C > 0 for every irreducible curve C c X.

Suppose C is an irreducible curve on X that is distinct from ©. Then ®@C > 0 and
fC>0.1If fC = 0, then C s a vertical divisor, in which case ®C > 0 and (® + af)C >
0.If fC > 0, then (® + af)C > 0 as well.

Now suppose C = ©. Then (0 + af)C = a + ®?. Since a > 0, it now follows that
@ + af is ample if and only if a > -©2. ]

Example 4.5 Let X be a Weierstraf3 elliptic K3 surface (i.e., e = 2). If we take
H=0+ef, H =f,

then these nef divisors satisfy the conditions in Proposition 4.2 since H is integral,
while the extra condition in in Corollary 4.3 is satisfied by Lemma 4.4. Therefore,
by Corollary 4.3, the sharper Bogomolov-Gieseker inequality (4.1.1) holds for g -
stable torsion-free sheaves on X even though ® + ef is a nef divisor.

5 Four types of weak stability conditions

In this section, we introduce four natural classes of weak stability conditions. Let p :
X — Y = P! be a Weierstraf§ elliptic K3 surface throughout this section, so e = -®2 =
2.Leti: P! < X denote the canonical section.

5.1 Weak stability condition at the origin

We consider the usual central charge (with zero B-field) as
Zw = —Ch2 + VwChO + iwch1

where w = R, (® + (D, + ¢) f). Note that according to our definitions of R,,, D, V,
for w ample, we have

Vo
D, +%

2
w
Vw:T) Rw:

Rescaling the imaginary part of Z,,, we obtain the central charge
(5.1.1) Zv,.p,(E) = —chy(E) + V,cho(E) +i(® + (D, + €)f) - chy(E).
We consider the limit of Zy, p, when D, V,, = 0

ZH = —Chz + iHChl
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where H = © + ef. We will now construct a heart BY, , on which Zy; is a weak stability
function. (We defer the verification of the HN property to the end of this section.)

Recall that for a proper morphism f:X — Y on smooth varieties, the
Grothendieck-Riemann-Roch (GRR) theorem says

ch(fea).td(Ty) = fi(ch(a).td(Tx))
for any « € K(X). Note that
td(T]pl) =1+ %C](T[Pl) =1+ [pt]

from [10, Example 118.20.1], while td(Tx) = (1,0,2[pt]) since X is a K3 surface.
Therefore, GRR gives

[X]n (ch(iOp (m)).(1,0,2[pt])) = ix ((ch(Op (m)).(L [pt])) n [Y])
from which we obtain
chy(i,Opi(m)) =0
chy(i,Op(m)) =i.[Y] =0
chy (i, Op(m)) = (m +1)[ pt]

Recall the definition of yg max and gy, min before Proposition 4.2. Proceeding as in
Tramel-Xia [19], we set

TI(ZI = <E € Coh(X) : E is pypy-semistable, MH,min(E) > a)
3‘;1 — <E € Coh(X) :Eis [JH-SemiStablea ,UH,max(E) < a)'

Even though H is a nef divisor that is not ample, it is a movable class on X, and so the
notions Yy, min and Y p max Mmake sense [9, Corollary 2.26]. Let

Ap = (FE[1], Th)-
Next, for any integer k we set
Tk =(0e(i) i <k)
where Qg (i) denotes i, Opi (i), and set
bk = {E € A : Hom(E, Og(i)) = 0 forall i < k}.

From [19, Lemma 3.2], we know (7%, ,, ¢ ;) is a torsion pair in A, allowing us to
perform a tilt to obtain the heart

Bk = (T[] T e)-

Lemma 5.2 Let X be a Weierstrafs elliptic surface with canonical section © and
e=-0%>0. Suppose CC X is an irreducible curve not contained in ©. Then
C.(®+ef)>0.

Proof If Cis a vertical divisor, then C.f = 0 and C.® > 0, in which case the lemma
follows.

Suppose C is a horizontal divisor not contained in ®. Then C.® > 0, while C.f > 0
by [13, Lemma 3.15], in which case the lemma also follows. [ ]
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We also know that the Bogomolov-Gieseker inequality holds for slope semistable
sheaves with respect to a movable class on a surface: When X is a smooth projective
surface and « is a nonzero movable class on X (e.g., when « is nef), for any p,-
semistable torsion-free sheaf E we have the usual Bogomolov—Gieseker inequality

Chl(E)z

(5.2.1) ch,(E) < 2cho(E)’

where the inequality is strict if E is not locally free [9, Theorem 5.1].

Proposition 5.3  Let X be a Weierstraf$ elliptic K3 surface. Then Zy is a weak stability
function on the heart BY, | for k = -1,-2.

Proof Takeany E € B}, ,. It suffices to show that Z (E) € Hj, for either E € T}, , or
Ee ?%’k, when k = -1,-2.
Suppose E € T3, . Then E € A, and it is easy to see that Zy(E) € H when we are

in one of the following cases:

« E€T% and cho(E) > 0.

« E € TY is supported in dimension 1, and its support is not contained in © (use
Lemma 5.2).

« E € TY is supported in dimension 0.

o E = F[1] where F is a yy-semistable torsion-free sheaf with py(F) < 0.

When E = F[1] where F is a y-semistable torsion-free sheaf with pg (F) = 0, we have
Zy(E) = ZH(F[I])
= ch,(F)
< ch,(F)?
~ 2¢ho(F)
pu-semistability [9, Theorem 5.1]
< 0 by the Hodge Index [17, Theorem 7.14].

by the Bogomolov-Gieseker inequality for

Note that the Hodge Index Theorem applies in the last step because H* > 0. Also, if
E is a 1-dimensional sheaf supported on ®, then because Hom(E, Qg (i)) = 0 for all
i <k, it follows that E € (Og (i) : i > k), which gives Zy (E) € Ry. Since every object
in T}, , is an extension of objects of the forms above, we have Zy (T}, ) € H.
Lastly, if E € 57, |, then E € (Og (i) : i < k)[1], in which case we also have Zp (E) €
H,. ]

Proposition 5.4 Let X be a Weierstraf$ elliptic K3 surface. Then

(00 (-1)[1], 0x[1]) ifk=-1

P ke - {(oxm, Oo(-1))  ifk=-2"

Proof For convenience, we will write A and B to denote the hearts A% and ‘B%’ P
respectively, in this proof.

Take any nonzero object EeBY, nkerZy. Then Zy(H;(E))=
0=Zy(HY(E)). In particular, we have chy(H}'(E))=0. Since
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HL(E) € (Og(i) : i < k), this means that

(O6(-1)) ifk=-1

T (E) e {{0} ifk=-2"

Also, since JZy(HY(E)) =0 and JZy is nonnegative on A, it follows that
IZy(HY(HY(E))) and IZy(H™'(HY (E))) are both zero. As a result, the sheaf
H°(HY (E)) must be a torsion sheaf supported on ® by Lemma 5.2, while M :=
H™(HY (E)) is a uy-semistable torsion-free sheaf with yp = 0.

Since H is a nef divisor, the usual Bogomolov-Gieseker inequality holds for pp-
semistable sheaves [9, Theorem 5.1]

a(M)?

Chz(M) < m

Also, since H is nef with H? = e > 0, the Hodge Index Theorem gives ¢;(M)? < 0, and
so we have ch, (M) < 0. On the other hand, by the construction of B, we have

Hom(H°(HY (E)),9e(i)) = 0 foranyi < k

which means that H?(HY (E)) is an extension of a sheaf in (Og (i) : i > k) by a 0-
dimensional sheaf, giving us ch, (H° (% (E))) > k +1 > 0 (recall kis either -1 or —2).
Since RZy (HY (E)) = 0, this forces

chy (M) = chy(H*(H3 (E))) = 0.
In particular, H*(H°(A(E))) is forced to be a pure 1-dimensional sheaf, and

O3 (E)) € {{0} k=1
(Oe(-1)) ifk=-2
We now show that, in fact, M lies in (Ox). Let M; be the py-Jordan Holder factors
of M (which exist by [9, Corollary 2.27]). By Example 4.5, each M; satisfies the sharper
Bogomolov-Giesker inequality (4.1). Together with the Hodge Index Theorem, for
each i we have

1
hy(M;) < —cho(M;) + ————
chy (M) < —cho(M;) cho(M;)
where the right-hand side is strictly less than 0 if cho(M;) > 1, while equal to 0 if
cho(M;) = 0. Since 0 = chy (M) = ¥ ; ch,(M;), it follows that each M; is a rank-one
torsion-free sheaf with ch, (M;) = 0. In fact, each M; must be a line bundle, for if M;
is not locally free for some j, then

*%\2
Cl(M]- )

(541) Chz(MJ) = Chz(M}M) - Chz(Mj*/M]) < Chz(M;*) < W <

where the second last inequality follows from the usual Bogomolov-Gieseker inequal-
ity, and the last inequality follows from the Hodge Index Theorem for H. This
contradicts ch,(M;) = 0, and so each M; is a line bundle. Moreover, equality holds
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in the Hodge Index Theorem in (5.4.1), and so ¢;(M;) = 0; since X is a K3 surface, this
implies ¢;(M;) = 0 and hence M; = Ox. Thatis, M € (Ox).
So far, we have shown that any object E in fB?LL « NkerZy fits in an exact triangle in
D*(X)
E' - E—E" - E'[1]
where

. E'e(O(-1)[1]) and E” € (Ox[1]) if k = —1;
« E' ¢ (Ox[1]) and E” € (O (-1)) if k = ~2.

This proves the proposition. [

We actually have that the objects in BY; _, nker(Zp) are direct sums of O (-1)[1]
and Ox([1], and objects in BY; _, nker(Zy) are direct sums of O (-1) and Ox[1], as
shown in the following lemma.

Lemma 5.5 Let X be a Weierstraf$ elliptic K3 surface. Then
Ext'(0e(-1),0x[1]) = 0 = Ext'(0x[1], 96 (-1)[1]),
Ext'(0g(-1),00(-1)) = 0,

and every object in BY, | 0 kerZy is a direct sum of O (~1)[1] and Ox[1] (resp. Ox[1]
and Og(-1)) if k = =1 (resp. k = =2).

Proof By Serre Duality,
Eth(O@(—l), Ox[l]) = HOI’I’I(OX, O@(—l))

which must vanish, because every morphism Ox - Og(-1) of sheaves factors as
Ox - 0g — Og(-1), but the only morphism Og - Og(-1) is the zero map (e.g., use
slope stability for torsion-free sheaves on ®).

With the above vanishing and Ext*(Ox, O¢(~1)) = Hom(Og(-1), Ox) = 0, it fol-
lows that

dimExt'(Ox, 0o (1)) = —x(0x, Vo (-1))
= (v(0x),v(0e(-1))) by Riemann-Roch
= ((1,0,1),(0,6,0))
=0.

Also by Serre duality, we have
Ext’ (0o (i), 0o (i) = Hom(0e(i), 0o (i)) =~ C.
By Riemann-Roch, we have
x(0e(i), Oe(i)) = =(v(0e (i), v(Ve(i))) = 2.
Hence 2 — ext!'(Og (i), Og(i)) = 2, which implies that
Ext'(0e(i), 06 (i)) = 0.

The second part of the proposition follows easily from Proposition 5.4. [ ]
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5.6

To define a weak stability function, we still need to define the phases of objects in the
subcategory B, . nker(Zy) in such a way that the weak see-saw property is satisfied.
We define the phases {¢y x (K)| KeBY rker(zy)) DY taking the limit of the phase of

Zy,.p,(K)as Vy, Dy — 0.
We have

lim ¢v,.p,(0x[1]) =1

VoD~

and

i 1
Vw!lDI:,l—q) (pr’Dw (O@)(—l)) = 5

As a result, it is only when k = —2 that we have 0 < ¢y x(K) <1 for any K € BY, , n
ker(Zy). Given a point b € P!, whose coordinates are given by [V, : D, ], we define

L .
K) = | K).
¢y, (K) vw,Dwol,l[lxlfw:Dw]:b(pV“’D”( )

We check the weak see-saw property in Definition 3.2.
Proposition 5.7 Let
0-Ki-K—->K,—-0
be a short exact sequence in BY; _, nker(Zy). Then we have

(i) ¢5 (K1) < 3 (K2) implies that ¢y (Ky) < ¢y (K) < ¢ (K).
(ii) o3 (K1) > ¢ (Ky) implies that ¢ (K1) > ¢y (K) > ¢y (K2).

Proof By lemma 5.5, we have for any K € By _, nker(Zy), K is isomorphic to a
direct sum of Ox[1] and Og(-1). Assume that

Ko = (0e(-1))" @ (0x[1])",

K= (0e(-1))™ @ (Ox[1])™,

Ky = (0e(-1))" @ (Ox[1])™.
To prove the proposition, it is enough to show the same relation for the Bridgeland

slope. We define py, p, = —W, and p} = —cot(n¢r(_)). We have

L .
K) = 1 K
oK)= 1 PYere(K)

m _R(Zv,.p,(K))
VurDo—0,[Vy:Dy ]=b j(ZVw,Dw(K))
Vw-ml

= lim
VsDo=0,[Vy:Dy]=b D, - my

We write b = V,,/D,and b € [0, 00]. Then ¢} (K) = % Similarly, we have ¢} (K,) =

l’l—(l)‘ and ¢i(K1) = bﬂ—’;‘. Since mq = ly + ng and my = I} + n;, we obtain the weak see-saw
property in Definition 3.2. [
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For each beP', we have a triple o} = (ZH’B(I)LI,—z’{¢b(E)}|Eeker(ZH)mB%72)'
Finally we check the HN property in Definition 3.2. ,

Proposition 5.8  The triple o} satisfies the HN property, hence defines a weak stability
condition.

Proof We follow the argument of [6].
We first check condition (i) in Proposition 3.6. Assume we have such a chain of
subobjects in B, _, as in condition (i). Consider the short exact sequence in BY, _,:

(5.8.1) 0—>Eiy —>E; —> F;—>0.

Since J(Zy(F;)) >0, we have J(Zy(E;)) > J(Zy(Ei+1)). Since J(Zy) has coeffi-
cients in Z, we know that J(Zy) is discrete. Hence J(Zy(E;)) is constant for i >> 0.
Then J(Zy(F;)) = 0 for i > n for some n.

Let i >n. If F; ¢ BY , nker(Zy), then ¢;(F;) =1, contradicting ¢;(Ei.1) >

¢y (Fi).
So we must have F;eker(Zy)nBY ,=(0x[1],0e(-1)) for i>n. By
Lemma 5.5, we have

Ext'(F;, 0g(-1)) = Ext'(F;, Ox[1]) = 0.

Now, applying the functors Hom(—, Ox[1]) and Hom(-, Og(-1)) to (5.8.1), we
see that the dimensions of Hom(E;, O¢(-1)) and Hom(E;, Ox[1]) are both non-
increasing as i increases, and for i > 0, we have

Hom(F;, Ox[1]) = Hom(F;,0g(-1)) =0

which implies F; = 0 by Proposition 5.5.
Next we consider condition (ii) in Proposition 3.6. Assuming we have a sequence

E=E, » E, » E; > ...
Consider the short exact sequence
(582) 0— Ki d Ei g Ei+1 - 0.

Similar to the argument above, we have J(Zg(E;)) is constant for i > 0. Omitting a
finite number of terms, we can assume there are short exact sequences

(5.8.3) 0-L;>E—E; -0

with 3(Zy(L;)) = 0 for all i > 0. Also by the long exact sequence of cohomology, we
have the surjective chain in Coh(X):

H°(E,) » H°(E,) - H°(E3) - ...

Since Coh(X) is noetherian, this sequence stabilizes. Hence we can assume that
H°(E) ~ H°(E;) for all i. Taking cohomology sheaves of (5.8.3), we have

(5.8.4) 0-H'(L;) > H'(E) N HY(E;) - H*(L;) > 0.
Consider the short exact sequence

(5.8.5) 0—-Liy—-L;—>B;—0
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where B; = K;_; by the octahedral axiom. Taking cohomology sheaves shows that we
have a chain

H' (L) cHYL,)cH'(Ls)c --- c H(E)

which stabilizes after a finite number of terms. Hence by omitting finite number of
terms, we can also assume that H™!(L;) ~ H'(L;,;) for all i. Then the exact sequence
5.8.4 becomes

(5.8.6) 0 Q- H'(E;) — H(L;) > 0,

where Q is the image of f and is independent of i. We also have the following exact
sequence of cohomology sheaves from (5.8.5).

0 H'(B;) » H(L;.,) - H*(L;) - H°(B;) - 0.

Since J(Zy(L;)) =0, we have J(Zy(H(L;))) =0, hence H°(L;) lies in the
extension closure of zero dimensional sheaves and sheaves in (Og(j)|j > —2). Since
L;_1, L;,and B; are allin B%,—z’ it follows that 3(Zg(B;)) = 0 for all i > 0 as well, and
we have
(@) HY(B;) =0orchy(H(B;)) <0,

(b) ch,(H°(Li-y)) >0,
(c) cho(H°(Li)) 20,
(d) chy(H°(B;)) > 0.

Hence chy(H(L;)) > chy(H®(L;—;)). Then we must have chy(H’(L;)) =
ch,(H°(L;-,)) for i>> 0. If not, by the short exact sequence (5.8.6) we have
ch,(H™(E;)) has no upper bound. Then —ch,(E;) > 0 for i > 0, which contradicts
Zy; being a weak stability function on B, _, (Proposition 5.3).

Now that we know ch,(H°(L;)) is constant for i > 0, by (a) above we have
H™'(B;) =0 for i > 0 and we have

0 H°(L;) - H°(L;) » H°(B;) - 0.
Then either H(B;) € (Og(~1)) or H°(B;) = 0. Recall that we have B;,; ~ K;. Thus
we have for i > 0, K; € (Og(-1)) or K; = 0. Applying Hom(Og(-1),_) to the short

exact sequence (5.8.2) and recalling Ext'(Og(~1), Og(~1)) = 0 from Lemma 5.5, if
K; # 0 then we have

dimHom(Og(-1), E;) > dimHom(Og(-1), E;i41).

Hence K; must vanish for i > 0, i.e., E; ~ E;;; for i > 0. This proves the HN property
for o n

Remark5.9  Since BY, _, nker(Zy) isa Serre subcategory of BY; _,,and every object
of BY;, _, nker(Zy) is a direct sum of Ox[1] and O (~1) which have different phases
with respect to o, the only o} -semistable objects in BY, _, nker(Zy) are direct sums
of Ox[1] itself and direct sums of Og (-1) itself.

We denote the slicing of of by P;,. The next two results shows that given ¢ € R,
every object E € P, (¢) has a Jordan-Hoélder filtration.
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Lemma 5.10 [6, Lemma 4.4] Let «, 3 be real numbers such that 0 < § — a < 1 - 2¢ for
some 0 < ¢ < x. The thin subcategory Py ((a, B)) is of finite length.

Proof We follow the argument of [6, Lemma 4.4]. Let ¢ = “zi Then P, ((«, 8))
Po((¢ - 3,9 +3)). Define a function

f(E) = R(exp(-in¢)Zu(E)).
Then for any E € P, ((«, f)), we have f(E) > 0 or E € ker(Zp). Given a strict short
exact sequence

0-G—>E—->F—->0

in P, ((a, B)), we have f(E) = f(G) + f(F). We have the following two cases:

(i) the value of f decreases when taking a subobject,

(ii) the value of f does not change when taking a subobject and the corresponding
quotient object is in ker(Zy).

Assume that Ox[1] € P, ((«, 8)) and/or Og(-1) € Py ((a, B)), then in case (ii)
either the dimension of Hom(_,Ox[1]) or the dimension of Hom(_, Og(-1))
decreases when taking a subobject. Since Zy is discrete, any chain in P, ((a, 8)) of
the form

EycE c---cE;jc---CE,
or of the form
..CEjyc---cECE
must terminate. -

Proposition 5.11 ~ Consider the weak stability condition o. Any E € Py(¢) has a finite
Jordan-Holder filtration into stable factors.

Proof WLOG, we assume that 0 < ¢ < 1. If E is 0 - stable, then we are done. From
now on we assume that E is not ¢/ -stable.

Step 1. We show that there exists a subobject A of E in BY, _,, such that A, is o} -
stable.

Since E is not stable, there exists a short exact sequence

0O-E —-E—-F -0

in BY, _, with ¢4 (E1) = ¢ (E) = ¢ (F1) = ¢. If Ey is stable, then the claim is true. If
not, we first prove the following Claim.
Claim: for any short exact sequence in BY; _,:

(5.11.1) 0->EY S E > E >0

with ¢, (™) > ¢, (E]), we have ¢, (E) = 6.
Note that by assumption we have ¢, (El(l)) > ¢. Composing with the map E; — E,
we form a short exact sequence in BY; _,:

0-E" > E-F" 5o

Downloaded from https://www.cambridge.org/core. 02 May 2025 at 02:04:20, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Weak stability conditions as limits of Bridgeland stability conditions 23

By the diagram

0 —
(5.11.2)

o
7
ct— Mmoo
7
o]
7
s
7
o

we have ¢, (El(l)) > ¢y (Fl(l) ). Since E is o -semistable, we have

$o(EM) = ¢y (FM) = ¢

which proves the claim.
We have either E; € P, (¢), or E; is not semistable and in which case there exists a
short exact sequence in the form of (5.11.1) with

9= 9s(E") = 9 (E2) > g (E}).
This implies that E{ € ker(Zy) nBY, _,. Then if E; ¢ P} (¢), we have either
dim(Hom(E", 0x[1])) < dim(Hom(Ey, Ox[1])),
or
dim(Hom(E", 06(-1))) < dim(Hom(E;, O (-1))).

Replace E; by El(l) and continue this process, we see that there exists m; such that
EM™ € Py (9).

If El(ml) is stable, then we are done. If not, we replace E by El(m‘) and repeat the

whole process for El(ml). Then there exists a subobject of El(ml) which is in P, (¢), we

denote this object by E{™).
By Lemma 5.10, The chain

... C El(mi) c ...El(mz) c El(ml) cE
in P}, (¢) must terminate. Then there exists , such that E(™ is stable. Denote this

object by A;.
Step 2. We show that E has a JH filtration.
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Consider the short exact sequence in BY; _,:
(5.11.3) 0-A -E—-B -0

If By € ker(Zy) n ‘B, _,, then by further filtering B, into stable factors, we have a
JH filtration. If not, we have ¢, (B1) = ¢, (E). Then a similar diagram as (5.11.2) shows
that for any short exact sequence

(5.11.4) 0-B,»B B 50

with ¢, (B}) > (pb(Bl(l)), we have gbb(Bl(l)) = ¢. We have either B; € P;(¢), or there
exists a short exact sequence in the form of (5.11.4) such that Bf € ker(Zy) n ‘B, _,

and ¢ (B]) > ¢p (Bfl) ). Similar to the case of subobject, by comparing the dimension
of Hom(Ox[1],_) and Hom(OQg(-1),_), we also have Bl("‘) € Pp(¢) for some n;.

We abuse notation and denote the kernel of B; - Bf"l) by Bj. Then B; admits a
filtration

_ p!/ ’ ’ ’ I _ ol
0=BycB,cB,c By, cB;, =B

such that each of the quotient factors is stable in ker(Zy) n B, _,. Denote the
cokernel of B ; — B; by ij’;l), the kernel of E — Bl(,':.‘) by Ag’"i‘), and the kernel of

E— Bf”‘) by AE"I). Combining the short exact sequence 5.11.3, we have a set of short
exact sequences

0> A - A" 5B -0
Hence we may further refine the map A; — E to a filtration
A c Agﬁl) c Ai”zl) c-- -AYZ) = Ag"‘) cE
with the last quotient factor isomorphic to Bf”l), and each of the previous quotient
factors in ker(Zy) N BOH’_Z and stable.

If Bf"‘) is stable, then we have a JH filtration. If not, we replace E by Bf"‘). Then

there exists a subobject of Bf"l) which is stable. We denote the cokernel by B,. Then
there exist

0—>B;—>Bz—>Bgn2)—>0

where B} € ker(Zy) n B, _,, and B;”Z) € Py (). We can further refine the filtration
such that B are stable objects in ker(Zy) n B, _,. Continue this process and we
denote the kernel of E —~ B{"") by A",

Note that there exists a, 8 such that the interval (a, ) of length <1, and ¢, 5 and
lareallin («, 8). Then

AICAYII)C cAE"‘)CAch(Zf'lz)c CA(Z"Z)CA3C -~ cE

is a chain in P, ((a, 8)). By Lemma 5.10, this chain must terminate. This is a Jordan-
Holder filtration of E. ]
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Remark 5.12  Note that Proposition 5.11 shows that any object E € P, (¢) has a JH
filtration whose JH factors are in P((0,1])[k] for some k € Z. It is also worth pointing

out that the o} -stable objects may not be stable in a general heart P}, ((a, a +1]) for
at¢.

5.13 Weak stability conditions on the V-axis

Taking D, — 0 in the central charge formula (5.1.1), we obtain a central charge of the
form

ZV““H(E) = —Chz(E) + VwCho(E) + lHChl(E),

where H = © + ef. Since w only appears through the volume V,,, we omit w in the
notation.

Proposition 5.14 We have ZV,H(BOH’,C) € Hy for k = —1,-2. Furthermore, we have
when k = -1,

ker(Zv,u) n By = (0e(-1)[1]),
when k = -2,
ker(Zy,m) N BY _, = (0e(-1)).
Proof For any object E € B}, |, there is a short exact sequence
0-F—->E-T-0,

where F e 3} [1] and T € T}, . For an object T € T}, T fit into a short exact
sequence

0-T1-T—->T,—-0
where Ty € F%[1] and T; € T},
Claim1 ZV,H(TI) e H. ]

Since Ty € FY[1], we have T;[~1] is a torsion free sheaf with p (HN; (T1[-1])) < 0
for all i. If ] is a yy-semistable coherent sheaf with g (J) < 0, then 3Zy y(J[1]) > 0.
If ] is a py-stable torsion-free sheaf with yg(J) = 0, then by Corollary 4.3, we have

R(Zy,u(J[1])) = cha(J) = Vcho(])

< Chl(])z
- 2Ch0(])
<0

- VCh()(])

Hence Zy y(T) € H.

Claim 2 Zvy y(T,) € Hy. If ] is a py-semistable coherent sheaf with ug(J) > 0, then
Zyv,u(J) € H. It is enough to consider if T, is torsion and uy(T,) = 0. It is enough to
assume that T, is a pure sheaf supported on dimension 1. Then by Lemma 5.2, we have
chy(Ty) = n®, hence T € (Og(m)). Since (Ty,x, Fu k) defines a torsion pair on AY
and T, is an .AOH—quotient of T which lies in Ty k., we have T, € Ty i as well and hence
T e (0g(m)|m > k).
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Since
chy(0e(m)) =m+1,
we have for m > k,
Z(0e(m)) = —chy(0e(m)) < —k 1€ Rg.

This implies that Zy 5 (1) € Hp.
We are left to consider F. For m < k

Z(0e(m)[1]) = cha(Oe(m)) =m+1< k+1¢€Rg.

Hence Zy y(F) € Hy.
From the computation, we also have for k = -1

ker(Zy,u) N By, = (0o (-1)[1]),
and for k = -2,

ker(Zy,u) N By = (0o (-1)).

We define the phases {¢v, 1 (K) } keker(zy,)nme, , Dy taking the limit of the phases

of oy, p,(K) as D, — 0.
Since

Zv, p,(0e(-1)) = iDy,

we have
1

L}ifgoﬁbvw,m(o@(—l)) =3

Hence for VeR,y, we define ¢y y(0p(-1))= %, which  implies
¢v.n(0e(-D[1]) = 3.

We see that it is only when k = -2 that we have a chance of having 0 < ¢y g(K) <
1 for all K e ker(Zv,i) nBY; ;.. Since ker(Zy,x) n By _, = (Oe(-1)), for any K €
ker(Zy ) N B?{,—p we have
1

Dlifj}oﬁbvw,Dw(K) =5

As a result, for V € Ry, K e ker(Zy ) n BY _, we define ¢y, y(K) = 3. Then the
weak see-saw property follows automatically. To summarize, the triple

ov.i = (Zv.i By, 20 {9v.1(K) keker(zy )03, )

defines a weak stability function.

The HN property of oy, g can be shown exactly the same way as Proposition 5.8,
and so oy, p is a weak stability condition in the sense of Definition 3.2. We denote the
slicing of oy, g by Py m.

Remark 5.15 From the computation in Lemma 5.5, we know that
Ext'(Oe(-1),9¢(~1)) = 0. Hence following the same proof of Propostiion 5.11,
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we have any object E € Py y(¢) has a JH filtration whose stable factors are either
ov,u-stable objects in Py, i (¢) or stable objects in ker(Zy, i) N BY _,.

5.16 Weak stability conditions on the D-axis

Taking V,, = 0 in the central charge formula (5.1.1), we obtain a central charge of the
form

Zp,(E) = —chy(E) + iwchy (E)
where w = © + (D, + e) f. If w is clear from the context, we omit w in the notation.

Proposition 5.17 Suppose w is ample. We have Zp(Coh®°) e Hy. Furthermore,
ker(Zp) n Coh®’ = (Ox[1]).

Proof We only need to show Zp(E[1]) € Hj for E a yi,,-semistable torsion-free sheaf
with p, (E) = 0. In this case,

_ Ch](E)Z
Zo(EN]) = cha(E) < S5 5 <

Hence Zp(E[1]) € H.

Furthermore, if E € ker(Zp) n Coh®’, then we have E = E'[1] for E’ € Coh(X). By
the generalized Bogomolov-Gieseker inequality on K3 surfaces, (e.g., see [1, Section
6] or (4.1.1)), if F is a y,, -stable object, then

Chl(F)2 1

(5.171) e(F) < o (ry ~ M Gy

If furthermore F[1] € ker(Zp) n Coh®”’, then chy(F) = 1. This implies that F is an
ideal sheaf. Since ch;(F) - w = 0 and ch,(F) = 0, we have F ~ Ox. Hence E’ € (Ox).
|

We define the phases {¢p (K) } geker(z,)nconeo by taking the limit of the phases of
Zv,p,(K) as V,, > 0. We have

ZVw)Dw (OX[I]) = _V(U'
Hence

\21330 ¢v,.0,(0x[1]) =1.

For D € R, we define ¢, (K) = 1 for any K € ker(Zp) n Coh®® = (Ox[1]).
Proposition 5.18 Given D € Qs, the triple

Op = (ZD, COhw)O’ {¢D (K)}Keker(ZD)ﬂCoh“”o)
satisfies the HN property, hence defines a weak stability condition.

Proof The argument follows the proof of Lemma 2.18 in [18].
Since w is ample, it is well known that the abelian category Coh“*’ is noetherian
(e.g., see [16, Lemma 6.17]. As a result, we only need to check condition (i) in
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Proposition 3.6. Assume we have such a chain of subobjects in Coh®*° as in condition
(i). Consider the short exact sequence in Coh**’:

0—->E;4—>E - F —0.

Since J(Zp(F;)) >0, we have J(Zp(E;)) > I(Zp(Ei+1)). The assumption D, €
Qs implies that J(Zp) is discrete. Hence J(Zp(E;)) is constant for i > 0. Then
J(Zp(F;)) = 0 for i > n for some n.

Let i >n. If F; ¢ ker(Zp) N Coh®?, then ¢p(F;) =1, contradicting ¢p(E;+1) >
¢p(Fi).

So we must have F;eker(Zp)nCoh®®=(0x[1]) for i>n. Since
Ext'(Ox[1], Ox[1]) = 0, the dimension of Hom(E;, Ox[1]) decreases as i increases.
This implies that F; = 0 for i large enough. This proves the HN property for op when
De Q>0. ]

5.19 Weak stability condition after the relative Fourier-Mukai transform

Recall that on a smooth projective surface X, we usually denote the central charge of
a standard Bridgeland stability condition as

Zw,B __ L e—(B+iw)Ch(E) __ —/); e—iwChB(E)
(519.1) = —ch¥(E) + V,ch§(E) + iR, (® + (D, + ¢) f)ch} (E)

for R-divisors w and B. To construct a heart that pairs with Z, p to form a stability
condition on D?(X), we usually consider the torsion pair (T, 5, F, 5) where
Tw,5 = (E € Coh(X) : the,B,min(E) > 0)
Fo,8 =(E € Coh(X) : hy,max(E) <0).
The heart A, 5 = (Fo,5[1], Tw,5) then pairs with Z,, 5 to form a Bridgeland stability
condition on D?(X).
Now let us return to the case of p: X — B being a Weierstrafl elliptic sur-

face.Denoting the projections from X xp X to each factors by 7;, and the projection
to B by p. The relative Fourier-Mukai transform is an autoequivalence

®: DY(X) - Db(X),
which is defined by ® = R, . (77 (_) ® P), where P is the relative Poincaré sheaf.
Seting v = R'p, Oy, then
P=Ja0m0(@)0m;0(0)0p v

The definition of @, P and their properties can be found in [2, Section 6.2.3].
Given w and B, when attempting to solve the central charge equation

Zu 3 (®(E)) = TZ,3(E) forall E e D’(X)

for some T € GL™(2,R) and w’, B/, it is easy to see from the solution in [14, 8.5], that
when w? is small, the above equation admits a solution where V,,/, i.e., the coefficient
of chg in Z, g/, is forced to be negative. This prompts us to consider the central charge
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with Todd class on a Weierstraf} elliptic K3 surface X:
288 5 (E) = (e w(B)) == [ e en (B)Vrd(X)
= —ch?' (E) + (‘X —1)chE'(E) + i'ch? (E)
(519.2) = —ch¥(E) + (Vi —1)chE (E) + iw/ch? (E).
In Appendix A, we show that when we impose the relations
D, = %(Rﬁ, +R3)(2D, +e)

1
=V, + Eng(zDa, +e).

(519.3) Ry = RB(Dute)
2le +e
1 R%(2D,, +¢)*
Vo =D, — ,M +1
2 2Da)’ +e

Rg'Dpr = —Rp + RgDg + Rp — 1

there is an appropriate T € GL*(2,R) such that the slightly different central charge

equation
(5.19.4) ZY 5 (O(E)) = TZy3(E) forallE e D'(X)
holds.

5.20

We are interested in solving the equation (5.19.4) on an elliptic K3 surface for the case
B =—a where a:=¢;(L) = © + (D, + ¢) f. In this case, we have Ry = -R, = -1 and
Dg = Dy, and (5.19.3) simplifies to

D, =V,+D,+1

D, +1
Rp= ———
D,+V,+2
5.20.1 D,V,-1
(3:20.0 Vi = =297 11
Dy,+V,+2
D, +1
RB’DB’ = S (D(x +2)
Vo +Dy+2

Then equations in (5.20.1) define a map from R* to R*. We denote this map by @ .
In formula (5.19.1) for the central charge Z, g, if we choose the parameters

Dy=0, Vo=0, Ry=1, B=-a

then Z,, p reduces to Zy((-) ® Ox(—B)) where Zy is as defined in 5.1. With these
choices, the relations (5.20.1) give

Dy =1, Rg =3, V=73, RyDp=-Do~3

2
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which in turn give

Vi
4
Dw/ + 2

@ =Ry (©+(Dy +e)f) = 2(®+3f) where R,y =

B'=1(®+(-2Ds -3)f).
In summary, with the RDV coordinates for w, B, w’, B’ chosen as above, the equation
(5.20.2) Z4 5 (O(E)) = TZu(E ® Ox(-B)) forall E € D"(X)

holds for the appropriate T.
In what follows, we will write wg, Bj, to denote the specific w’, B' above, i.e.,
wh=L(@+3f)

(5.20.3) .
By = 1(0+ (2D, - 3) ).

We will informally think of the left-hand side of (5.20.2) as “®;(Zy)” and denote it
by Z} := Z;‘Z) 5, Also note that wj is ample.

Proposition 5.21  Using the notations above, we have Z; (Coh“"”’B E’) € H.

Proof Since wy is ample, it is easy to see that if E € Coh(X) is a torsion sheaf, or
is a slope semistable torsion-free sheaf with p,; p; (E) > 0, then Z(E) € H. Also if
E € Coh(X) is slope semistable with p.; p; (E) < 0, then Z;(E[1]) € H. It remains to
check that when E € Coh(X) is a slope stable torsion-free sheaf with y,; 5 (E) =0,
we have Zy(E[1]) € Hy, i.e., R(Z{(E[1])) < 0. We have

By By
R(Zo(E[1])) = chy (E) = (Vg —1)chy* (E)
’ 1 ’
= ch?*(E) + Echfo(ﬂ).
By the generalized BG inequality on K3 surfaces in Proposition 4.1, we have

(chf (B))* 1
2cho(B) 2P B Gy

R(Zy(ENM])) <

By Hodge index theorem, we have (chfz’(E))2 <0, hence R(Z{(E[1])) <0 when
cho(E) > 2. We only need to consider the case when cho(E) = 1. In this case we have

R(Zy(END) < 5 (chi*(£))* + 3.
We have

(ch*(E))? = chy(E)? - 2B}chy (E) + (B))?
=chi(E)? - (@ + (-2D, - 3) f)chy(E) + (=Dg - 2).
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Hence (chf:’ (E))?is an integer. If (chf:’ (E))?* = 0, Hodge index theorem implies that

chf:’ (E) is numerically trivial. This implies that
1
chy(E) =By = 5(@) +(-2Dy -3)f),
contradicting E € Coh(X). Hence (chf"’ (E))*<-1, which implies that
R(Z(E[1])) <0. ]
We analyze the objects in the kernel of the central charge. Let K € ker(Zy) n

Coh“s'Bs then K = E[1] for some sheafl E € F p.

Proposition 5.22  Let E be a y, p -stable sheaf with E[1] € ker(Zg) n Coh“>Po_ Then
either E~ O(—(Dg +1)f) or E~ O(® = (Dy +2) f).

Proof From the proof of Proposition 5.21, we know that chy (E) = 1, and that equality
holds for E in the generalized BG inequality, giving us

R(Z4(E1])) = L(chi* (E))* + 1

2 b
hence ch,(E) = 1ch;(E)?. Consider the short exact sequence
0-E—-E"->Q-0.

Since E is p;,p;-stable of rank 1, we have Q is supported on dimension 0. Then
chy(E) = $chy(E)? implies that E ~ E**, and hence E is a line bundle.
Since J(Zy(E)) = 0 and R(Z;(E)) = 0, we have

1
chy(E) - (® +3f) - 5(1+ (-2D, -5)+2)=0
(5.22.1) 1 1 1
—chy(E)* = chy(E) - =(@ + (-2Dy = 3)f) + —=(-2D, — 4) + = = 0.
2 2 4 2
Denote ch;(E) - ® by x, and ch;(E) - f by y. Then equation (5.22.1) becomes
x+3y=-Dy -1

(5.22.2) ,
chi(E)* =—-(2Dy +6)y.

For any a,b € R such that a + b = D, +1, we have (ch;(E) + (a® + bf)) - wy = 0.
Then the Hodge index theorem implies that

(5.22.3) (chi(E) + (a® + bf))* <0.
Substituting b = D, — a + 1, equation (5.22.3) implies that
(2a+1)y > -a*

forall a € R. Taking a = 0, we have y > 0. Taking a = —1, we have y < 1. Since y € Z, we
have y = 0 or y = 1. If y = 0, then HIT taking equality forces ch; (E) to be numerically
equivalent to —(D, +1) f. Similarly, if y = 1, then ch; (E) is numerically equivalent to
®—(Dy+2)f. ]
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5.23

Define
Lo = O(=(Dg +1)f),
and
Ly = 0(® - (Dy +2)f).

Let E, y be the same as in Proposition 5.22. We denote the phase of E in ¢’ =
(244 4, Coh® ") by ¢ (E).
Precomposing with the map @, we have

(D +1)(V, +1)
I(Zw,p(E)) = D“’ v wz
(5.231) v, w;) o D,V,+D
- +
R(Z., = (E)) = w 2] n w Vo w'
(Zar,w(E)) Do+V,+2)  Dy+V,+2

(y(Dy + V) = Dy).

For the rest of the section, we always consider ¢’ as a function of V,, and D,,.
IfE ~ Lo, i.e., y =0, we have

(Do +1)(V, +1)
3 Zur (L)) = -Dy Y
(5.23.2) T Dy + Vo +2

D,V, + D,
%(Zw/’B/(LO)) = m
w w

Since D, > 0, V,, > 0, we have J(Z, 5 (Lo[1])) > 0, and since
_m(zwr,gr(l,o [1])) _ Vo +1
J(Zu,p(Lo[1])) (D, +1)(V, +1)

it is easy to see that

lim gy (Lo[1]) = Z

D,,V,—0

IfE~Ly,ie., y =1, wehave

I(Zar wr(L1)) = Vo (Dy +1)(V,, +1)

(5.23.3) Dy + Vo +2

R (1)) =
In this case we have J(Z, p(L;)) > 0, and
RZowp (L) _ D, +1
I(Zw,p (L)) (Do +1)(V, +1)
and so
1
Dw,l\iflwn—>0+ ¢or(L1) = 4’
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From the computation, we see that if K € ker(Z) n Coh®"*?" is taken to be Li[1],

then
lim ¢ (K) = 2.
Dy, Vy—0* 4
If we define
(5.23.4) $or (K) = p m ¢o (K),
the triple

(Z5,Coh“e®, (¢, (K)}

KeKer(Z})nCoh“0"E0 )

does not satisty condition (i) in Definition 3.2. To define a weak stability condition,
we construct a heart B such that L; € B and Z;(B) € Hj. To simplify notation, for the

rest of this section, we denote Coh“?"% by A. Recall that A is constructed by tilting
Coh(X) at a torsion pair (T, 5:, Fuy,5; ). For the rest of this section, we denote this
torsion pair by (7, F). We construct B by tilting A at a torsion pair.

It is noted in [18] that the full subcategory Ayer(z;) = ker(Z}) n A is an abelian
subcategory of A.

Lemma 5.24  Any object in Ay (z;) is a direct sum of copies of Lo[1] and Ly[1].

Proof Let K € Aper(z), we know that K ~ E[1] for some coherent sheaf E € Fr,p.
By Proposition 5.22, we have E has a filtration by copies of Ly and L;.
We have Hom(Ly, Lo) = H*(O(-@ + f)) = 0. Also, Serre duality implies that

Hom(Lo, L;) = H*(0(-© + f)) ~ H*(0(® - f))* = 0.
By Riemann-Roch, we have
Ext'(Li,Lo) = H'(O(-@ + f)) =0
and

Ext'(Lo, L) = H'(O(® - f)) = 0.

Define the subcategory T4 c A by
Ta = (Li[1]).
Define its right orthogonal in A by
Fq = {F € AJ[Hom(L,[1], F) = 0}.
Proposition 5.25  The pair (T4, F 1) defines a torsion pair on A.

Proof The argument is similar to the proof of Lemma 3.2 in [19].
We need to show that for any E € A, there exists an exact triangle

0-T-E->F-0
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with T € T4 and F € F 4. Assumethat E ¢ F 4, then there exists T € T 4 with a nonzero
map to E. Completing the triangle, we have

T—-E->F-T[].
Since H'(T) = 0 for all i # -1, by long exact sequence of cohomology, we have
0-H*F)-»H?YT)-»H"E)->H"'(F)-0.
Consider the map H™!(T)/H 2(F)[1] - E via the composition
H(T)[H(F)[1] > H(E)[1] > E.

Completing the triangle, we obtain the following exact triangle

(5.25.0) H™(T)/H*(F)[1] » E -~ F, » H™\(T)/H*(F)[2].

Claim 1 H'(T)/H *(F)[1] € Ta. We have the following short exact sequence of
sheaves:

(5.25.2) 0 H*(F)—»H(T)->H"'T)/H*(F) 0.

Since H'(T) € F, we have H"(F) € . Also since H'(T)/H 2(F) is a subsheaf of
HY(E), wehave H'(T)/H *(F) € J. Then the short exact sequence (5.25.2) is a short
exact sequence in A[-1]. Then H™'(T)[1] € Aer(z;) implies that H™?(F)[1] € Axer(z;)
and H'(T)/H2(F)[1] € Axer(z;)- Hence we have equation (5.25.2) is a short exact
sequence in Aer(z:)[~1]. From the proof of Lemma 5.24, H™'(T)[1] € T4 implies that
HY(T)/H2(F)[1] € T 4. [

Claim2 F, € A. Indeed by long exact sequence, we have H®(F,) ~ H°(E) € 7, and
0 H(T)/H*(F) - HYE) > H(F) - 0.

Let G be any subsheaf of H'(F,), and let R be the cokernel. Let K be the kernel of the
composition H'(E) - H'(F,) = R. Then we have a short exact sequence of coherent
sheaves:

0-HYT)/H*(F)>K~-G 0.
HY(T)/H?(F)[1] € Axer(zy) implies that pyr,p(K) = thar,p(G). Since K is a sub-

sheaf of H(E), po,p(K) <0. Hence we have p,, p,(G) <0, which implies that
HY(F)ed.

Hence the exact triangle (5.25.1) is a short exact sequence in A, and
H™Y(T)/H2(F)[1] € T4.1f F; € 4, then we are done. If not, we continue the process
for F,. Thus we obtain a sequence of quotients

in A, where the kernels K;’s lie in T4. Applying Hom(L[1],-) to the short exact
sequences

0-K;—>F;—>F—0,
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we have
0 - Hom(L,[1], K;) - Hom(Ly[1], F;) = Hom(Ly[1], F;;;,) — Ext'(Ly[1],K;) = 0.

Hence the dimension of Hom(L[1], F;) decreases as i increases. So we have the
sequence (5.25.3) must stabilize after a finite number of steps.

Definition 5.26 We define an abelian category B by tilting A[-1] at the torion pair
(Ta[-1], Fa[-1]). Equivalently, B = (F 4, Ta[-1]).

5.26.1

Let us set Byer(z;) = {E € B: Z(E) = 0}. For any E € Byr(z), we can fit it in a
short exact sequence 0 > E' > E -~ E” » 0 in B where E' € ¥4 and E" € T4[-1].
Since Zy(E") = 0, it follows that Zo(E") = 0 and hence E’ € Ajer(z;). Moreover, since
Hom(T4,E") =0, it follows from Lemma 5.24 that E’ is a direct sum of copies of
Lo[1] while E” is a direct sum of copies of L;. Now, note that Ext'(L;, Lo[1])
Hom(Ly, L) 2 H°(X,0x(® - f)), which vanishes because Ox (@ - f) is aline bun-
dle of negative degree with respect to an ample divisor of the form ® + (2 + ¢) f fora
small € > 0. Overall, we see that E itself is isomorphic to a direct sum of copies of Lo[1]
and L;.

We define Byer(z;) := B nker(Z;). Consider the P! whose coordinate is given by

[Do : Vi]. Let a € P'. For any K € Byer(z;), we define

¢ (K) = lim o (K),

VD=0, Vy:Dy|=a

where o’ = (Z!4 ,,,Coh”"""), and Z!4 , is considered as a function of V,,, D,, via
precomposing with @ .
Consider the triple

0F = (Zpy B, {95 (K) ) ket )
Lemma 5.27 The triple oR satisfies condition (i) and (ii) in Definition 3.2.

Proof Since for any K € By (z;) we have

1
lim (L) =—=< lim (K
V,Du—0,[Vu:Dy]=a $o (1) 4 V,,Dy—0,[Vy:D,]=a 9o (K)

< dim gu(Lol]) = Z

"~ V4,Dy—0,[Vy:D,]=a

we see that condition (i) is satisfied. The proof of condition (ii) is the same as
Proposition 5.7. u

To show oX defines a weak stability condition, we are left with checking the HN
property.
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Proposition 5.28  The abelian category B is a noetherian abelian category.

Proof Since ' is ample, it is well known that A is noetherian, e.g., see [16, Lemma
6.17]. We use the criterion of [4, Lemma 5.5.2] to show B is noetherian. In particular,
we show that for any accending chain

(5281) FocFc---

with F; € F 4 and coker(Fy — F;) € T 4 stabilizes after a finite number of steps.
Consider the short exact sequence in A:

0—>Fy—F, —-G;—>0.

By the snake lemma, we have

— D¢—o
~
(e}

2

(e
e
ct+— O+ T me—o

o(—ﬁ(—?

where all the short exact sequences are in \A. Since G; and G;,; are in T 4, we have
C,’ ~ K,’ € ‘TA.
Let us apply Hom(L;, _) to the short exact sequence

0—>F; > F,—>C;—0.

Since L;,Fi, € B, we have 0=Ext"'(Ly,F;;)=Hom(L[1],F;). Since
Hom(L;, Li[1]) = H(X,Ox) =0, we also have Hom(L;,C;)=0. Hence the
dimension of Hom(L;, F;) decreases as i increases. At the point where the dimension
of Hom(L,, F;) becomes stationary, we obtain Ext™'(L;,C;) = 0; since C; is an
extension of copies of L;[1] which has no self-extensions, it follows that C; = 0. Thus
the chain (5.28.1) stabilizes after a finite number of steps. [ |

Theorem 5.29  Given a € P', the weak stability function o} satisfies the HN property.

Proof The argument follows the proof of [18, Lemma 2.18].
Since B is noetherian, we only need to check (i) in the Proposition 3.6. Assuming
we have such a chain of subobjects in B, consider the short exact sequence in B:

0—>Ei+1—>E,‘—>Fi—>O.
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Since 3(Z§) > 0 on B, we have J(Zy(E;41)) < I(Zy(E;)). Since Z{ has coeflicients in
Q, we know that the image of Z; is discrete. Hence J(Z{(E;)) is constant for i > 0.
Then J(Z[(F;)) = 0 for i > n for some n.

Leti> n,if F; ¢ Byer(z;) then ¢(F;) =1, contradicting with ¢(E;11) > ¢(F;).

We must have F; € Byer(z;). From 5.26.1, we know F; must be a direct sum of copies
of Ly[1] and L,. From the Ext-group calculations in the proof of Lemma 5.24, we know
that Ext'(F;, L) = 0 = Ext'(F;, Lo[1]). Hence either the dimension of Hom(E;, L;) or
Hom(E;, Lo[1]) decreases as i increases, we much have F; = 0 for i large enough. =

Intuitively, the local picture near the weak stability conditions U,f s and oX’s are
B(p,0)R?, the blow up of R at the origin.

Solving a central charge equation

In this section, for given R-divisors w, B on a Weirstraf3 elliptic K3 surface X, we solve
the central charge equation

(A.0.1) Zi 5 (®(=)) = TZup(-)

for some T € GL*(2,R) and ', B'. Since 1/td(X) = (1,0,1) on a K3 surface,

74 (F) = - fx e (B+©) b (F)\/id (X)
= —chZ(F) + (% ~1)chE(F) + iwch? (F)
= —ch(F) + (V, —1)chf (F) + iwch} (F)

which differs from Z,, 5 (F) by a change a variable in the coefficient for ch{. Therefore,
to solve the equation (A.0.1), we first solve the equation

(A.0.2) Zw g (®(=))=TZy5(-).

Even though (A.0.2) was solved in [14, Section 10] (see also ([15, Appendix A]), the
solution there was written in terms of a coordinate system different from the RDV
coordinates introduced in 2.3. Instead of applying a change of variables to the solution
in [14] (which is cumbersome), we outline a direct solution which uses the RDV
coordinates.

To begin with, note that

Zop =—chd + %zchOB + iwch!
= —ch¥ + V,chf + iR, (© + (D, + e) f)ch?
= —chy + RpOch; + Rg(Dp + e) fchy + (V, — Vp)chy
+ iR, (Och; + (D, + €) fchy — Rg(Dp + Dy, + €)chy).
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Now we set

0 1R,
= —chy + Ly g fchy + M, gchy + i(®chy + (D, + ) fchy + Ny, pchy)

(A.0.3) z;,B:(l ‘RB/Rw)Zw,B

where the terms

Lo, =Rg(Dg—Dy)
Myp=V,— Vg +Ry(Dg+D, +e)
Nw,B = —RB(DB + D, + 6)

depend only on w and B.
Solving (A.0.2) is now in turn equivalent to solving

(A.0.4) 7!y 5 (O(E)) = TZ,, z(E) forall E e D"(X).
For an object E € D?(X), if we write
cho(E) =n, fchi(E)=d, Ochi(E)=c, chy(E) =5,
then from [2, Section 6.2.6] we have

cho(®(E) =d, fchi(®PE)=-n, Och(PE) =5~ 5d +en,
chy(PE) = —c—ed + Sn.

Using this notation for Chern classes, we now have
Zyg(E) =—s+Lypd+Mypn+i(c+(Dy+e)d+Nypn)
while
Zy g (PE) = =(£ + Lo )n+ (My g+ e)d +c+i(=Dyn+ (N — £)d +55).
It is then clear that if the following relations are satisfied

(A.0.5)

_Lw,B = Nw’,B’ - Mw,B = Dw’a Dw +e= Mw’,B’ +e, Nw,B = _(% + Lw’,B’)

e
Ea
0 1

and wetake T = —i = (_1 0

), then the equation (A.0.4) would hold.
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The four relations in (A.0.5), when written out in RDV coordinates, correspond to

(A.0.6) Rp(Dp - Dy) = R/(Dpr + Dy +€) + £
(A.0.7) Vo~ Vg +R5(Dg + Dy +e) = Dy
(A.0.8) Dy+e=Vy — Vg +R3(Dp + Dy +e) +e
(A.0.9) ~Rg(Dp + Dy + ) = —(% + Ry (D — Do)

respectively. Noting that for any divisor W we have Vi = 3R}, (2Dw + e), relation
(A.0.7) gives

(A.0.10) Dy =V, + R5(Dy + £).
Adding (A.0.6) and (A.0.9) together gives
Rg(-2D, —
(A.0.11) Ry = Re(=2Do —€)
2D, +e

Now (A.0.8) yields

R%(2D,, +e)*
2(2Dy +e)
Also, subtracting (A.0.9) from (A.0.6) (and noting e = 2) gives

(A.0.12) Vy =Dy —

(A013) Rp'Dg = RgDg + Rp — Rpr — 1.

Finally, we see that when we the RDV coordinates of w, B, w’, B satisfy (A.0.10),
(A.0.11), (A.0.13), and

R%(2D,, +e)*

A.0.14 Vo =D
( ) ¢ “ 2(2Dy +e)

(instead of (A.0.12)), and we choose

o (1 Re/Ro (0 1)1 -Rs/Re
“lo 1R, -1 oJ\lo YR, )’
the parameters B, w, B', w" and T together solve the central charge equation (A.0.1).
The equations in (5.19.3) are precisely (A.0.10), (A.0.11), (A.0.13), and (A.0.14).
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