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Abstract. From the integration formulae of Numerov and Subbotin we have developed and 
programmed for an electronic computer a particular method for integrating the differential equa
tions of cometary motion in special rectangular coordinates, with a variable step and allowing 
for all planetary perturbations and nongravitational effects over a time interval of 400 yr. Applica
tion of this method and our set of programmes to the investigation of the motion of P/Wolf permits 
us to eliminate the discontinuity that has hitherto existed in the theory on account of the comet's 
close approach to Jupiter in 1922. 

1. Introduction 

Owing to the rapid development of electronic computers and their application to 
astronomical calculations, cometary astronomy, utilizing the methods of celestial 
mechanics, is coming to a new stage in its development. Large-scale problems may 
now be formulated and solved by new methods and using electronic computers. We 
shall point out here only four of the more important problems. 

(1) Construction of continuous numerical theories for the motions of comets over 
the whole period spanned by their observations, with consideration given to the 
perturbations by the planets and to nongravitational effects. 

(2) Determination of the mass of Jupiter from the large perturbations induced 
in the orbits of comets that pass through Jupiter's sphere of action. 

(3) Investigation of the evolution of cometary orbits over a time scale of centuries 
and clarification of the role of the giant planets (Jupiter-Neptune) in defining this 
evolution. 

(4) Study of the motion of meteor streams, particularly of the large transforma
tions of their orbits in the sphere of action of Jupiter, and the determination of the 
effects of planetary perturbations upon the structure of these streams and on the 
conditions of visibility of the meteor showers. 

Our aim is the development of a rigorous procedure for the investigation and solu
tion of these problems, including the compilation of a set of constants and standard 
programmes. 

This paper describes the procedure for investigation and the solution of the first 
of the above-mentioned problems. The other three problems are discussed in other 
papers (Kazimirchak-Polonskaya, 1972a, 1972b; Kazimirchak-Polonskaya et ah, 
1972). 

We have prepared punched cards (mainly in binary) containing the coordinates 
of the eight major planets, with full allowance for their mutual perturbations, and 
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they are given at 20-day intervals for a period of 400 yr (1660-2060). These coordi
nates are based both on classical and more recent theories for the motions of the 
major planets (Newcomb, 1895a, 1895b; Clemence, 1943, 1949, 1954, 1961; Dun-
combe, 1958; Eckert et al., 1951; Morgan, 1945). The computations were performed 
using programmes by Subbotina (1965) and by the author. 

2. Method of Integration 

In developing a method for integrating the differential equations of motion for a 
minor body in the solar system: 

2d2x k2w2x , D ,1X 
w dp" = f5- + Rx> x-+y,z, 0 ) 

where 

Rx = kW 2 m> i^f1 ~ % > l = 6> 7' 8' 9' (2) 

we took as our basis the theory proposed by Myachin (1962), which provides an 
estimate of the total error in the calculations, and also two methods of integration 
devised by Numerov (1923) and Subbotin (1927, 1928). 

According to Myachin, the total linearized error of the integration of Equations 
(1) is, after n steps, the sum of the following: 

(1) an error, proportional to n, arising from errors in the initial data; 
(2) a truncation error depending on the number of derivatives or differences taken 

into account; 
(3) errors due to multiple iterations at each integration step; 
(4) an error, proportional to n3l2

9 arising from the rounding at each step. 
We have aimed at developing a method where each of the partial errors, and 

hence the total error, would be reduced to a minimum. 
Let us consider each of the points in detail. 
(1) On the one hand, the error arising from errors in the initial data is dependent 

upon the accuracy of observations. It is thus of primary importance to increase the 
accuracy of cometary observations. On the other hand, the error is also dependent 
upon the theoretical development of the method. This error may be reduced in two 
ways: 

(a) Firstly, considering that the error increases directly as the number of integra
tion steps, we utilize, following Numerov and Subbotin, both the ordinary coordi
nates x, y, z, and special coordinates x, y9 z, that are related to the ordinary ones by 

Xk ~ Xk V + lid) 
fl = xl + yl + zl (3) 

By introducing auxiliary functions A and a, defined by 
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7 2 2 

^k = -3 > ak = K + 6 /̂c + T~44̂ /c + 2"8 8~\ + • • • (4) 
'k 

(where it is usually sufficient to ignore further terms in ak), Subbotin arrived at the 
following formulae for integrating Equations (1) in the special coordinates: 

xk=f-}c
2 + Rrtx~k (5) 

RedXte = TlRxic ~~ T4 0jxk + ~6~0~4~&ofxk ~~ T62"8 8 0 o A k + * ' * , (6) 

where the function fXk denotes, as in Cowell's method, the right-hand members 
of Equations (1), 

K U) Y" 

f*k = Zs ^ Rxk = -°kXk + RXk- (7) 
rk 

The functions fxk
2,fxk,fxk,fx^ • • • stand for the second sum and even differences of 

fXk. For computing Equations (2) the special coordinates are changed to the ordinary 
ones by the very simple formula 

xk = xk - xkak\\2. (8) 

Comparing Equations (5) and (6) with the well-known formulae for integration 
by Cowell's method, 

xk=fx-k
2 + RedXk (9) 

RedXfc = Tlfxk ~~ 24oA f c + ~60T8~0jxk — l~6J8~8'0~ofxk + * ' *> (10) 

we see, that while the first terms in Equations (6) and (10) are appreciably different, 
the rest of the terms are identical. Near perihelion, the first term in Cowell's method 
becomes large and changes rapidly, making it necessary to reduce the integration 
step. In contrast, the corresponding term in Subbotin's method remains small and 
changes slowly. Therefore, for any specified accuracy, one may use a larger step-size 
in Subbotin's method than in Cowell's. 

Introduction of special coordinates thus reduces the number of integration steps, 
and this reduces the error arising from errors in the initial data. 

(b) Secondly, we may appreciably increase the accuracy of the initial integration 
table. Ever since it became customary to refer the tables of the coordinates of the 
major planets to standard dates, astronomers have imposed the requirement that the 
epoch of osculation in the initial integration table should also be a standard date. 
Nevertheless, the initial orbital elements for a comet are frequently referred to arbi
trary epochs; this is particularly true for the earlier studies, when the epochs might 
have been reckoned in Greenwich Mean Time, Berlin Mean Time, or Paris Mean 
Time, etc. When adopting a new standard epoch of osculation it was usual to adjust 
only the mean anomaly, the other elements being considered invariable since the 
perturbations by the planets are small. 

In order to refine the initial data we derived and programmed formulae enabling 
the rectangular coordinates of the body to be obtained, with significantly higher 
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accuracy, for seven initial standard dates (Kazimirchak-Polonskaya, 1967, p. 35). 
The initial epoch of osculation could have been any date, standard or nonstandard, 
and we allowed for all planetary perturbations (and nongravitational effects, if 
necessary). The initial integration table is computed from these coordinates in double 
precision, thus providing an appreciable reduction in the errors of the initial data. 

(2) In order to reduce the truncation error we use Subbotin's quadrature method 
and perform the integration in double precision (18 significant figures) using Equa
tions (l)-(8). Owing to the rapid decrease of the coefficients, Equation (6) may be 
restricted to the sixth differences. If the eighth differences become significant, within 
the limits of the specified accuracy, the step-size is immediately decreased. 

On the basis of our theoretical investigations a new criterion has been formulated 
for automatic choice of the integration step, depending on the specified accuracy 
and on the distance of the body under study from the Sun and all disturbing planets 
at any time (Kazimirchak-Polonskaya, 1967). It is interesting to note that the stan
dard programme for automatic choice of the integration step is based exclusively on 
logical operations. 

In connection with this criterion, we have found the most efficient way of doing 
the computation, with some operations performed in single and others in double 
precision; as a result, we attain a high degree of accuracy of the coordinates of the 
body under investigation, even on a time scale of centuries, and this requires a mini
mum of operation time. 

(3) The third partial error arises after multiple iterations at each integration step, 
the number of iterations being considerably increased when we use double precision. 

As is well known, the necessity for successive approximations arises because the 
expressions in the right-hand members of Equations (6) or (10) are initially unknown. 
It can be seen from comparison of Equations (9) and (10) with Equations (3)-(6) 
that the number of iterations in CowelPs method is greater than in Subbotin's method, 
specifically because of the different first terms in Equations (6) and (10). 

We suggest a new way of applying Subbotin's method directly, without approxi
mations. For this purpose we write Equation (6) in the form 

RedJ, = hRXk + a-3/*te_3 + a-2fXk-2 + a-ifx*^ + <*0fXk 

+ ai/* f c + 1 + <*2fXk+2 + 03/*fc + 3> (11) 

where the coefficients a_3, a_ 2 , . . . , a3 are calculated to the required accuracy. 
Values of the functions fXk_3,fX!c_2,fXk_1 in Equation (11) are known at the kth step 
to a high degree of accuracy. To compute the values forfXk,fXk + 1,fXk + 2,fXk + 3 we pro
ceed from the integration formula in the method of differences by Numerov: 

xk + 1 = (2 - ok)xk - xk-! + RXk + r e d ^ (12) 

r edjc f c = T'2^ Rxk ~ TiUjxic + 6l)T8~o7xfc ~~ * * *> ( 1 3 ) 

where RXli, ok and fXk a re calcula ted as in Subbo t in ' s m e t h o d by E q u a t i o n s (2), (4) 
and (7). 
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Since Equation (6) in Subbotin's method always involves a very restricted number 
of significant figures, it is permissible to ignore Equation (13) and obtain the/-func
tions for dates tk, tk + l9 tk + 2, tk + 3 to appropriate accuracy by Equations (2), (3), 
(4), (7) and (8) and by Numerov's reduced formula 

xk + 1 = (2 - ak)xk - xk.1 + RXk; (14) 

this requires no iteration. The values obtained for fXk, fXlc + 19 fXlc+2, fXk + 3 are then 
substituted into Equation (11), enabling Subbotin's method to be applied to full 
accuracy without iteration, and thereby reducing the iteration error to zero. 

(4) Since the integration is performed in double precision the rounding error does 
not become significant until after 10 000 steps or more. 

As a result of the expressions and procedures developed by us the total error of 
our integration method is reduced to a minimum, and this is a necessary condition 
for solving the four problems defined in the Introduction. 

3. Application to the Study of the Motion of P/Wolf 

All astronomers who work on the motions of comets know how difficult it is to con
struct an appropriately accurate numerical theory linking the motion of a comet 
over a large number of apparitions covering a long interval of time. In addition, 
if the comet passes well inside Jupiter's sphere of action within this time interval, 
the calculation of the great changes in its orbit becomes so increasingly complicated 
that up to now it has been considered impossible to link all the apparitions before 
and after the close approach to Jupiter. Therefore, the investigators had recourse 
to an artificial solution: they excluded the critical revolution containing the comet's 
passage through the sphere of action of Jupiter and constructed numerical theories 
for separate time intervals on the two sides of the encounter. There was inevitably 
a discontinuity in the theory of the motion and this was considered irremovable. 
Elimination of such discontinuities and the construction of continuous numerical 
theories of the motions of comets for the whole period covered by observations is 
an urgent necessity and our first aim. 

Such a discontinuity existed even in the very skillful theory, constructed by Kamien-
ski (1959), of the motion of P/Wolf. The theory comprises two isolated series of 
linked apparitions of the comet. The first series covers its motion from discovery to 
the last apparition before the close approach to Jupiter in 1922, i.e., the interval 
1884-1918, and it represents 50 normal places (about 2000 observations) with the 
very low mean error e= ± V.ll (Kamienski, 1933). The perturbations by six planets, 
Venus through Uranus, were considered, and the effect of nongravitational forces 
was taken into account, to a high degree of accuracy, in the form of secular decelera
tion in the motion, using the formulae 

Afxt = -0':0000 0042 (/ - t0) 

AMt = -0:0000 0021 (t - t0y, 

where A^t and AMt are the secular variations in the mean daily motion and mean 
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anomaly over the time interval (measured in days) from the initial epoch t0 to the 
running time t. 

In the second series Kamienski (1948) linked three apparitions over the interval 
1925-1942, after the comet's passage through the sphere of action of Jupiter in 1922, 
with a still higher degree of accuracy (e= ± 1"21). Allowance was again made for the 
perturbations by the same six planets and nongravitational effects, the only differ
ence being that the coefficients for the secular deceleration were diminished to 

AfjLt = -0':0000 00067 (t - t0) 
AMt = -OrOOOO 00034 (t - t0)2. 

Kamienski believes that these changes in the nongravitational effects result from the 
fact that the comet, through the large perturbations induced by Jupiter, was deflec
ted into a new orbit with considerably changed parameters, particularly the peri
helion distance (increasing from 1.6 to 2.4 AU). 

Using the second series of elements Kamienski extended his integration of the 
equations of the motion of P/Wolf to the present time. The comet was observed in 
1950-1951, 1959 and 1967, and the agreement between the observations and calcula
tions was quite satisfactory. 

Thus there exists a numerical theory of the motion of P/Wolf for two prolonged 
but isolated time intervals, 1884-1918 and 1925-1967. The critical revolution of 1918-
1925 was excluded since Kamienski and Bielicki (1935, 1936) could not get a good 
representation of the 1925 observations in terms of the elements for 1918 (obtained 
in the first series). The maximum (O —C) residuals in 1925 were as high as 5?2 in right 
ascension and 4''8 in declination. Until now the residuals have not been reduced by 
any of the methods employed (Kamienski, 1959). 

At Kamienski's request we endeavoured to eliminate the discontinuity in the 
theory of motion of P/Wolf during the revolution 1918-1925. Having thoroughly 
analysed the causes that prevented the solution of the problem, we developed the 
above method of integration in special coordinates and elaborated with great care 
heliocentric and jovicentric methods for computing the large perturbations on comet-
ary orbits in the sphere of action of Jupiter (Kazimirchak-Polonskaya, 1961). 

The application of our procedure and set of programmes enabled us to solve this 
difficult problem. In spite of very large perturbations in the orbital elements of P/Wolf 
in Jupiter's sphere of action in 1922, amounting to more than 20° in mean anomaly, 
about 13?5 in longitude of perihelion, about 10° in eccentricity angle, and more than 
96" in mean daily motion, we obtained a quite satisfactory representation of the 
normal places of the comet in 1925. The results are given in Table I and compared 
with those of Kamienski and Bielicki (1936, p. 11). 

It should be noted that we have allowed for the perturbations by the six planets 
Venus-Uranus and the secular deceleration, together with nongravitational effects 
in other orbital elements, which were detected by Kamienski (1933) but not taken 
into account by him. They have been calculated by the formulae 

ASlt= -0?000345 (t - t0) 
Awt = -0.000612 (t - t0), 
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where the coefficients have been determined according to Kamieiiski's (1933, p. 44) 
method. 

In order to obtain an additional check on our results, we have compared our set 
of elements for P/Wolf at the epoch of osculation 1925 July 12.5 UT with the set 
of elements derived by Kamienski for the same epoch from linking the 1925-1942 

TABLE I 
Representation of normal places of P/Wolf in 1925 

1925 UT Kamienski and Bielicki Kazimirchak-Polonskaya 

July 18.0 
Aug. 19.0 
Sept. 14.0 
Oct. 12.0 
Nov. 11.0 
Dec. 19.0 
mr1 

Joe COS S AS 
— 3f88 + 2'r0 
-4.90 0.0 
-5.16 -3 .3 
-5.04 -3.1 
-4.34 +3.5 
-3.43 +4.8 

1047.400 (de Sitter) 
Nongravitational A^AM 
effects included 
e ±67?6 

Aa COS S 
-Of 03 
-0.34 
-0.30 
-0.33 
-0.14 
+ 0.19 

AS 
+ 0*7 
+ 1.2 
+ 0.4 
-0 .5 
+ 2.1 
+ 0.9 

1047.355 (Hill) 
Afi9AM,ASl9 

±3?9 

A co 

apparitions. The differences, in the sense Kamienski minus Kazimirchak-Polonskaya 
are very small: 

AT = -040152, Aft = — 1T31, A<p = -1T17 

AOJ = + 3T83, Ai = +2T23, Afi = +0T0015. 

Our orbital elements give a good representation of observations of the comet at 
subsequent apparitions considerably separated from the approach to Jupiter. 

We can conclude from Table I that the discontinuity in the theory of motion of 
P/Wolf has been eliminated and the revolution 1918-1925 covered by the numerical 
theory of the motion of comet. Thus the theory has become continuous for the whole 
period of observations of P/Wolf, from discovery in 1884 up to the present time. 
However, we still consider our results to be preliminary and hope to arrive at a some
what better agreement between the observations and calculations when solving the 
second problem, that of determining the mass of Jupiter from the large perturbations 
on P/Wolf in 1922 (Kazimirchak-Polonskaya, 1972a). 
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Discussion 

M. Bielicki: What are the causes of the differences between your results and those by Kamienski 
and myself? In order to obtain the most accurate elements for P/Wolf in 1918 (before the approach 
to Jupiter) I developed a method of linking two consecutive apparitions with the aim of deter
mining nongravitational effects. These consecutive links enabled me to obtain changes in all the 
orbital elements as a function of time. According to the tradition then existing I took into con
sideration the nongravitational secular changes only in the mean motion and mean anomaly. 
I then calculated the perturbations (by hand, of course) in Jupiter's sphere of action three times, 
twice using the heliocentric method and once by the more precise jovicentric method. Very great 
difficulties arose in the determination of accurate initial values of the position and velocity com
ponents in the jovicentric method. In the heliocentric calculations, I allowed for the perturbations 
from Venus through Uranus, and in the jovicentric calculations I allowed for those by the Sun 
and Saturn only. 

E. I. Kazimirchak-Polonskaya: Firstly, the value you adopted for the mass of Jupiter (1/1047.400) 
is not consistent with the coordinates of Jupiter, which you took from the Berliner Astronomisches 
Jahrbuch and which correspond to Newcomb's value of 1/1047.35. I used Hill's value for the 
mass of Jupiter (1/1047.355) and the highly accurate coordinates in the Astronomical Papers, 
Volume 12 (plus the corrections in Volume 13) which correspond to Hill's value. Secondly, we 
developed a more accurate procedure for the calculation of the large perturbations experienced 
by comets in Jupiter's sphere of action; further, the calculations were performed in double pre
cision and the total integration error reduced to a minimum. Finally, I allowed also for the non-
gravitational effects in the longitude of the ascending node and longitude of perihelion. 
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