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Abstract

In this note we examine the relationships between a subnormal shift, the measure its moment sequence
generates, and those of a large family of weighted shifts associated with the original shift. We examine
the effects on subnormality of adding a new weight or changing a weight. We also obtain formulas for
evaluating point mass at the origin for the measure associated with the shift. In addition, we examine
the relationship between the measure associated with a subnormal shift and those of a family of shifts
substantially different from the original shift.
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1. Introduction

Weighted shifts have been used to provide examples and illustrations of many operator
theoretic properties. In several cases major conjectures in operator theory have been
reduced to the weighted shift case. The intimate relationship between weighted shifts,
subnormality, and moment sequences, first exhibited by C. Berger (as referenced
below), has led to a productive and extended area of investigation. In this note we
examine the relationships between a subnormal shift, the measure its moment sequence
generates, and those of a large family of weighted shifts associated with the original
shift.

In the second section, the basic properties of subnormal shifts are stated, and
several notational conventions are established. The third section deals with the effects
on subnormality of adding a new term to the weight sequence or changing the value
of one of the terms. The fourth section is concerned with some technical properties
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of the measures involved. The fifth section examines the relationship between the
measure associated with a subnormal shift and those of a family of shifts substantially
different from the original shift, but tied to it in a more or less natural way.

2. Preliminaries and notation

Let .2 be a separable, complex Hilbert space with orthonormal basis {e,, ¢y, ... }.
We will denote a sequence « of complex numbers by « : og, @1, .... The bounded
linear operator W, on J# uniquely determined by the equations W,e, = @€, is
called the weighted shift with weight séquence a. [5] is a good reference for the
general properties of such operators. Throughout this article we will make frequent
reference to the weight product sequence for W,; namely Bo = 1, B, = apa; - - -ty
(n 2 1). In this note we will only be concerned with the case that « is a strictly
positive sequence converging to 1. Berger (as described by Halmos in [3]) showed
that W, is subnormal if and only if there is a probability measure u on [0, 1] with 1
in the support of x such that {82}, is the moment sequence for w; that is, for each

n=0,
1
ﬂf:/ t"du.
0

We will refer to (W, {B,}32,, 1) as a subnormal shift system.

Once one has a subnormal shift, there are many other weighted shifts associated with
it such as its restrictions and extensions. Some of these are automatically subnormal,
while others may or may not be subnormal. In this note we will be particularly
concerned with the relationships between the measure determined by the original
subnormal shift and the measures determined by these other shifts. To facilitate this
investigation we now establish some notation relating to a subnormal shift W, with
associated measure p. Write 4 = ady + w, where 0 < a < 1 and w({0}) = O.
Fix an integer N 2> 1, and define the sequence a(N) by a(N) : ay, &n41,.... The
corresponding shift W, is unitarily equivalent to the restriction of W, to the subspace
Py spanned by {ex, exy1, . . . ). Since this is the restriction of a subnormal operator to
an invariant subspace, W, is itself a subnormal weighted shift (with norm 1). Let
be its associated probability measure and write 1y = ando + wn. The corresponding
product sequence is

. ﬂN+n
Byn = AnONyL - QNgno) = .
Bn
LEMMA 2.1. Let N > 1. Then
tN+l tN tN
tduy = ——'du and doy = —dy = — dw.
B Bx By
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PROOF. For eachn > 0,

1 l 1
f "duy =By, = —zf " dp,
0 ' By Jo

1 1 1
/ " tduy = —7/ N dp,
0 ﬂN 0

This shows that t duy = (t¥*!/82) du. The corresponding equation involving @ and
wy follows because these measures have no point mass at 0. d

that is,

As a corollary to Curto’s theorem (stated in the next section), we see that in fact for
N 2 1, uy = wy, that is, uy has no point mass at 0.

3. Backward extensions and perturbations of shifts

Starting with the subnormal shift system (W, {8.}:2,, #), we may extend the
Hilbert space J# by introducing a unit vector e_; orthogonal to ¢; that is, form the
external direct sum {e_,} ® J#. Then for a given positive scalar x, we may form
the weighted shift W,,, (relative to the orthonormal basis {e_(, €, €1, ...}) via the
sequence a(x) : x, &, ¢y, .... The associated product sequence S,(x) is then given
by

Bo(x) =1; Bu(x) =xP,_, for n > 0.

The question of the subnormality of W,,, has been completely settled by Curto [1]:

THEOREM 3.1 ([1]). W, is subnormal if and only if x? fol(l/t) du < 1. In
particular, if u has a point mass at 0, then 1/t ¢ L'(u), so W, fails to be subnormal
Jor any choice of x.

COROLLARY 3.2. Following the notation of the previous section, for N > 1,
1/t € L'(uy). In particular, uy = wy.

PROOF. Fix N > 1. Since W,|, can be extended back via ay-; to form the
subnormal shift W, |»,_,, the stated result follows from the preceding theorem. O

We will say that W, has subnormal backward extension if 1/t € L'(w). In this
context, the appearance of the symbols (W), {Bx(x)};2,, 1) is meant to convey the
information that W, is subnormal, x? fol(l /Ddup < 1,and u, = a(x)8y+ w(x) is the
associated probability measure for W,,,. When this is the case, one may easily verify
that tdu, = x?dp and dw(x) = (x?/t) du.
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We are now in a position to investigate the effect on subnormality of perturbation
of a single weight. We separate the cases N =0and N > 0.

THEOREM 3.3. Let (W,, {B.}2,, 1 = ado + w) be a subnormal system, let x > 0,
and define a(0, x) to be the sequence formed by replacing ay by x while leaving the
other weights unchanged. Then W, , is subnormal ifand only if x < ao/+/w ([0, 1]).

PROOF. Suppose x < ap/+/@([0, 1]). Then we have

1 1 1 2

x2/ ldu, =x2/ 1%@ =x2/ izdw= (0, 1) < 1.
o ¢ o tag 0 % a,

By Theorem 3.1, W, ;) is subnormal.

Conversely, suppose that W, ,) is subnormal, with corresponding subnormal shift
system (Wa0.1) ¥n» s = a(x)8o + v). Then tdv = (x*/ad)tdp = (x*/ad)t dw;
hence x2/a}dw = dv. In particular, (x2/a3)w ([0, 1]) = v([0, 1]) < 1, and the proof
is complete. O

In terms of the decomposition u = aéy + w, the preceding theorem may be restated
as follows:

REMARK 3.4. W, ) is subnormal if and only if 0 < x < a¢/+/1 —a. Thus if
a = 0, any increase in the value of ay results in the loss of subnormality.

COROLLARY 3.5. Suppose W, is subnormal, and fix N > 1. Define a(N, x) to be
the sequence formed from « by replacing oy by x while leaving the other terms of a
unchanged. For any positive number x # ay, Wy x) is not subnormal.

PROOEF. Since W,|», is subnormal and it has a subnormal backward extension,
unx({0}) = 0. Thus the remark above shows that an increase in the first weight of
W,|», leads to a nonsubnormal shift (of course the first weight of W,|a, is ay).
Since this shift is the restriction of W . to an invariant subspace, W, ., must also
fail to be subnormal. Now assume that 0 < x < ay. Then W, )| », is subnormal.
Let (Wywv.nl®,, {¥a], A) be the corresponding subnormal shift system. Then y; = x,
Y2 = XUy41, €IC., sO that for k > 1, 4 = x By 4/ PBn+1- Hence

1 x2 1
v =/ tfdh = — / Nrdp.
0 ﬂN+l 0

X2

tdr = ——"*'du.
N+1

This shows that
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Now write A = by + A/, where A’({0}) = 0. Thensince N > 1,
x2

dx = 5
Bh+1

tNdu

and so

xz ! x? x2
KO = o [ Man= o=
ﬂ%/+1 0 ,3N+1 N ay
But we are working under the assumption that x < ay,sothatb =1—2'([0, 1]) > 0.
But then Theorem 3.3 guarantees that W,y )| », fails to have a subnormal backward
extension, so, in particular, W, ., must fail to be subnormal. O

4. Evaluation of point mass for a subnormal shift system

Throughout this section we assume that (W,, {8,}22,, 4 = ady+ w) is a subnormal
shift system. We have seen that the value of a is of significance in determining
backward extensions and perturbations of W, and its related shifts. Even though the
moment sequence {87}2°, uniquely determines the measure y, in practice it might be
quite difficult to calculate u explicitly. But knowing {82}, is a moment sequence
allows us to approach a. A general method for obtaining a is as follows. Let {p,}2,
be an arbitrary sequence of nonnegative, continuous functions on [0, 1] such that for
each k, p;(0) = 0 and for each ¢t € (0, 1], px(¢) ,/ 1. Then, via the Monotone
Convergence Theorem,

1
n({0h =1- klimf pedp.
— 00 0

We offer two such sequences of functions, and present several examples. First, let
pi(t) = 1 — (1 — t)*. This sequence of polynomials has the desired properties, and

/Olpkdu=f ( Z( 1)’(J)tf)du—1—2( 1)]<J)/Ol’jd#
=1- 2“” C)ﬁf = g(—l)f“(f)ﬁf.

—kt

For our second construction, let (1) = 1 — e™*. This sequence of functions also

satisfies our criteria. In this case we have

1 1k —kj. 3 _ij
ffkdﬂ=1_/z(.')l}du=l—z( )52 Z( .) B2.
[} 0 =0 J: ]

!
j=0 P

This establishes the following result:
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PROPOSITION 4.1. Let (W,, {B,}, 1) be a subnormal shift system. Then
k
. [k . (—ky
— —1V 2 _
n({oh = lim EO( 1) (i)ﬁf = lim j§0 7 ~—— B
j= =

EXAMPLE4.2. let a : a, = +/(n+2)/(n+3) (n > 0). The shift W, is the
Bergmann shift. Its corresponding measure is 2¢ times Lebesgue measure. Now let

a(x) : x,/2/3,/3/4,/4/5, ... define a backward extension of a. Then it follows
from Curto’s theorem that W, is subnormal if and only if 0 < x < /1/2. Now, let
us consider

a’=a(,/1/2):a;=‘/% (n>0) and a’(x):x,\/;\/g,\/g,...

as a backward extension of «’. Let u and ' be the associated probability measure
for W, and W, respectively (1’ is Lebesgue measure and u = 2u’). Then we may
calculate directly

—1_ (MY g2 _ 1 _ n@+mn! _
ui(on = 1 hmZ( 1) ()ﬁ L= e )

Similarly, we have
n!

w ({0 =1- m

However W, is not subnormal for any x withO < x < /1/2,because 1/ ¢ L'(u').

5. Moment vectors of subnormal operators

Suppose that T is an injective subnormal operator on ¢ with |T|| = 1. Fora
nonzero vector x € S, consider a weight sequence

|
. = — =0,12,...,
a =" "

and let W, = W,,, be the weighted shift on Zi with n-th weight o, (x). Note that the
use of the notation « (x) is not that of previous sections. The product weight sequence
for W, is given by
I7"x|
lix |l

We will make use of the following version of a result of Embry [2].

Bn(x) = ap(x)a (x) - - (x) =
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THEOREM 5.1 ([4)). Suppose that T is an injective operator on €. Then T is
subnormal if and only if W, is subnormal for every nonzero x € 3¢.

So if T is an injective subnormal operator on J# with ||T|| = 1, for a nonzero
vector x € S, there exists a probability measure y, on [0, 1] such that for all n > 0,

" 2 1

Note that u, ([0, 1]) = 1 but supp 1, = [0, || W,||], so it is possible that || W, | < 1
for some x € J#. We will concentrate our attention to the family of shifts W, for
nonzero x in S when T is itself a weighted shift. We have already looked at some
special members of this collection.

EXAMPLE 5.2. Starting with a shift W, and its product sequence {8,}:2,, fix a
nonnegative integer N. The shift W,, is determined as follows:

Broni/B | _ ‘

ﬂN +n/ ,BN
Thus W,, is (unitarily equivalent to) W,|», .

Of course the situation is considerably more complicated when W, is considered
for more general vectors from . However, in the presence of subnormality, the
dominance of u vis a vis absolute continuity remains:

ﬂN+n+l

,BN+n

= QNyn-

W:-&—IeN
W:e]v

THEOREM 5.3. Let (W,, {B.)24, 1) be a subnormal shift system. For each nonzero
vector x 1=y .. Xne, in €3 relative to the orthonormal basis {e,}2° in €2,

il
W= (Z L )

PROOF. Let x be a nonzero vector from £2 with x = > x,e,. Then

o0
ﬂn+i
Xi———¢€pyi
i=0 !

00

=S|

2

ﬁ’l-H
Bi

2 A1
-t / t’l+l dﬂf
4]

Xi
Bi

IWoxl? = Wee

We then have

1 1 [+]
/o' e PZ _uxuzg

1 2
— / tn -t ti d
0 [lx
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Since this is valid for all n > 0,

1K)
d/"’x=(_— Y ti)dﬂu

which proves the theorem. g

COROLLARY 5.4. Let (W,, {B.}22,, 1) be a subnormal shift system.

(@) If W, admits a subnormal backward extension, then for every nonzero x in £2,
W, has a subnormal backward extension.

(b) If W, does not admit a subnormal backward extension, then W, has a subnormal
backward extension if and only if x L ey, if and only if x € Ran W,,.

PROOF. First note that since the weight sequence « is increasing, W, is bounded
below. Hence it has closed range, namely &, = {e}1. Let x be a nonzero vector

in £2. Then we have
("x||2 Z )

1 2l %
1 [xol /‘ 1
—du, = -du+
/; t Ix)? Jo ¢ lel 21:
xol? /1 1
= —du+
2 Jo ¢
_ |xol? f
llx 12
Since « is an increasing sequence, Y .o, |xi/ct;_1|* < 00, so that W, has a subnormal

backward extension if and only if |x,|? fol (1/1t) du < oo. This observation establishes
both parts of the statement of the theorem. a

But then

)

2
2
i-1

ﬁ
ﬂ.

|x i
IXII Z

1(1,1

EXAMPLE 5.5. Let « be the constant sequence 1. Then W, is the isometric unilateral
shift and the corresponding measure is §;. Then for any nonzero vector x,

1 (< :
d’Lx = ﬂz— (Z lx,'lztl) dal ” ”2 (Z 'x,|2> dal - dal
X i=0
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EXAMPLE 5.6. Let o, = /(n +2)/(n + 3) (n = 0), so that W, is the Bergmann
shift, and the corresponding measure is given by diu = 2dt. Then we have

1 |x; |2 1 > x:]? .
du, = du = — L ¢ )2d:
llx 12 (Z |B:1? ) llx1? (;, |./2/(i+2‘|2

= ":“2 (g(i+2)|x,~lzti) dt = [“ 1”2 14 ( 2le It )}

We see that in this case there are a great many different measures involved, and
admission to this collection may be stated in terms of a level of analyticity of the
Radon-Nikodym derivative d ., /dt for nonzero vector x in £2.
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