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ON HYPERCYCLICITY AND SUPERCYCLICITY CRITERIA

TERESA BERMUDEZ, ANTONIO BONILLA AND ALFREDO P E R I S

We show that the Hypercyclicity Criterion coincides with other existing hypercyclicity
criteria and prove that a wide class of hypercyclic operators satisfy the Criterion. The
results obtained extend or improve earlier work of several authors. We also unify the
different versions of the Supercyclicity Criterion and show that operators with dense
generalised kernel and dense range are supercyclic.

1. INTRODUCTION AND PRELIMINARIES

Let E be a separable infinite dimensional .F-space (that is, a complete and metrisable
topological vector space) over the scalar field K = I or C and denote by L(E) the
space of all continuous linear operators on E. An operator T € L(E) is said to be
cyclic if there is a vector x € E, called cyclic vector, such that the (forward) orbit
Orb(T,x) := {x,Tx,T2x,...}, has dense linear span (that is, span(Orb(T,x)) = E).
The operator is supercyclic if there exists a vector x € E (called supercyclic for T) such
that the set of scalar multiples of the orbit is dense. And T is hypercyclic if there exists
a vector x € E (called hypercyclic for T) such that the orbit itself is dense. A vector
x € E is periodic for T if there is n € N such that Tnx = x, and x is called eventually
periodic if there exist n, m e N with n > m such that Tnx = Tmx. In the case that we
have a sequence of operators {Tn}n e N C L(E) and x € E such that its (forward) orbit
satisfies {Tnx : n € N} = E, the sequence {Tn}n6N is said to be universal. By backward
orbit of a vector x € E under {Tn}n € N, if it exists, we mean any sequence {x0, x\, x 2 , . . . }
in E such that x0 — x and Tnxn — x for all n € N.

Examples of universality appeared in 1914 see [22], but the first example of a hy-

percyclic operator on a Frechet space (that is, locally convex and .F-space) was given by
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Birkhoff [8] in 1929. Indeed, he proved that the translation operator Taf(z) = f(z + a)
with a 7̂  0 is hypercyclic on the space H(C) of entire functions on the complex plane, en-
dowed with the compact-open topology. MacLane [20], in 1952, proved the hypercyclicity
of the differentiation operator on H(C). However, the first example of a hypercyclic op-
erator on a Banach space was given by Rolewicz [24] who showed that scalar multiples
of the unilateral backward shift are hypercyclic on (P (1 < p < oo) for any scalar with
modulus greater than 1. In fact, the first sufficient condition for hypercyclicity (the Hy-
percyclicity Criterion) discovered independently by Kitai [18] and Gethner and Shapiro
[12], was motivated by Rolewicz's example. Finally Bes [6] gave the most general version
of the Hypercyclicity Criterion (see also [7]). For some classes of operators hypercyclicity
is equivalent to the Hypercyclicity Criterion. In particular, Salas gave a characterisation
of hypercyclic weighted shifts in terms of the weights [25]. Chaotic operators (that is,
hypercyclic operators with a dense set of periodic points) and hypercyclic operators with
dense generalised kernel also satisfy the Hypercyclicity Criterion [7, Proposition 2.14 and
2.11]. It is not known whether there exists a hypercyclic operator that does not satisfy
the Hypercyclicity Criterion. For motivation and background about hypercyclicity and
universality we refer the reader to the survey of Grosse-Erdmann [14].

The definition and first properties of supercyclic operators were introduced by Hilden
and Wallen [17]. They proved that all unilateral backward weighted shifts on a Hilbert
space have a supercyclic vector. The study of supercyclic operators has experienced a
great of development in recent years. Salas gave a characterisation of supercyclic bilateral
backward weighted shifts via the Supercyclicity Criterion (that i£, a sufficient condition
for supercyclicity) [26]. Montes and Salas [21] refined the Supercyclicity Criterion and
proved that it is equivalent to the former one given by Salas. Recently, Feldman, Miller
and Miller [11, Theorems 5.1 and 5.2] gave new supercyclicity criteria.

We shall be concerned with the study of universality, hypercyclicity and supercyclic-
ity criteria. This problem has received the attention of several authors (for example, see
[7, 11 , 13, 14, 21 , 26] and, more recently, Bernal and Grosse-Erdmann [5]).

Universality criteria for operators on ^"-spaces are analysed in Section 2. Actually,
we show that the sufficient conditions for universality given by Grosse-Erdmann [14,
Theorem 2] are equivalent to the Universality Criterion for commuting sequences of op-
erators. As an application we obtain new assumptions, expressed in terms of the existence
of many eigenvalues and eigenvectors, which are sufficient for an operator to satisfy the
Hypercyclicity Criterion. For instance, we show that every chaotic operator in a .F-space
satisfies the Hypercyclicity Criterion, generalising some results of [7]. Moreover, we prove
that every hypercyclic operator, which is the transpose of a multiplication operator in
certain Banach spaces of analytic functions, satisfies the Criterion. This improves some
known results.

Finally in Section 3, we unify all the supercyclicity criteria using some ideas of [7].
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We also characterise the supercyclicity of operators with dense generalised kernel.

After writing a first version of this paper, it was shown in [23] that the original
Gethner-Shapiro's hypercyclicity criterion is equivalent to Bes criterion. This result,
together with the characterisations presented in this paper, closes the study of the equiv-
alence of hypercyclicity criteria.

2. UNIVERSALITY AND HYPERCYCLICITY CRITERIA

This section is devoted to the study of equivalences of (a priori) different hyper-
cyclicity and universality criteria. We shall also show that large classes of universal and
hypercyclic operators satisfy these criteria.

We shall assume from now on in this section that E is a separable ^"-space and
{T n } n e N C L(E) is a sequence of operators.

Properties (A) and (B) below are sufficient conditions for the existence of a dense
Ga-subset of E consisting of universal vectors for the sequence {Tn}nem. Property (A)
was given by Bes and Peris in [7, Remark 2.6(3)], and it is referred to as the "Universality
Criterion". Property (B) is due to Grosse-Erdmann in [14, Theorem 2].

THEOREM 2 . 1 . Let {Tn}n 6 N be a commuting sequence of operators. Then the

following are equivalent:

(A) (Universality Criterion) There exist Xo and Yo dense subsets ofE, {nk}keN C N
strictly increasing, and mappings Snk :Y0 -+ E so that

(i) Tnic —»• 0 pointwise on Xo,

(ii) Snk —t 0 pointwise on Yo, and

(iii) TntSnk -> 7dy0 pointwise on Yo.

(B) There exist dense subsets Xo and YQ of E, {nk}ken C N strictly increasing, and
mappings Snt :YQ-*E such that

1. for every x G Xo, there exists a subsequence {rrij} of {rik} such that Tmjx

->0 ,

2. for every y G Yo, {Snky} converges,

3. for every y G Yo, (Tnk o Snk)y -> y.

PROOF: It is clear that if {Tn}n e N satisfies (A), then it also satisfies (B). Conversely,
suppose that conditions 1, 2 and 3 of (B) are satisfied. Since there is a universal vector
z G E, we can redefine Xo := {z, Tniz, Tn2z,... }, which is dense. If we select {?>} C {nk}

such that TTkz —t 0, then we also have that Trtx -> 0 for every x G Xo by commutativity
of the sequence of operators. The sequence {TTk}keN also satisfies the conditions of (B),
therefore it is (densely) universal. Then we can find a subsequence of {rfc}, which for
convenience is assumed to coincide with {r*}, and a sequence of vectors {iu*} C E

such that Wk —> 0 and TTkWk -> z. If we redefine Yo := Xo and STk : Yo —̂  E by
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STk(Tnz) :— Tnwk, the commutativity of the operators easily gives conditions (ii) and
(iii) of the Universality Criterion. 0

REMARK 2.2. Grosse-Erdmann noticed in [14, Remark 2] that, in the condition (B)
above, if all the limits in 2 are zero, then one may weaken 1 to mere convergence. Fur-
thermore, the quantifier 'there exists a subsequence {rrij}' can be shifted from 1 to 2 or
3 . These versions are also equivalent to the Universality Criterion under the hypotheses
of our theorem.

An interesting consequence of this result is that the Universality Criterion is satisfied
by for those universal sequences of operators that admit a dense subset of vectors with
precompact forward orbit (respectively, backward orbit).

COROLLARY 2 . 3 . If {Tn}nen C L(E) is a universal sequence of commuting

operators such that, either

(1) there is a dense set of vectors whose orbit is precompact, or

(2) there is a dense set of vectors that admit a precompact backward orbit,
then {Tn}n6N satisfies the Universality Criterion.

PROOF: (1) or (2) imply the conditions of (B) in Theorem 2.1. Indeed, in case (1),
we define Xo as the set of vectors whose orbit is precompact. Now, given a universal
vector z for {Tn}, we find an increasing sequence {nk} and a sequence of vectors {wk}

C E such that wk -» 0 and Tnkwk -)• z. We define Yo := {z,T1z,T2z,...} and Snk :

Yo —> E by Snk(Tnz) := Tnwk. Conditions 1, 2 and 3 of (B), in the form mentioned in
Remark 2.2, are then satisfied. In case (2), if 2 is a universal vector for {Tn}, we define Xo

:— {z,Tiz,T2z,...} and find an increasing sequence {nk} such that Tnkz —> 0. We set
Yo to be the dense set of vectors which admit precompact backward orbit. For each
y € Yo, we fix a precompact backward orbit {y0, j / i , . . . } and define Snky := ynk, k 6 N.
Properties 1, 2 and 3 of (B) are satisfied as formulated in Remark 2.2. D

The fact that (1) implies the Universality Criterion was also proved independently
by Bernal and Grosse-Erdmann [5, Theorem 4.1] weakening the commutativity of the
sequence (what they define as "weakly commuting") and using a different argument.

We shall apply the previous results to hypercyclicity. They remain valid in this
context since the set of iterates of a single operator form a commuting sequence. The
following definition, due to Bes [6] (see also [7]), the most general version of the Hy-
percyclicity Criterion. It inspired the definition of the Universality Criterion mentioned
before (see [7, Remark 2.6(3)]). The hypotheses of the Hypercyclicity Criterion are equiv-
alent to the hypercyclicity of T © T, and also to the existence of an increasing sequence
{nk} such that the sequence {T"*'} is hypercyclic for every subsequence {rrij} of {nk},

that is, to be hereditarily hypercyclic (see [7, Theorem 2.3]).

DEFINITION 2.4: (Hypercyclicity Criterion) A continuous linear operator T on a

separable .F-space E satisfies the Hypercyclicity Criterion if there exist an increasing
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sequence of positive integers {njtJtgN and

1. a dense subset Xo C E such that Tnkx —> 0 for every x G XQ, and

2. a dense subset Yo C E and a sequence of mappings Snk : Yo —> E such that

(a) Snky —> 0 for every y € Yo,

(b) TnkSnky—> y for every y € Yo.

The following corollary covers a wide class of hypercyclic operators. It appeals to the
existence of many eigenvectors and eigenvalues (See also [1], [2, Theorem 7], [3, Theorem
3], [4, Theorem 2.2], [11] and [16]).

COROLLARY 2 . 5 . Let T be a hypercyclic operator on an T-space E. If either

the linear span of (J Ker(T" - XTm) is dense or the linear span of \J Ker(A - Tn) is
n>m n€N
I-M«l |A|»1

dense, then T satisfies the Hypercyclicity Criterion.
In particular, ifT is a hypercyclic operator with a dense subset of eventually periodic

points, then T satisfies the Hypercyclicity Criterion.

PROOF: If Xo := span (J Ker(T" - XTm) is dense, then every x e Xo satisfies
\X\ii

Orb(T, x) C {ctT'x : \a\ ^ 1, i = 1, . . .n} for some n, which is precompact. In the
second case Yo := span (J Ker(A — Tn) is dense, and then every y 6 Yo admits a

|A|J1

backward orbit which is contained in {aT*y : |a | ^ 1, i — 1,.. .n} for some n, which is

precompact. The conclusion follows from Corollary 2.3.

In particular, the set

X := {eventually periodic points of T} = \J Ker(T" - Tm). D

REMARKS 2.6. (1) Using the corollary we can unify and generalise two results of [7].
Concretely, if T has a dense generalised kernel, that is [j Ker(T") is dense, and T is

neN

hypercyclic, then T satisfies the Hypercyclicity Criterion [7, Proposition 2.11] and, i fT
is chaotic in the sense of Devaney [10] then it satisfies the Hypercyclicity Criterion [7,
Proposition 2.14]. Moreover, we should mention that [7, Proposition 2.14] was proved
just for Frechet spaces (that is, locally convex .F-spaces). See also [5, Corollary 4.3].

(2) Feldman, Miller and Miller [11, Theorem 3.2] proved that if T is an operator
on a complex separable Banach space X such that the glocal spectral subspaces XT(B>)

and ,%r(C\B) are dense, then T satisfies the Hypercyclicity Criterion. We note that i fT
is hypercyclic and either XT{®) or XT(C\B) is dense, then T satisfies the Hypercyclicity
Criterion. In the first case X has a dense subset of vectors whose orbits are convergent
to zero and in the second case X has a dense subset of vectors that admit a backward
orbit converging to zero. For definitions on local spectral theory see [19].

Let fi be a domain (connected, open set) in C" and X a reflexive Banach space
of analytic functions on Q, such that the point evaluations are continuous on X. If
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(j>: fi —> C is a bounded analytic function such that <f>f G X, for all / G X, then define
the multiplication operator M,j, : X —> X by M^/ := <j>f, which is a bounded operator.

Godefroy and Shapiro proved that, for Hilbert spaces X, if 0 is a non-constant func-
tion such that 0(fi) PI 9D ^ 0, then the adjoint operator M^ satisfies the Hypercyclicity
Criterion [13, Theorem 4.5]. Bonet, Domanski and Lindstrom [9, Section 4] showed that
the above condition is equivalent to the fact that the transpose multiplier M'^ is chaotic
on X' — (H®)', the dual of the Banach space of analytic functions / on the disc such
that the radial weight v and the product fv tend to zero at the boundary. Our goal is to
show that every hypercyclic operator which is the transpose of a multiplication operator
on X satisfies the Criterion. This also covers the adjoint multipliers when X is a Hilbert
space. Under the specified assumptions on X we have the following result.

COROLLARY 2 . 7 . If <j> is a non-constant function and the transpose M^ of M^
is hypercyclic, then M'^ satisfies the Hypercyclicity Criterion.

PROOF: We have the following three possibilities:

(1) 0(Q) n dB ? 0,

(2) 0(Q) C D or

(3) <£(fi) C C \ 6 .
Case (1) is shown to imply the Hypercyclicity Criterion in [13, Theorem 4.5]. In cases
(2) and (3), by the boundedness of the point evaluations, for each z G Q there is Kz G X'

so that f{z) = (f,Kz) for all / G X. Clearly, Kz G Ker(M£ - <j>(z)). Hence, for each
z G fi, we have that <j>{z) is an eigenvalue of M£ and, moreover, by [13, Proposition 2.4]
we have that either span (J Ker(A — T) is dense or span (J Ker(A — T) is dense. Using

Corollary 2.5 we obtain that M'^ satisfies the Hypercyclicity Criterion. D

R E M A R K 2.8. It is natural to ask about the existence of hypercyclic operators M'^ such
that <f>(£l) does not intersect the unit circle. A precise example is <j>(z) := z on the disc,
as a multiplier of the Dirichlet space V of the unit disc, which consists of all functions /
holomorphic on B> for which the derivative / ' is square integrable with respect to Lebesgue
area measure. In this case M£ is the backward shift on the Bergman space A2, the space
of holomorphic functions on D that are square integrable with respect to Lebesgue area
measure, which is hypercyclic [12], but (/>(fi) does not intersect the unit circle.

3 . SUPERCYCLICITY CRITERIA

The purpose of this section is to unify the apparently different versions of supercyclic-
ity criteria that have appeared in the literature. The "unifying link" is the supercyclicity
of the direct sum of the operator with itself.

The definitions of universality and supercyclicity are closely related: if T : 25
—> E is supercyclic, then there are an increasing sequence {nk}ken C N of integers
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and {Ani}jfc€N C K, such that the sequence {AnjkT"*}jteN is universal. Just note that, if
{XTnx : n € N, A e K} is dense in E, then {XT"! :n~^m, A € K} is also dense, for
each m € N. We shall use this fact repeatedly throughout this section.

In order to prove that all supercyclicity criteria are equivalent to the supercyclicity
of T © T, we adapt some ideas of Bes and Peris [7] in this context. The following lemma
introduces what we shall call the Supercyclicity Criterion, which is a slight modification
of the one given by Montes and Salas [21, Theorem 2.2] (see also the last paragraph of
[21, Final Comments (1)]). This result was also proved by Bes (personal communication).

LEMMA 3 . 1 . Let T be an operator on a separable !F-space. Then T©T is super-

cyclic if and only ifT satisGes the hypotheses of the following Supercyclicity Criterion:

There exists an increasing sequence of positive integers {nk}ken C N and a sequence

{AnjJtgN C K \ {0} for which there are

1. A dense subset Xo C E such that AntT"*x -> 0 for every x £ Xo.

2. A dense subset Yo C E and a sequence of mappings Snk : Yo —> X such that

(a) ( l / A n J 5 n t y —• 0 for every y € Yo.

(b) Tn"Snky —• y for every y € Yo.

P R O O F : If T satisfies the Supercyclicity Criterion, then by [7, Remark 2.6] we have
that there exists (n^) such that Tnic © Tnk is universal, where Tnit := A^T"* for certain
sequence {Ant}*6K c K \ {0}. But this is equivalent to the supercyclicity of T © T. For
the reverse implication we also use [7, Remark 2.6] to conclude that {AntT

n*}jteN satisfies
the Universality Criterion for some (n*) and {Ant}*gN C K \ {0}. That is, T satisfies the
Supercyclicity Criterion. D

Supercyclic operators have been mainly studied in the context of (complex) Banach
spaces. Therefore it was natural to state the criteria in the Banach setting having in
mind the concrete applications of these criteria. We shall show the equivalence of two
supercyclicity criteria given by Feldman, Miller and Miller in [11] to the Supercyclicity
Criterion.

THEOREM 3 . 2 . Let X be a separable Banach space and T e L(X). Then the

following are equivalent:

(a) T satisfies the Supercyclicity Criterion.

(b) (Outer Supercyclicity Criterion, [11, Theorem 5.1]) There exist an increasing

sequence of positive integers {nk}keN C N, a dense linear subspace Yo and, for each

y € Yo, a dense linear subspace Xy such that:

1. There exists a sequence of maps Snii : YQ —> X such that TnkSnicy —> y
for ally € Yo, and

2. ||T»*i|| ||5B4y|| -»• 0 for every yeYoandxE Xy.

(c) (Inner Supercyclicity Criterion, [11, Theorem 5.2]) There exist an increasing

sequence of positive integers {nk}kefi C N, a dense linear subspace Yo and, for each
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y 6 YQ, a dense linear subspace Xy such that:

1. There exists a sequence of maps Sy,nk : Xy —> X such that TnkSy^kx -> x
for all x € Xy, and

2. \\Tn-y\\ \\Sy<nkx\\ -> 0 for every y e Yo and x e Xv.

PROOF: It is obvious that any operator satisfying the Supercyclicity Criterion also
satisfies the criteria of (b) and (c). We are done if we show the supercyclicity of T (B T

for any operator T satisfying (b) or (c). We shall prove this for the Outer Criterion (b)
since the other case is analogous.

Let Ui, Vi C X non-empty open sets with i = 1,2. We have to show that there exist
A € K and m e N such that

Vi?Q, for i = 1,2.

If we fix yi &YQC\Vi, then there exists XVi C X dense such that

lim ||T"*s|| WSn.yiW = 0, Vx e Xw, for * = 1,2.

Passing to a subsequence, if necessary, we suppose without loss of generality that

HS^Vill < \\Snicy2\\ for all k 6 N. Thus

lim ||T"*z|| \\Snkyx\\ ^ lim ||T"'x|| \\Snky2\\ = 0 , Vi € Xn.
K—^OO K—^OO

Given Xi e Xy2 D ^ , we select m e N "big enough" and e > 0 such that

Xi + EBX C f/i, Tm5mj/i + eBx c K, and W'T'xiW \\SmVi\\ <

for i,j = 1,2. We then define A := ||5my2||A- This implies that ||ATmrj|| < e, i = 1,2
and, therefore,

i + ^Smyi) = XT^Xi + TmSmyi eVtn ATm(f/i), for i = 1,2.
A / Q

Hilden and Wallen [17] proved that unilateral backward weighted shifts are super-
cyclic on lp. Salas [26, Corollary 2.8] improved this result and obtained that any operator

00

T on a separable .F-space whose generalised kernel Y := \J KerT" is dense and such that
n=l

T\y admits a (possibly discontinuous and non-linear) right inverse, satisfies the Super-
cyclicity Criterion. The following result characterises, in a clean way, the supercyclicity
of operators with dense generalised kernel.

COROLLARY 3 . 3 . Let E be a separable F-space and T 6 L{E) with dense

generalised kernel. Then the following conditions are equivalent:

1. T has a dense range,

2. T is supercyclic,
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3. T satisfies the Supercyclicity Criterion.

PROOF: Obviously (3) => (2) => (1). The implication (1) => (3) goes as follows:
Given U and V non-empty open sets of E © E, we first pick (x\,x2) G U such that TnXi
= Tnx2 = 0 for some n € N. Then we select {yu y2) G E®E such that (Tnyi,Tny2) G V,
by the density of the range of T. For suitable A > 0 we have

j(yi,y2) + {xi,x2) G U,

and also
A(T" © T " ) ( - ( y i , t / 2 ) + (xux2)) = (TOyuTny,) G V.

Therefore T © T is supercyclic and we get (3) from Lemma 3.1. D

We finally observe that our argument shows that operators T with dense generalised
kernel and dense range satisfy the Supercyclicity Criterion with respect to the sequence
of all positive integers. In other words, the sequence {T"k }/tgN is supercyclic for every
(njt) strictly increasing [7, Remark 2.6(3)]. Interesting operators of this type are the ones
constructed by Herzog [15] on any infinite dimensional separable Banach space.
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