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Vacuum Spacetimes with a spacelike Killing vector

DUONG PHAN

The principal aim of this thesis is to find exact solutions of vacuum gravitational
fields with a spacelike Killing vector.

It is well known that the formulation of the vacuum Einstein equations for the case
where there is a non-null Killing vector may be reduced to a three dimensional problem
in the quotient space generated by the trajectories of the Killing vector [2].

Because there is a quotient 3-space, the triad formalisms [3, 10] are used and the
vacuum field equations for the following three cases are obtained:
(1) the twistfree case,
(2) the null Papapetrou case, and
(3) the general case with twist.

The methods of symmetry groups [6, 8, 9] are then to be used for group-invariant
solutions. All solutions obtained are classified [7] according to Petrov types and group of
motions. Because of the length and the complexity of closed-form solutions, it would not
be possible to carry out the analysis by hand calculations. We use symbol manipulation
(computer algebra) programs instead, and REDUCE [4] is constantly used.

In case (1) we first prove that there exists a plane of Ricci collineations tangent to
the equipotential surfaces. This fact is then used to make a suitable choice of basis triad
in the quotient 3-space, depending on whether the equipotential surfaces are timelike,
spacelike or null. By this means the vacuum field equations for these three separate
cases are able to be written in concise forms. In the case of null equipotential surfaces,
the general solution of the field equations is found. This solution is of Petrov type III
of Kundt's class. In the two other cases, certain assumptions about the solutions are
shown to lead to Kasner type solutions and a cylindrically and reflectionally symmetric
solution.

The invariance group of the fundamental field equations is determined in the case
where the equipotential surfaces are spacelike, thus enabling a deeper analysis of the
structure of the solutions to be carried out. The invariance group is shown to have a
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two-parameter subgroup and two distinct infinite groups. These can be used to find
group invariant solutions and the method of group reduction is used to make further
progress. By this means group invariant solutions which admit two commuting Killing
vectors are discussed.

In the case where two successive reductions using both a finite subgroup and an
infinite subgroup are carried out, a non-Painleve type ordinary differential equation
of second order [5] is obtained. The solutions determined by this ordinary differential
equation are of Petrov type I and admit, in general, two non-commuting Killing vectors.
In this case it is possible, in principle, to derive a series solution to any given order,
though there is no simple recurrence relation. Actual calculations are carried out to the
fifth order.

Case (2), the null Papapetrou case, is shown to be able to be reduced to case (1) by
the introduction of a suitable new potential. As an example, one of the Kasner solutions
and the cylindrically and reflectionally symmetric solution obtained for the twistfree
case are transformed to a Papapetrou solution which admits a Bianchi G3II group
of motions and a cylindrically symmetric solution, respectively. These Papapetrou
solutions are in fact the Elders' transforms of the twistfree solutions.

In case (3), the case with twist, the quotient 3-space admits a Ricci collineation.
Suitable basis triad in the quotient 3-space is then can be built, depending on whether
this collineation is null or not. The case where the collineation is null has been discussed
by Fackerell and Kerr [1]. For a non-null Ricci collineation, vacuum gravitational fields
are obtained for the case where this direction is timelike. (Vacuum field equations for
this direction to be spacelike can be built in a similar way).

The analysis of the symmetry group of the field equations shows that there are three
finite and two infinite isovector fields. As in the twistfree case, solutions with a Gil and
G2II are discussed. A system of four ordinary differential equations of first order and
first degree is obtained as a result of two successive reductions using a combination of a
finite and an infinite isovector fields. Solutions determined by these ordinary differential
equations are also Petrov type I and in general, admit a homothetic motion and two
non-commuting Killing vectors.
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