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FORCED OSCILLATIONS OF SOLUTIONS OF

PARABOLIC EQUATIONS

Nor10 YosHIDA

Parabolic equations with forcing terms are studied and sufficient
conditions are given that all solutions of boundary value problems

are oscillatory in a cylindrical domain.

Recently there has been much interest in studying the oscillatory
behaviour of solutions of parabolic equations with functional arguments.
We refer the reader to Bykov and Kultaev [!], Kreith and Ladas [Z] and
the author [3]. However, forced oscillations have not been discussed.

In this paper we are concerned with the forced oscillation of

solutions of the parabolic equation

(1) -altlhu + elz,t,ulx,t) ulx,0(t))) = flx,t), (x,t) € O x R,

“t
where A 1is the Laplacian in Euclidean 7n-space ﬂ(ﬁ.ﬁ+ = [0,®) and f

is a bounded domain in .Eﬂ with smooth boundary 92 . It is assumed
that

(a;) a(t) is a nonnegative continuous function in R, and flx,t)
is a continuous function in & XIR+ ;

(A2) e(xz,t,g,n) 2 0 for (x,t) € Q XJR+ s E20,n20, and
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elx,t,E,n) < 0 for (z,t) € x.m; b E£0,nz0;

(A3l o(t) 1is a continuous function in l?+. such that 1lim o(¢) =
oo

Our objective is to present conditions which imply that every
(classical) solution u of (1) satisfying a certain boundary condition is

oscillatory in Q X.B+ in the sense that u# has a zero in Q x [£,®)
for any t > 0 . We consider three kinds of boundary conditions:

(Bl) u=4¢ on 23N X.E+ s

(BZ) K=U} on 3§ Xﬂ?+,

U
(By) 55 F uu = 0 on QxR _,

where ¢, ¥, u are continuous functions on 239 X.E;, v denotes the unit
exterior normal vector to 32 and u 20 on 3Q X.E;
It is known that the first eigenvalue AJ of the eigenvalue problem
Mw + 2w =0 in @
w=0 on 30

is positive and the corresponding eigenfunction ¢ is positive in Q .
THEOREM 1. Asswme that (Al)'(As) hold. Every solution u of the

problem (1), (B,) <s oscillatory in Q xR, if

1
sz znf J exp(AlA(t))[—a(t)J ¢ ggdm + J flx,t)e dx]dt = -,
~ \Y)
E an Q
sz sup I exp(AZA(t))[-a(t)J ¢ %%dw + J flx,t)o dx]dt =
19 Q
t
for all large § , where A(t) = J a(t)dr .
0

Proof. suppose to the contrary that there is a solution u of the

problem (1), (Bl) which has no zero in Q x [tO,w) for some to >0 .

Let u >0 in Q x [to,w) . Since 1lim of(¢t) = » , there is a number tl
b

such that t, > to and o(t) > to (t > tl) . Hence u(z,o(t)) > 0 in
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Q x [tl,w) . From assumption (AZ) we see that efx,t,u(x,t),ulx,a(t)}) 20
in Q x [tl,W) , and therefore
2) u, - a(t)tiu < flx,t) in Q X [tl,w)

Multiplying (2) by ¢ and integrating over § , we obtain

(3) éi-J ud de - a(t)f (Au)d dx < J flx,t)d dec , t>¢t,.
t = = 1
Q Q Q
It follows from Green's formula that
du 3¢
(Au)d dx = I {——@ - u——de + J ulAd dx
IQ 20 v v Q
(4)
39
= - ¢ —dw - A J ud dx .
JBQ v 1 Q
Combining (3) with (4) yields
d 30
T ud dx + Ala(t) ud dx < -af(t)| ¢ Rdw + | flx,t)d dx ,
Q Q - an Q

which is equivalent to

(5)  (exp(A,A(£))U(t))" < exp(AlA(t))[—a(t)J ¢§%dw + J Flz,t)o dx] ,
3 Q

Q

t

where A(t) = [ a(t)dt and U(t) = I ud dr . Integrating (5) over

0 Q

[tl,s] , we obtain
exp(AlA(s))U(S) - exp(AlA(tl))U(tl)

(6)

8
< J exp(AlA(t))[—a(t)J 63240 + J flz,t)o dx]dt :
tl af? Q

The hypothesis implies that the right hand side of (6) is not bounded

from below, and hence exp(AlA(s))U(s) cannot be eventually positive.
This contradicts the positivity of exp(AJA(s))U(s) (s € [tl,w)) . If

u <0 in Q x [to,w) , UV = - u satisfies
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d

EJU@ dz + Ala(t)f ve dx < - a(t)f
Q

(-¢)?dw + f (~flz,t))0 dzx .
v Q

Q 08

Proceeding as in the case where u > 0 , we are led to a contradiction,
The proof is complete.
A special case of the problem (1), (Bl) is the following:
(7) u, - Au + elx,t,ulx,t),ulz,0(t))) = flx,t), (x,t) € Q Xﬂ?+ R
(8) u=0 on anx1R+.
COROLLARY. Assume that (Al)_(As) hold. Every solution u of the

problem (7), (8) is oscillatory in xJR+ if

g+

8
lim inf f exp(xlt)[ J flx,t)o dedt -,
g Q

1]
8

s
lim sup J exp(klt)[ J flz,t)o dedt
g+ E: Y

for all large s .

Proof. since A(t) =t and ¢ = 0, the conclusion follows from

Theorem 1.
THEOREM 2. Asswnme that (AJ)'(As) hold. Every solution u of the

problem (1), (B2) i8 oscillatory in & xR, if

8
(9) lim inf L [a(t) J v dw + J f(x,t)dx}dt = -,
g 8 an Q

s
(10) lim sup J [a(t) J V dw + f f(ac,t)dx]dt =
g+ g 39 Q

for all large s .

Proof. Suppose that the problem (1),(32) has a solution u which
has no zero in @ x [to,m) for some tO > 0 . We may suppose that u > 0
in Q x [to,w) . As in the proof of Theorem 1, we see that the inequality

(2) holds. Integration of (2) over Q gives

ad?fudxﬁa(t)J wdw+Jf(x,t)dx, tztl .
Q - N Q -
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Arquing as in the proof of Theorem 1, we are led to a contradiction. The

proof is complete.
THEOREM 3. Assume that (AJ)-(AS) hold, Every solution u of the

problem (1),(83) is osctllatory in xR, if

]
(11) im inf [ [ J f(x,t)dx]dt = -w ,
s e st /R
]
(12) lim sup [ [ [ f(x,t)dx}dt = o
s> ; 0

for all large s .
Proof. 1Let u be a solution of (l),(B3), which has no zero in
Q x [to,m) for some tO > (0 . We may suppose that u > 0 in @ x [to,w).

Integrating (2) over § and taking into account (B3), we obtain

d J J U J
= | udzx < a(t) —dw + | f(x,t)dx
at Jg = an OV 9
= - a(t)J wu dw + J flx,t)dx < J flz,t)de, t > t; -
1Y) Q ) -

The same argument as in the proof of Theorem 1 leads us to a contradiction.
EXAMPLE 1. we consider the problem

3w -u ¢ e 2z, tan/2) = 2(cos welsin t, (x,t) € (0,1/2) <R,

(14) -u (0,t) =0 , u (n/2,t) = - etsin t, teR, .
x x *

2(cos x)etsin.t and

Here n = 1, a(t) 1, @ = (0,n/2), flx,t)

J Y dw = - etsin t . We easily see that
N

S
I ( f v do + I fﬂx,t)dx]dt
t 1) Q

8

8
= f etsin t dt
8

= 1/2,8 40 (s-1/4) + 2716 (cos & - sin &) .
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Hence, we find that conditions (9) and (10) are satisfied. It follows

from Theorem 2 that every solution u of (13), (14) is oscillatory in
(0,n/2) X.E; . One such solution is u = (cos x)etsin t .
EXAMPLE 2. We consider the problem

(15) Uy - Uy + e“/gu(x,t—n/2) = (2cos x + l)etcos t, (z,t) € (0,7) XILR

(16) - ux(O,t) = ux(n,t) =0, t e.E; .

Here n =1, a(t) = 1, @ = (0,5) and f(x,t) = (2cos x-fl)etcos t .. Since

fs( sz(x, t)dx]dt‘

s
= J ﬂetcos t dt
8

= 2_1/2ﬂessin (s +71/4) — (n/Z)es(cos 8 + sin &) ,

conditions (11) and (12) are satisfied. Theorem 3 implies that every

solution u of (15), (16) is oscillatory in (0,w) X.E; . In fact, there

is an oscillatory solution u = (cos x + J)etcos t of the problem (15),
(16).
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