
SUB-MANIFOLDS OF A LOCALLY PRODUCT 
RIEMANNIAN MANIFOLD 

R. S. M i s h r a 

( rece ived D e c e m b e r 12, 1967) 

S u m m a r y . In this p a p e r , we have obtained the condi t ions that 
a sub-manifold of a local ly p roduc t R iemann ian manifold m a y a l so be 
local ly p r o d u c t . G e n e r a l i z a t i o n s of the equat ions of G a u s s , 
M a i n a r d i - C o d a z z i and Ricc i have been obtained for the local ly p roduc t 
sub-manifo ld of the local ly p roduc t R i e m a n n i a n mani fo ld . 

1. Sub-mani fo ld . Let us cons ide r an m - d i m e n s i o n a l R i e m a n n i a n 
manifold V , endowed with the R i e m a n n i a n m e t r i c t enso r a. Let D 

m 
be the R e i m a n n i a n connect ion in V . Let t he r e be defined in V a 

m m 
v e c t o r valued l inea r function F , sat isfying 

(1 .1) F(F(K)) = K, 

(1 .2) ( D K F ) ( L ) = 0, 

(1 .3) 'F(K, L) d e f a(F(K), L) = »F(L, K), 

for a r b i t r a r y vec to r f ie lds K, L, . . . in V . Then F i s said to give 
m 

an a l m o s t p roduc t s t r u c t u r e to V and V is said to be an a l m o s t 
' m m 

p r o d u c t R iemann ian mani fo ld . 

Le t V be an o r i en t ab l e sub-manifold of V with the i m m e r s i o n 
n m 

i : V -* V whose d i f ferent ia l B : T (V ) -* T\ , ,(V ) i s in jec t ive b n m P n ' £(p)v m ' J 

at each point p of V , w h e r e T (V ) and T . , .(V ) denote the 
n p n £(p) m 

tangent s p a c e s of V and V at p r e s p e c t i v e l y . Then the induced n m r r J 

m e t r i c t enso r g of V is given by 

(1 .4) g(X, Y) = a (BX,BY) , 

oo 
w h e r e X, Y a r e a r b i t r a r y C vec to r f ie lds of V . 

n 
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oo 
Let N, x = n + 1, . . . , m be a se t of mu tua l ly o r thogona l C 

x 
unit vec to r f ie lds to the sub-mani fo ld V in such a way that B(X) and 

n 
N , for a r b i t r a r y X, f o r m a pos i t ive s e n s e of V and B(X) a 
x m 
pos i t ive s ense of V . Then we have 
r n 

(1 .5 )a a(BX , N) = 0 , 

(1 .5)b a(N , N) = 6 . 
x y xy 

The t r a n s f o r m F(BX) of BX and F(N) of N by F can be 

e x p r e s s e d as a t angen t i a l and a n o r m a l p a r t . Thus if r e p e a t e d x, y, z 
a l so imply summat ion , we have 

(1 .6) F(BX) = B f ( X ) + H ( X ) N , 
x x 

(1 .7) F(N) = B K + L N . 
x x xy y 

We wil l now study the C v e c t o r valued l inea r function f, the 
00 00 00 

C l inear function H , the C v e c t o r field K and the C function 
x x 

L , defined in the sub-mani fo ld V . 
xy n 

THEOREM 1 . 1 . ^Let 

(1 .8) (G(X)) (Y) d 6 f g(X, Y) . 

Then 

(1 .9) H(X) - (G(K))(X) = g(K , X) . 
X X X 

def 
(1 .10)a 'f(X, Y) = g(f(X) , Y) 

is s y m m e t r i c a l in X, Y : 

(1 .10)b 'f(X, Y) = ' f (Y,X) . 

Also L is s y m m e t r i c a l in xy: 
xy 

(1 .10)c L = L . 
xy yx 

Proof . Using (1 .5)b and (1 .3) in (1 .6 ) , we obta in 

H(X) = a(F(BX) , N) = 'F(BX , N) . 
X X X 
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Also f r o m (1 .8) , (1 .4 ) , ( 1 . 3) and ( 1 . 7), we obtain 

g(K, X) = (G(K)(X) = a(FN , BX) = 'F(N , BX) = 'F(BX , N) . 
JnL J\. -X- ]?L J\.. 

Compar ing the l a s t two equat ions , we obtain (1.9). 

F r o m ( 1 .3 ) , ( 1 . 4) and (1. 10)a, we have 

(1 .11) »F(BX,BY) = a(F(BX),BY) = g(f(X), Y) = 'f(X, Y) . 

S y m m e t r y of ' F e s t a b l i s h e s the s y m m e t r y of *f. 

F r o m (1 .5)b , (1 .7 ) , (1 .3 ) , and the s y m m e t r y of 'F we have 

L = a (F(N) ,N) = «F(N, N) = »F(N, N) = a(F(N), N) = L . 
xy x y x y Y x y x x y 

This p r o v e s (1 .10 )c . 

Le t D be the induced R iemann ian connexion with r e s p e c t to V . 
n 

Then i t i s wel l known that 

(1 .12) D n BX = B D X + 'V(X, Y)N , 
BY Y x x 

w h e r e V i s the s y m m e t r i c b i l i nea r mapping of V . Also we have 
x n 

(1 .13)a D ^ N = - B V(X) + 6 (X) N , 
BX y x xy y 

w h e r e 

(1 .13)b g(V(X), Y) = 'V(X,Y) , 

and 6 is s k e w - s y m m e t r i c in xy: 
xy 

(1 .13)c 0 + 9 = 0 . 
XY y x 

THEOREM 1.2 . We have 

(1 .14)a f(f(X)) + H(X) K = X , 
x x 

(1 .14)b H(F(X)) + L H(X) = 0 , 
x xy y 

(1 .14)c L L + H(K) = 6 
xy yz z x xz 

(1.14)d f(K) + L K = 0 . 
x xy y 
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Proof . Using (1 .1) in (1 .6 ) , we obtain 

B(X) = Bf(f(X)) + H(f(X))N + H(X) B(K) + H(X) L N . 
x x x x y yx x 

Tangen t i a l and n o r m a l p a r t s of th is equat ion yield (1 .14)a , b . 

Again f r o m (1 .1) and (1 .7 ) , we obtain 

N = B f ( K ) + H ( K ) N + L B ( K ) + L L N . 
x x y x y xy y xz zy y 

Tangen t i a l and n o r m a l p a r t s of th is equat ion yield (1 .14)c , d. 

THEOREM 1 . 3 . We a l so have 

(1 .15)a »F(F(N),N) d e f a ( F ( N ) , F ( N ) ) = K K + L L , 
x y x y x y xz zy 

(1 .15)b ! F ( F ( B X ) , B Y ) • . d e f a(F(BX) , F(BY)) = 

g(f(X),f(Y))+H(X) H(Y) , 

(1 .15)c >F(F(BX), N) = ' F ( B ( X ) , F ( N ) ) = 

a (F (BX) ,F (N) ) = f(X, K) + L H(X) . 
x x xy y 

P roof . T h e s e equa t ions follow i m m e d i a t e l y f r o m (1 .6) and ( 1 . 7 ) . 

THEOREM 1.4. D f» , D H and X - L a r e given by 
X X x xy 

(1 .16)a (D 'f)(Y, Z) = H(Y)»V(X, Z) + H ( Z ) ' V ( X , Y) , 
X" x x x x 

( l . l 6 ) b (D H)(Y) = L ' V ( X , Y) + 0(X)H (Y) - 'V(X, f(Y)) . 
X X XZ Z XZ Z X 

( I . l 6 ) c X - L = - ! V ( X , K ) ~ ! V ( X , K ) + 6 L + 6 L . 
xy y x x y xz zy yz zx 

P roof . F r o m (1 .2) and (1 .12) , we have 

5 (F(BY)) = F(D BY) = F(BD Y) + V (X, Y)F(N) . 
JDJk. JDJi. JV X X 

Subst i tu t ing f r o m (1 .6) and (1 .7) in th is equat ion, we have 

(1 .17) B(D f)(Y) + V(X,f(Y))N + (D H)(Y) N + H(D Y)N - H(Y)BV(X) 
X y y X y y y X y x x 

+ H(Y) 6(X)N = H(D Y)N + 'V(X, Y)BK + 'V(X, Y) L N . 
x xy y y X y x x x xy y 
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The tangen t ia l p a r t of the above equation is 

B(D f)(Y) = H(Y) B V(X) + 'V(X, Y) BK . 
X x x x x 

Using (1 .4 ) , (1 .13)b and (1 .9) in this equation, we obtain ( l . l 6 ) a . The 
n o r m a l p a r t of (1 .17) y ie lds ( 1 . I6 )b . 

The equat ion ( 1 . I6)c can be obtained s i m i l a r l y . 

2 . Local ly p roduc t sub-mani fo ld . 

THEOREM 2 . 1 . If in a sub-manifold of a local ly p roduc t 
R i e m a n n i a n manifold the m a t r i x (( L )) is equal to 

xy 

diag (c , c , , c ) , 
a n+1 n+2 m 

w h e r e c ' s a r e cons t an t s , the submanifold i s a l so a local ly p roduc t 
mani fo ld . 

c if x = y 

Proof . Le t L = { . Then f rom (1 .14)c , we have 
X y ' o i f x ^ y 

H(K) = o , y ^ x , 
y x 

which i s equivalent to 

g(K , K) = o , y i x , 
y X 

1 
in consequence of ( 1 . 9 ) . These a r e at the m o s t — ( m - n ) ( m - n + l ) 

independent equat ions in m - n unknowns K . But 

1 1 
(m-n) - — (m-n) (m-n+1) = - — (m-n) ( m - n - p ) , 

which i s n e g a t i v e . Hence the equat ions do not have n o n - t r i v i a l so lu t ions . 
Consequent ly , 

K = o , H = o . 
X X 

In consequence of t hese equa t ions , the equat ions (1 .14)a , c and ( l . l 6 ) a , b 
a s s u m e the f o r m s 

(2 .1) f(f(X)) = X , 

2 2 
(2 .2) (c) = (L ) = 1 , x not summed , 

X XX 
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(2 .3) (D x f ) (Y) = o 

(2.4) 'V(X,Y) = ± 'V(X,f(Y)) 

T h e e q u a t i o n s ( 2 . 1 ) , ( 2 . 3 ) and t h e f a c t t h a t 'f i s s y m m e t r i c , p r o v e 
t h e s t a t e m e n t . 

N o t e ( 2 . 1 ) . If t h e c o n d i t i o n s of t h e a b o v e t h e o r e m a r e s a t i s f i e d , 
t h e e q u a t i o n s ( 1 . 6 ) and ( 1 . 7 ) a s s u m e t h e f o r m s 

F ( B X ) = Bf (X) , 

F ( N ) = ± N . 
x x 

We w i l l n o w r e l a x t h e c o n d i t i o n s of T h e o r e m ( 2 . 1 ) . 

T H E O R E M 2 . 2 . T h e n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n t h a t t h e 
s u b - m a n i f o l d V of a l o c a l l y p r o d u c t m a n i f o l d V b e l o c a l l y p r o d u c t 

n L-x m L-^L 

(2 .5 )a K 
x 

(2 .5) H(X) = o , for a r b i t r a r y X. 
x 

P roof . Let the condi t ion (2 .5) be s a t i s f i ed . Then the equa t ions 
(1 .14)a and ( l . l 6 ) a r e d u c e to 

(2 .6) f(f(X)) = X , (Dxf)(Y) = o . 

T h e s e two equat ions toge the r with the s y m m e t r y of 'f p r o v e that the 
sub-mani fo ld is a loca l ly p r o d u c t mani fo ld . 

Conve r se ly , le t (2 .6) be s a t i s f i ed . Then (1 .14)a r e d u c e s to 

H(X) K = o , 
x x 

which y ie lds the condi t ion ( 2 . 6 ) . Hence , we have the s t a t e m e n t . 

COROLLARY 2 . 1 . If the sub-mani fo ld V of the loca l ly p r o d u c t 
n *—J 

manifold V be loca l ly p roduc t , 
m *—' 

(2 .7 )a F(BX) = Bf(X) , 

(2 .7)b F(N) = L N , 
x xy y 
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(2 .8 )a f(f(X)) = X , 

(2 .8)b L L = 6 
xy yz xz 

(2 .9 )a ( D X f ) Y = ° ' 

(2 .9)b L fV(X, Y) = fV(X,f(Y)) , 
X Z Z X 

(2 .9)c X- L = 6 + L + 6 L . 
xy xz zy yz zx 

Proof . Put t ing H(X) = o and K = o in (1.6) and (1.7) we obtain 
x x 

( 2 . 7 ) . Pu t t ing t h e s e va lues in ( 1 . 14)a, c, and ( 1 . 16) we obtain (2. 8) 
and (2 .9) r e s p e c t i v e l y . 

COROLLARY 2 . 2 . When the sub-manifold V of the local ly 
n *• 

produc t manifold V i s local ly p roduc t , F(BX) is t angent ia l to V 
m a n 

00 

and F(N) is a c se t of mutua l ly o r thogona l unit n o r m a l v e c t o r s to V . 

P roof . Put t ing H(X) = o and K = o in (1.15) and us ing (2.8)b 

and (2 .7)a , we obtain 

(2 .10)a a(F(N) , F(N)) = 6 
x y xy 

(2.10)b a(F(BX) , F(BY)) = g(f(X),f(Y)) = g{X, Y) , 

(2 .10)c a(F(BX) , F(N)) = 0 . 
x 

These equat ions p rove the s t a t e m e n t . 

Note ( 2 . 2 ) . The equat ion (2 .10)b p r o v e s that the magn i tude of 
F(BX) i s the s a m e as the magn i tude of BX in V 

3 . C u r v a t u r e t e n s o r . In this sec t ion , we confine o u r s e l v e s to 
V only. But the r e s u l t s hold a l so for V when V i s a l so a 

m n n 
loca l ly p r o d u c t R iemann i an mani fo ld . 

THEOREM 3 . 1 . Let S be the c u r v a t u r e t enso r of the local ly 
zt R i emann ian manifold V , 

m 
t r i l i n e a r function of V , and let 

p roduc t R iemann ian manifold V , that i s , i t i s a vec to r valued 
j m 

m 

(3 .1) L d e £ F (L) , L E V 
m 

Then 
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(3 .2) S ( L , M , N) = S ( L , M , N) . 

P roof . We have 

S(L,M, N) = D_D N - D 5 N - D N . 
L M M L [L, MJ 

Using (3 .1) and (4 .2) in th i s equat ion, we obta in 

S ( L , M , N) = D L D M ( F ( N ) ) - D M D L ( F ( N ) ) - D [ L M J ( F ( N ) ) 

= F ( 5
L

5 M N - D M 5 L N - 5
[ L , M ] N ) 

= S ( L , M , N) , 

which p r o v e s the s t a t e m e n t . 

COROLLAR Y 3 . 1 . We have 

(3 .3) S ( L , M , N ) = S ( L , M , N) . 

P roof . Using ( 1 . 1) in (3 .2 ) , we obtain ( 3 . 3 ) . 

COROLLARY 3 . 2 . P u t 

(3 .4) T ( L , M , N , P ) = a(S(L, M, N ) , P ) . 

Then 

(3 .5) T ( L , M , N . P ) = T ( L , M , N P ) . 

P roof . F r o m (3 .3 ) , (1 .3) and (3 .4 ) , we have 

T(L, M, N . P ) = a (S (L ,M, N ) , P ) = a(S (L, M, N), P) 

= a(S(L, M, N ) , P) = T ( L , M , N , P ) 

which i s the equat ion (3 . 5) . 

COROLLARY 3 . 3 . Le t the Ricc i t en so r Ric which i s the 
b i l i nea r s c a l a r function, be defined by 

(3 .6) Ric (L , M) , .. de f-: (C^S)(L, M) , 
1 

1 
w h e r e C i s the c o n t r a c t i o n ( M i s h r a , 1965). Then 

.—. ^ , —.— 
(3 .7 )a R i c ( L , M ) - ( C ^ S ) ( L , M ) , 

1 

(3 .7)b R i c ( L , M ) = ( c | s ) ( L , M ) , 
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(3 .7 )c R i c ( L , M ) = ( C * S ) ( L , M ) , 

(3.7)d R i c ( L , M ) = ( C ^ S W L M M ) . 
1 

P roof . (3 .7)a follows at once f rom (3 .3) and ( 3 . 6 ) . Remain ing 
equat ions follow f rom (3 .7)a by b a r r i n g L and M in (3 .7 )a . 

COROLLARY 3 . 4 . We have 

(3 .8 )a Ric(L, M) = Ric(L, M) , 

(3 .8)b Ric(L, M) = Ric(L, M ) . 

P roof . Using B i a n c h i ' s f i r s t iden t i t i e s in (3 .7)b , we get 

(3 .9 )a 

R ic (L , M) - Ric(M, L) = ( C * S ) ( M L ) = - (C* S )(M. L) - (C* S )(M, L) . 

But 

(3 .9)b C* S = o 

(3 .9 )c ( C * S ) ( M , L) = - ( C * S ) ( L , M ) . 

Subst i tut ing f rom ( 3 . 9 ) b , c in (3 .9)a , and us ing (3 .7)b we obtain 

Ric(L , M) = ( C * S ) ( L , M) = Ric(L, M) . 
1 

B a r r i n g L in (3 . 8)a and using ( 1 . 1) we obtain (3 . 8)b. 

COROLLARY 3 . 5 . Ric(L , M) i s p r o p o r t i o n a l to ' F ( L , M) if and 
only if the p roduc t space is an E ins t e in s p a c e . 

P roof . We have, us ing (1 .1) 

»F(L, M) = »F(M, L) = «F(F(M), L) = a(M, L) . 

Le t 

Ric(L, M) = k F ( L , M) . 

B a r r i n g M and using (1 .1) , we get 

Ric(L, M) = k ' F ( L , M ) = k a(L, M) . 

This p r o v e s the s t a t e m e n t . 
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4. Gauss, Codazzi and Ricci equations. In this section, we shall 
assume that the sub-manifold V of a locally product manifold V is 

n m 

also locally product. In this case H(X) = o, K = o, in consequence of 

Theorem (2.2), and the equations (1.6) and (1.7) reduce to 

(4.1) F(BX) = Bf(X) , 

(4.2) F(N) = L N . 
x xy y 

THEOREM 4 . 1 . The following are the generalizations of the 
equations of Gauss and Mainardi-Codazzi for the locally product 
sub-manifold V of a locally product enveloping manifold V 

(4.3)a 

K(F(BX),F(BY),F(BZ),F(BW)) = K(f(X), f(Y), f(Z), f(W)) -

>ynY),î(Z))>ni(X),i(Z))+'V(i(X),i(Z))<V(î{Y),HZ)), 

(4.3)b 

K(F(BX),F(BY),F(BZ),F(N)) = {(D f (x) 'Y)(f(Y), f(Z)) -

(D.fv/YMfW.flZ)) + 'V(£(Y).f(Z))e (f(X)) - 'V(f(X),f(Z)) 
f(YJ t zt z 

et(f<Y»> L . 

where 

(4.4)a 

K(F(BX),F(BY),F(BZ),F(BW)) d e f a(R(F(BX), F(BY), F(BZ), F(B W)) , 

(4.4)b 

K(F(BX),F(BY),F(BZ),F(N)) d 6 f a(R(F(BX),F(BY),F(BZ),F(N)) . 

Proof. In consequence of (4.1) and (4.2) we have 

R(F(BX),F(BY),F(BZ)) = R(Bf(X), Bf(Y), Bf(Z)) 

(4.5) = 5 Bf(X) 5 Bf(Y) B f ( Z ) " 5 Bf(Y) 5 Bf(X) B f ( Z ) 

" 5 [Bf(X) ,Bf(Y)] B f ( Z ) ' 

Now in consequence of (1. 12) and (1 . 13)a, 

432 

https://doi.org/10.4153/CMB-1968-049-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-049-1


DB£(X)5Bf(Y)Bf(Z) = 5 B£(X) ( B D £(Y) f ( Z ) + T ( f ( Y ) ' f ( Z ) ^ ) 

(4.6) = B Df(x)Df(y) f ( z ) +^ ( f ( x ) 'V) f ( z ) )^ 

+ f(X)-('V(f(Y),f(Z))N - 'V(f(Y),f(Z))BV(f(X)) 

+ 'V(f(Y),f(Z)) 9(f(X))N , 
Z ZX X 

and 

( 4 • 7 ) 5 [ B f ( X ) > B f ( Y ) ] B f { Z , = B D [ f ( X ) , f ( Y ) ] f { Z ) + 'V([£(X),£(T)] ,£(Z))N. 

Breaking (4 .5) into tangential and normal parts and using (4 .6) and (4 .7 ) , 
we get 

(4 .8) T a n R ( F ( B X ) , F ( B Y ) , F ( B Z ) ) = B R(f(X), f(Y), f(Z) ) 

- 'V(f(Y),f(Z))BV(f(X)) + 'V(f(X),f(Z))B V(f(Y)) . 
X X X X 

(4 .9)a n o r R(F(BX) ,F(BY) ,F(BZ)) = (V(f(X), D f ( y ) f ( Z ) -

•V(f(Y), D.,Y .£(Z)) + f(X)- CV(f(Y), £(Z)))-£(Y)- ('V(f(X), £(Z))) 
x HX.) x x 

+ 'V(f(Y),f(z)) e(f(x)) - iv(f(x),f(z)) e(f(Y))} N . 
z zx z zx x 

But 

f(X).('V(f(Y),f(Z))) - 'V(f (Y) ,D f ( x ) f (Z)) = ( D
f ( x ) 'V) ( f (Y) , f (Z) ) 

+ l ( Df(X) f ( Y ) ' f ( z ) )-

Therefore the equation (4 .9)a a s s u m e s the form 

nor R(F(BX) ,F(BY) ,F(BZ)) = { (D f ( x ) 'V) ( f (Y) , f(Z)) + 

(4.9)b (D 'V)(f(X) (f(Z)) + 
I(YJ x 

•v(f(Y),f{z)) e(f(x)) - 'v(f(x),f(z)) 
z zx z 

2e(f(Y))} N . 

Substituting from (4 .8) in (4. 9)b and using (4 .1) and (4 .2) in (4 .4) we 
obtain (4. 3) . 
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THEOREM 4 .2 . The following are the generalizations of the 
ions of Ricci for the locall 

product enveloping manifold V 

equations of Ricci for the locally product sub-manifold V of a locally 

K(F(BX),F(BY),F(N),F(N)) - L {((f(X))-L )f(Y) - ((f(Y))« L )f(X) 
x y yz xz xz 

+ L "V(F(Y), V (f(X))) - L •V(f(X), V (f(Y))) 
(4 10) xi z t xc z t 

xt f(X)tz xt f(Y)tz 

+ L G(f(Y))e(f(X))-L G (f(X))9 (f(Y))} 
xp pt tz xp pt tz xp pt tz xp pt 

Proof. In consequence of (4.2), we have 

R(F(BX),F(BY),F(N)) = R(Bf(X), Bf(Y), L N) = 
x xy y 

5Bf(X)5Bf(Y)%r9 " bBi(YpBim%f - D[Bf(X))Bf(Y)](iV^-

But 

5Rffv\DRffvi(L N ) = ^ m ( ( ! f ( Y ) ) , L ' N " L V( f (Y))+L 6 (f(Y))N) Bf(X) Bf(Y) xy y Bf(X) xy y xy y xy yz z 

= (f(X). (f(Y). L ))N + (f(Y). L )(-B V(f(X)) + 
xy y xy y 

0 (F(X))N) - (L(X)-L )B V(f(Y) -
yz z xy y 

L (B D (V(f(Y)) + >V(f(X), V(f(Y)))N + 
xy i(X) y z y z 

(f(X)-(L 0 (f(Y))))N + 
xy yz z 

L G (f(Y))(-V(f(X)) + 6 (f(X))N) 
xy yt t tz z 

and 

5[Bf(X),Bf(Y)] (xV^ = « fW'«YW-k^ + 

L ( - B V ( [ f ( X ) , f ( Y ) ] ) + ( 6 ( [ f ( X ) f f ( Y ) ] ) ) N 
x y y yz z 

Therefore 
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R(F(BX) ,F (BY) ,F (N) ) = L (e t(f(X))B^(f(Y)) - ^ ( Y J I B V ^ X ) ) 

+ B(D £ ( Y ) V)t£(X))-B(D £ ( x ) V)(£(Y))) 

+ {L( 'V(f(Y),V(f(X)) - 'V(f(X),Yf(Y))) 
Xt Z t Z t 

+ L (6 (f(Y))6 (f(X)) - 6 (f(X)) 9 (f(Y)) 
xp pt tz pt tz 

+ (f(X)-L)(f(Y)) - ( f (Y) -D( f (X) ) 
xz xz 

+ ^ ( D f ( x ) t e z ) ( f ( Y ) ) - ( D f ( Y ) t 6 z ) ( f ( X ) ) ^ « 

Subst i tut ing f rom this equat ion in 

K ( F ( B X ) , F ( B Y ) , F ( N ) , F(N)) • d e f a(R(F(BX), F(B Y), F(N)), F N) 
x y x y 

and us ing (4 .2) we obtain (4 .10) . 
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