
NOTE ON ALMOST PRODUCT MANIFOLDS AND 
THEIR TANGENT BUNDLES 

Chorng Shi Houh* 

(received May 16, 1966) 

Let M be an n-dimensional manifold of differentiability 
oo j j 

class C with an almost product s t ructure 0 . . Let 0 . have 

eigenvalue +1 of multiplicity p and eigenvalue -1 of mult i ­

plicity q where p + q = n and p;> 1 , q :> 1 . Let T(M ) be the 

tangent bundle of M . T(M ) is a 2n dimensional manifold of 

class C . Let x be the local coordinates of a point P of M . 

The local coordinates of T(M ) can be expressed by 2n va r i ­

ables (x , y ) where x are coordinates of the point P and 

y a re components of a tangent vector at P with respect to the 

natural frame constituted t 
convenience's sake we put 
natural frame constituted by the vectors d/6x at P . For 

i n+i i 
x = x = y . 

We assume that all indices i, j , k, . . . run through 1,2, . . . , n. 
* * # 

So all indices i , j , k , . . . run through n+1, n+2, . . . , 2n. The 
indeces A, B, C, . . . a re supposed to run through 1,2, . . . , 2n. 

In § 1 we prove that if M has constant curvature and its 

me t r i c connection is a 0-connection then M is locally flat. 

(Theorem 1). In § 2 we introduce an almost product s t ructure 

0. in T(M ) and prove that it is integrable if and only if M 

1 
P a r t of this work was done when the author was a fellow of the 
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i s l oca l ly f l a t . A l so i t is p r o v e d tha t an i n f i n i t e s i m a l t r a n s f o r ­

m a t i o n of M is affine if and only if i t s e x t e n s i o n to T(M ) is 

a l m o s t d e c o m p o s a b l e . ( T h e o r e m 2) . In § 3 we u s e the m e t r i c on 

T(M ) i n t r o d u c e d by S. Sasak i [3] and p r o v e tha t the m e t r i c con­

n e c t i o n i s a 0 - c o n n e c t i o n if and only if M is loca l ly f l a t . 

( T h e o r e m 3). F i n a l l y we suppose M i s loca l ly f lat and show 

tha t an e x t e n s i o n to T(M ) of a g iven i n f i n i t e s i m a l t r a n s f o r m a t i o n 

on M i s affine if and only if the e x t e n s i o n is a l m o s t d e c o m p o s ­
a b l e . ( T h e o r e m 4) . T h e o r e m s 1, 2 c o r r e s p o n d to known t h e o r e m s 
in a mani fo ld wi th an a l m o s t c o m p l e x s t r u c t u r e . ( R e m a r k s to § 1, 
2 ) . Some t e n s o r c a l c u l u s a r e omi t t ed in § 2, 3 and 4 . T h o s e a r e 
s t r a i g h t c a l c u l a t i o n though l eng thy . 

1 . In an a l m o s t p r o d u c t man i fo ld , an affine connec t i on is 
i 

ca l l ed a 0 - c o n n e c t i o n if the a l m o s t p r o d u c t s t r u c t u r e 0 . is co -
v a r i a n t c o n s t a n t with r e s p e c t to tha t c o n n e c t i o n . (Yano [6], p . 255) . 
I t i s known tha t we can i n t r o d u c e a p o s i t i v e def in i te R i e m a n n i a n 

m e t r i c g. . , wh ich s a t i s f i e s g . . 0 , 0, = g, , , ove r M . {; } 
° i j i j r h r k hk "j KJ 

a r e the Chr i s to f f e l s y m b o l s c o n s t r u c t e d by g. . . The R i e m a n n -
i j 

Chr i s to f f e l c u r v a t u r e t e n s o r i s g iven by 

w h e r e d. d e n o t e s the p a r t i a l d i f f e r en t i a t i on wi th r e s p e c t to x . 
l 

T H E O R E M 1. If the a l m o s t p r o d u c t mani fo ld M n h a s 

c o n s t a n t c u r v a t u r e and i t s m e t r i c connec t ion { . , } i s a é - c o n -
L j kJ y 

nec t ion , then M i s loca l ly f l a t . 

^ lh Ik h - lh - j i - -
P r o o f . L e t 0 = g é, , H.. = 0 R, .., , H = 0 J H. . ; y Yk j i Y h j i l r j i 

R = g R . be the c u r v a t u r e s c a l a r . If { . , ) i s a (h-connection 
ij J kJ y 

t hen (Hsu [2] p r o p o s i t i o n 5 . 3) 

R = H. 
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n 
Now M has c o n s t a n t c u r v a t u r e K , then 

R = n ( n - i ) K . 

But 

— ji lh 
H = 0 0 ^hjil 

= K((0.1)2 - n) = K[(q-p)2 - n] . 

So H = R i m p l i e s K = 0 . 

R e m a r k . This t h e o r e m c o r r e s p o n d s to a known t h e o r e m 
in a K a h l e r man i fo ld . (Yano [6] p p . 6 9 - 7 0 ) . 

2 . Now we i n t r o d u c e an a l m o s t p r o d u c t s t r u c t u r e in T(M ) 
a s fo l lows : 

i r i . 1 

i i 

( i ) J J 

0. = - 6. + { , . } { . } y y 

, i * , i , 1 

It is e a s y to show that 

A B A 
0 B 0 C = 6 C , 

so 0 i s an a l m o s t p r o d u c t s t r u c t u r e on T(M ). 

The Ni jenhuis t e n s o r of the a l m o s t p r o d u c t s t r u c t u r e (1) 
i s : 

A D _ . A „ . Ax D _ . A „ . A, 
*B< N - C = ^ B ( d D ^ C - 3 G ^ D > " * C ( ^ B ~ a B ^ D >' 

w h e r e 3 deno te s the p a r t i a l d i f f e ren t i a t ion wi th r e s p e c t to x . 
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After some tensor calculations we have the following result: 

i , r t ^ „ i , t « _ i . m l 
N

j k = ( ^ J R tki - <k m> R
t j i » y 

i* „ i m , 1 , , h s m_ i t 
Njk = - R j k m y ^ i s H k ^ H R lh t^ 

r i . t, r 1 . h s m f 1 , h s m 
" < . t > ^ j h > ^ I k x n V " < k h > y R l j m y >• 

<2> V 1 = R j k lV. 

i* ^ t ^ l „ i m , i , t „ l m 
jk* N - " = - ^ j l > y R t k m y - < l t > * R jkxn y 

i* i t 

where R.., is the Riemann- Christoffel curvature tensor. 

i n A. 
Let v be an infinitesimal transformation of M and V 

i A 
be the extension of v . V is an infinite s im al transformation 
of T(Mn) and defined by (S. Sasaki [3] § 2) 

V = v , V = y d v . 
r 

We call v an almost contravariant decomposable vector field 

of M if it satisfies 

(3) ^ 0 . 1 = O 

where £ denotes the operator of Lie derivation with respect to 
v 

v . If M is a locally product manifold which satisfies stronger 

conditions than the almost product manifold, then the v satis­
fying (3) turns out to be a contravariant decomposable vector 
field. (K. Yano [6] pp. 222-223). 
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(4) 

Making use of (1) and the following formula for Lie de r i ­
vation: 

/ ( à
A = v C 8 é A - é C 3 v A + é A a v c , 

y 9 B C^B ^B C ' C B 

we have the following resul t : 

y h r h 

* f = ( { . } t + { , } t. y y , 
V r j '•j n lm 1 m jn ' 

£ h* r h 
V y j * jr 

where t.. is given by (K. Yano [61 p . 17) 
j i 

t % V . V . v h + v r R . . h = / { h . } 
Ji J i r j i v l j i J 

V. being the Riemannian covariant derivation in M 
J 

F r o m (2) and (4) we have the following theorem: 

THEOREM 2. In order that the almost product s t ruc ture 

(l)_of_ T(M ) is integrable, it is necessary and sufficient that 

the Riemannian manifold M is locally flat. In order that an 

infinitesimal transformation of a Riemannian manifold M is 

affine, it is necessary and sufficient that its extension in T(M ) 
with an almost s t ructure (1) is almost decomposable. 

Proof. The almost product s t ructure (1) is integrable if 
Q 

and only if N = 0 . (K. Yano [5] Theorem 1). Hence the 
f i rs t par t of the theorem is the conclusion of (2). v is affine if 

and only if £{ . .} = t.. = 0 . (K. Yano [6], p. 17). Hence the 
v ' i y IJ 

second par t of this theorem is the conclusion of (4). 

625 

https://doi.org/10.4153/CMB-1966-075-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-075-0


R e m a r k . T h i s t h e o r e m i s an ana logue of t h e o r e m s in an 
a l m o s t c o m p l e x m a n i f o l d . (Hsu [ l ] T h e o r e m 1 . 1 , T a c h i b a r a 
and O k u m u r a [4], T h e o r e m s 1 , 2 ) . 

3 . L e t G _ be the R i e m a n n i a n m e t r i c defined by 
AB 

S. S a s a k i [3] § 3 on T ( M n ) , n a m e l y 

_, , f s . f t , l m 
G j k = g j k + g s t { j l > { k m } y y ' 

G j * k * = g j k ' 

Q 
T h e n for 0 = 0 G w e n a v e by (1) and (5): 

AJ3 A C-/JL3 

*ii = " 8 l g i / ' 

(6) 

0i* j * = ° 

and 

r* A B ^ 
G A B ^ C ^D = G C D 

A n 
The Chr i s to f f e l s y m b o l s {_ _ } of the m e t r i c G A „ of T ( M ) 

ID C AB 
a r e (S. S a s a k i [3] § 7) . 

( j » A k * > = ° • 

{À> -<A> ' î ' V i . V V u V " 
1 m 

(7) <A> - i v v 

tj* k> 4 < y + " v u 1 + 2 ai</*>)yl+Kv (Rw\V 
j m l l n k ' ' ' y ' 
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{ j * k> " { j k} " 2 { m h} \ j l y y * 

Let V denote the covariant differentiation with respec t to 
A n 

the met r i c connection { } on T(M ). We will prove the 
following theorem: 

A 
THEOREM 3. The connection { } is a 0-connection, 

where 0 is an almost product s t ructure on T(M ) given by (1), 

if and only if M is locally flat. 

A 
Proof. Suppose { } is a à-connection, then 
B _ B C 

V A ^ C = ° ' a l S ° VA0CB = ° ' M a k i n g use of (1), (6), (7) we 
have 

V k * j * = 2 ( " \ h l { m j> - V { m k> + R k s l <j m> ) y y ' 

k r i * j 2 likh Lj rrr lijh Lm kJ kils Lj mJ 7 

So Vk0.5jc = 0 yields 

( -R r v ,{ h . } - ^ r . . { h J + R r v {•* })yVm = 0. likh m j lijh m kJ liks j n r 7 

Combining with V V 0.JU-
 = 0 w e have 

(R + R. ._ ) {.S } y V m = 0. 
liks ki Is Lj n r 7 

Substituting this relat ion to the right of the above v , 6., . we 
k r i * j 

have 

(8) R r . . { \ } y V m = o. 
lijh m W * 7 

. I T 

Computing V T ^ . 0 -
 anc* m a k i n g u s e °f U)> (?) a n d (8) we have 

k# r j 2 jks 
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V a . 0 - ^ = o i m p l i e s R = 0 . So M i s l oca l l y f l a t . 
k5^ r j j k s 

n - - - x - o . C o n v e r s e l y suppose M i s loca l ly f lat , t hen R., 

(7) t u r n s out to be 

<j.V • °- (jV - (jV • <A} = ° 

T h e n f r o m (6) and (5) 

Vij = "Vi g i/ + { 9pt i k > j ] + a
p t^. i ] )y p = o, 

* A * i * j = " VA*ij = " V A G i * j * = ° ' 

Vi*j»80' 

V, ..Ô ... .„. = 0. 

H e n c e { } i s a 0 - connec t i on . Th i s c o m p l e t e s the proof of 
B C 

the t h e o r e m . 

R e m a r k . It was known tha t an a l m o s t p r o d u c t mani fo ld i s 
i n t e g r a b l e if and only if i t i s p o s s i b l e to i n t r o d u c e a s y m m e t r i c 
affine connec t ion wi th r e s p e c t to wh ich the s t r u c t u r e t e n s o r i s 
c o v a r i a n t l y c o n s t a n t . (Yano [6], p . 254) . So by T h e o r e m 2 we 
k n e w tha t we can i n t r o d u c e a s y m m e t r i c affine 0 - c o n n e c t i o n in 

n n 
T(M ) if and only if M is loca l ly f l a t . T h e o r e m 3 exh ib i t s 
s u c h a m e t r i c 0 - c o n n e c t i o n . 

4 . Suppose M be l oca l l y f la t and have an a l m o s t p r o -

duc t s t r u c t u r e 0 . L e t V be an e x t e n s i o n of an i n f i n i t e s i m a l 

t r a n s f o r m a t i o n v of M . Tha t i s V = v , V = y 3 v . 
r 

T h e n 
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^ B / - 9B 9C VA + V° 9D C c * + tC
AD> V ^ + O ^ 

(9) 

- { D } 8 V A 

Breaking down the indeces and making use of (7) and the fact that 
n 

M is locally flat, we have 

_ i i 

t_ = y 3 t 
j k r j k • 

t * = 0, 
J*k 

t = 0 , 
j*k* 

- i* i 

i* 

w =0-
THEOREM 4. Suppose M is locally flat, v is a vector 

Ti A. i n A. 
field on M , V is the extension of v on_ T(M ). Then V 
is an affine infinitesimal transformation on T(M ) if and only if 
_ n . 
V is almost decomposable with respect to the almost product 
s t ruc ture (1) in_ T(Mn) . 

- A i A 
Proof. By (9) t„ _ = 0 if and only if t., = 0 . So V 

BC jk 
is an affine infinitesimal transformation if and only if v is an 
affine infinitesimal transformation. Then by Theorem 2 it is 

A 
necessary and sufficient that V is almost decomposable. 
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