NOTE ON ALMOST PRODUCT MANIFOLDS AND
THEIR TANGENT BUNDLES

Chorng Shi Houhl

(received May 16, 1966)

Let M" be an n-dimensional manifold of differentiability
class C* with an almost product structure q)i . Let ¢‘i have
eigenvalue +1 of multiplicity p and eigenvalue -1 of multi-
plicity q where p+tq=n and p>1,q>1. Let T(Mn) be the
tangent bundle of M". T(Mn) is a 2n dimensional manifold of
class C° . Let xi be the local coordinates of a point P of M".
The local coordinates of T(Mn) can be expressed by 2n vari-
ables (xi, yi) where xi are coordinates of the point P and

i

y are components of a tangent vector at P with respect to the

1
natural frame constituted by the vectors 8/0x at P. For
convenience's sake we put

We assume that all indices i, j, k, ... run through 1,2,...,n.

* % %
So all indices i ,j ,k ,... run through n+1, nt+2, ..., 2n. The
indeces A,B, C,... are supposed to run through 1,2,...,2n.

In §1 we prove that if M"” has constant curvature and its
metric connection is a ¢-connection then M" s locally flat.
(Theorem 1). In §2 we introduce an almost product structure

¢i in T(Mn) and prove that it is integrable if and only if M"

! Part of this work was done when the author was a fellow of the
Summer Research Institute, Can. Math. Congress, 1965.
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is locally flat. Also it is proved that an infinitesimal transfor-
mation of M is affine if and only if its extension to T(Mn) is
almost decomposable. (Theorem 2). In §3 we use the metric on
T(Mn) introduced by S. Sasaki [3] and prove that the metric con-
nection is a ¢ -connection if and only if M"Y is locally flat.
(Theorem 3). Finally we suppose M" is locally flat and show
that an extension to T(Mn) of a given infinitesimal transformation

on M is affine if and only if the extension is almost decompos-
able. (Theorem 4). Theorems 1,2 correspond to known theorems
in a manifold with an almost complex structure. (Remarks to §1,
2). Some tensor calculus are omitted in §2, 3 and 4. Those are
straight calculation though lengthy.

1. In an almost product manifold, an affine connection is
i
called a ¢-connection if the almost product structure (pj is co-

variant constant with respect to that connection. (Yano [6], p.255).
It is known that we can introduce a positive definite Riemannian

. . . es 1] n i
h = A
metric gij , which satisfies gij ¢h (bk 8k over M {_] k}

are the Christoffel symbols constructed by gij . The Riemann-
Christoffel curvature tensor is given by

h h h h 1
R =000 -0 + {0 -

h 1
ij i l} {ik}'

J

where 8,1 denotes the partial differentiation with respect to x .

THEOREM 1. If the almost product manifold M" has

; . . i
constant curvature and its metric connection {.

Jk}

is a ¢-con-

nection, then M is locally flat.

1h 1k h = 1h — ji-
Proof. Let o =g ¢k . Hji=¢ thil’ H=¢) Hji;

R = glJRi, be the curvature scalar. If {jlk} is a @-connection
then (Hsu [2] proposition 5. 3)
R = H.
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n
Now M has constant curvature K, then
R = n(n-1)K.

But

1]

i lh
o9 Ryin

1}

jiol 3
o ¢ hK(ghlgji - ghiojl)

K((6, )° - m) = K[(g-p)° - n].

So H=R implies K=0.

Remark. This theorem corresponds to a known theorem
in a Kihler manifold. (Yano [6] pp. 69-70).

2. Now we introduce an almost product structure in T(Mn)
as follows:

i i 1
¢J —-{j 1}Y ’
¢i_ 61

n*-- - 3

i* i i 1 t m

= - +

1% i 1
¢j* ‘{J l}y .

It is easy to show that

A B A
9 9c “0¢

A
so ¢B is an almost product structure on T(Mn).

The Nijenhuis tensor of the almost product structure (1)
is:
A D A A D A A
Ngc 95 (poc - %% )-9c (ptp -~ %op )

where aD denotes the partial differentiation with respect to x
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After some tensor calculations we have the following result:

Njki = {jtm} Rtkli N {ktm} Rtjli iy Tyt
Njki* - _Rjkmiym ) {jls} {khm} Ystthtth
- {sit} Yt( {j,lh} YthkmS yrn ) {klh} YhRUmS Ym),
(2) D%k*i = Rjk:'yl,
Nj*k*i =0,
Njk‘*i* =- {jtl} Yl Rtkmi yo - {1it} g Rjkml v,
Nj*k*i* ) ‘Rjkti gt

where R'jkh is the Riemann-Christoffel curvature tensor.
i

i A
Let v1 be an infinitesimal transformation of Mr1 and V
be the extension of v1 . VA is an infinitesimal transformation
of T(Mn) and defined by (S. Sasaki [3] §2)

i i i*

Vi=v, A% '—‘yrarv1

i
We call v an almost contravariant decomposable vector field

of Mn if it satisfies

(3) Zol=o

v
where Z denotes the operator of Lie derivation with respect to
. v
i n . . . e
v . If M is a locally product manifold which satisfies stronger

o i
conditions than the almost product manifold, then the v satis-

fying (3) turns out to be a contravariant decomposable vector
field. (K. Yano [6] pp.222-223).
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Making use of (1) and the following formula for Lie deri-

vation:
V¢BA =% C¢BA - ¢BC8CVA ¥ ¢CABBVC ’
we have the following result:
"é quh - y_r tjrh ,
%‘pj*h =0,
(4) ‘é(f)jh* ) ({jln} tlrnh . {1hm} tjnl) ymyn ’
é‘i’j*h* N Yrtjrh

h
where tji is given by (K. Yano [6] p.17)

h h h
t,_hzv v . v o+v R =£{}
ji i rji v i

VJ. being the Riemannian covariant derivation in M" .
From (2) and (4) we have the following theorem:

THEOREM 2. In order that the almost product structure

(1) of T(Mn) is integrable, it is necessary and sufficient that

the Riemannian manifold M" is locally flat. In order that an

infinitesimal transformation of a Riemannian manifold M is

.. . . . n
affine, it is necessary and sufficient that its extension in T(M )
with an almost structure (1) is almost decomposable.

Proof. The almost product structure (1) is integrable if

C

and only if NAB = 0. (K. Yano [5] Theorem 1). Hence the

first part of the theorem is the conclusion of (2). v’ is affine if
h h

and only if %{1 J} = tij = 0. (K. Yano [6],p.17). Hence the

second part of this theorem is the conclusion of (4).
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Remark. This theorem is an analogue of theorems in an
almost complex manifold. (Hsu [1] Theorem 1.1, Tachibara
and Okumura [4], Theorems 1, 2).

3. Let GA.B be the Riemannian metric defined by

S. Sasaki[3] §3 on T(M"), namely

s t lm

1 r
Gj*k* = By
Then for = CG e have by (1) and (5):
n ¢AB = ¢A CB w ve by an :
1
= -0
9s; 15557 >
(6) ()le'r = ¢j*1 = ..g1J ,
Py =
and

A B
Gap?c 9p =Ccp -

. A n
The Christoffel i

e Christoffel symbols {B C} of the metric G of T(M")
are (S. Sasaki [3] § 7).

A
{j* el =0
1 i 1 i h i k.. lm
Ul s G0+ o Ry G Ry L) vy
H 1 il
7 =4
M Z 2Ry
= 1 i i i 14 i h. 1
. ==(R__"+R .. +29 =
T L TR LR R SELET T S SR
h 1. nmp
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i* i 1 i hlm

Let ¥ denote the covariant differentiation with respect to

A
the metric connection {B C} on T(Mn). We will prove the

following theorem:

THEOREM 3. The connection ({ is a ¢-connection,

A
B C} "
where ¢ is an almost product structure on T(M ) given by (1),

if and only if M is locally flat.

Proof. Suppose {BAC} is a @¢-connection, then
— B - .
VA¢C =0, also VA¢CB = 0. Making use of (1), (6), (7) we

have

- 1 i h i =k i s I m
Viedsr TR o P B TR vy

— 1 h h s 1 m
Vb =2 Ruen s md TRujn (o 1d TRats VY Y
i .
So ﬁkgbj* =0 vyields

h h s lm

kb tm 3 " Rujntm PR G b VY =0

(-R

Combining with 61{ ¢i"‘j = 0 we have

s lm
(Rliks * R'kils) {j m} vy =0

Substituting this relation to the right of the above T k(pi*j we

have

h lm
(8) Rimtm %Y =0

Computing ‘_7k* ¢)j1’P and making use of (1), (7) and (8) we have

i% 1 i s
S, .0, =—-R. .
Viek 95 2 jks 7
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¥ -0 implies R, " =0. So M" is locally flat.
JKS

k

i
Conversely suppose M" s locally flat, then Rjk 0.

s =
(7) turns out to be

A i i,
= i1 Tm, i
(g = dys G d =

Then from (6) and (5)

1 . . P
- - k,jl + 9 [jk, =0,
9,9, 8 37 + (ap[1 il p[J i)y

1 1
= - + =0 R
$955 7708 T gy T gy

v - Tg.=-VG,. =0,
Va®ix; ™" VaBi; T 7 VAT

- “o.

chpi*)*

Vies® g = O

Hence {B C} is a ¢-connection. This completes the proof of

the theorem.

Remark. It was known that an almost product manifold is
integrable if and only if it is possible to introduce a symmetric
affine connection with respect to which the structure tensor is

covariantly constant. (Yano [6],p.254). So by Theorem 2 we
knew that we can introduce a symmetric affine ¢-connection in

n

T(M ) if and only if Mn is locally flat. Theorem 3 exhibits
such a metric ¢-connection.

4. Suppose M" be locally flat and have an almost pro-
duct structure ¢ . Let VA be an extension of an infinitesimal

. i n . i i i% r i
transformation v. of M . Thatis V =v , V' =y 8 v .
T

Then
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A

_ A D A A cC A
tBC -6B8CV +V aD{B C} +{C D}aBV

A D
+{B D}acV

D A
-{B C}aDV .

Breaking down the indeces and making use of (7) and the fact that

Mr1 is locally flat, we have

T i ¢ i
ko ok’
¥ r i

t =y 9 t
jk V% jk
- i
tj*k =0,

(9) oo,
Lok ’
T St i
e Tk
- bE
tj*k* 0.

THEOREM 4. Suppose M" s locally flat, v’ is a vector

A i A
field on Mn, V™ is the extension of v on T(Mn). Then V

is an affine infinitesimal transformation on T(Mn) if and only if

VA is almost decomposable with respect to the almost product
structure (1) in T(Mn).

_ A i A
. B = i i = .
Proof v (9) tBC 0 if and only if tjk 0. So V

is an affine infinitesimal transformation if and only if v is an
affine infinitesimal transformation. Then by Theorem 2 it is

A
necessary and sufficient that V ~ is almost decomposable.
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