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ABSTRACT. A simplified model of a two-dimensional ice shee t is desc ribed . It in
cludes basa l ice sliding dependen t on the basal water prcssure, which itself is described 
by a simple theory of basal drainage. '''le show th a t thi s simple but s~phi sticated m odel 
predicts surges of the ice mass in realistic circumsta nces, and we describe these su rges by 
solving the problem numerically. "Ve also are ~ble to .descnbe some par~s of.rhe surge a na
lytically. The numerica l solution of the model IS a delicate matter, a nd hIghlIghts pItfa ll s to 
be avoided if m ore complicated m odels are to be solved successfully. 

1. INTRODUCTION 

Evidence of periodic deposition (H einrich, 1988) of ice
rafted debris (H einrich events) in North Atlantic deep-sea 
sediments suggests that the L aurent ide ice sheet m ay have 
surged regularly with a time of order 10+ a between surges 
(Andrews a nd ledesco, 1992; Cla rk, 1994). The prima ry can
didate for such surges is the ice stream discharging down 
Hudson Strait (Bond and others, 1992), although other ice 
streams may have been involved (Bond and Lotti , 1995). 
M acAyea l (1993) suggested a m echani sm whereby the ice 
sheet might behave in this way. Briefly, if the ice is thin, then 
it is cold-based, sluggish and so thickens; this eauses the base 
to mel t, and if the resul tant water production is sufficient to 
a llow fast sliding to occur, then a surge may resul t, drawing 
the ice down to a thin state once m ore. 

Fowler andJo hnson (1995) presented a physically based 
model of ice-sheet motion controlled by basal sliding, which 
itself depends on basal water p roduction. They showed that 
the basal water p roduced by frictional heat at the base could 
lead to multiple ice-flux/ice-thickness rel ationships, and 
hence oscilla tory behaviour by what they called hydraulic 
TUnaway, by analogy with therm a l r unaway that has been 
p reviously suggested as an instabili ty mechanism for ice 
sheets (Clarke and others, 1977). Fowler and J ohnson were 
only able to suggest the possibility of surging in their model 
by means of a crude "lumped" ver sion which essentially re
duced the model to a zero-dimensional one. Although they 
later (Fowler andJohnson, 1996) offered some comments on 
the possible form of spatially extended surges (comments 
which we vindicate here), a proper numerical solution of 
the spatia lly extended model rema ins to be done. This is 
the purpose of the present pap er, which also allows us to 
show for the first time how the m agnitude and duration of 
the surge are controlled by th e drainage-resp onse time
scale, an observation that is by no means obvious. 

At the outset, it is important to enu nciate the philosophy 
of our approach. Our aim is to validate the idea that ice
sheet dynamics, coupled with basal sliding which incorpo
rates a canal- type basal hyd rological system, can generatc 
surging behaviour. It is not our a im to producc the m ost rea
listic model incorporating as much reali sm as p ossible; nor 
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even is it our intention to produce th e best numerical ap
proximation. In fact, to make the study as simple as we 
can, we intentiona lly strip the model o f what we consider 
to be inessenti al de ta il. It is a matter of debate what consti
tutes inessential de tail , but our approach is to strip the en
gine down and get it working, then add the trimmings 
la te r. This is an established modelling procedure. 

H aving said tha t, it turns out tha t some unexpected 
trimmings do need to be added, a nd this dictates the pro
gress of the paper, as follows. In section 2, we recapitulate 
the earli er model of ice-sheet flow a nd drainage due to Fow
ler a nd Johnson (1995); section 3 describes a numerical 
method to solve thi s model, but also reveals that the m odel 
h as fund amental shortcomings, and th at in fact it is not well 
p osed in a mathematical sense. Hence, in section 4 we intro
duce reali stic and essential modificatio ns which allow a suc
cessful numerical method, described in section 5, to produce 
coherent results. As in the case of valley-glacier surges (Fow
ler, 1987b), the res ulting surges are initia ted by the passage 
of activation and deactivation waves, w hich propagate up
stream and downstream as sharp fronts, and in sections 6 
and 7 we provide a "shock structure" type of analysis to de
duce the character a nd propagation sp eed of these fronts. A 
discuss ion follows in section 8. 

2. THE FOWLER-JOHNSON ICE-SHEET MODEL 

The model is described in more detail by Fowler and J ohn
son (1995, 1996) a nd is reviewed for completeness here. We 
consider a two-dimensional ice sheet on a fl at base of thick
ness h(x, t), where x is a horizontal coordinate, and we sp e
cifically assume tha t 0 < x < I, with hx (= fJh/ fJx) = 0 at 
x = 0 (the divide) a nd h = hi > 0 at x = I. We have in 
mind the transition a t x = I from ice sheet to ice shelf, a nd 
tho ugh a more realistic boundary condition ought to be pre
scribed, this is not essential to our purpose (indeed, we 
ch ose hi > 0 simply to avoid possible numerical difficulties 
associated with a sing ulari ty at X = I if h = 0). 

The basic equat io n is that of mass conservation, 

hi + (uh)x = a (2. 1) 

where subscripts denote partial derivatives, a is the accumu-
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la ti on rate and u is a depth-averaged hori zontal \'elocity. 
Again, to be rea li stic we would allow fo r bo th shearing with
in the ice a nd basal sliding, but the former is relati\'ely sm a ll, 
so wc begin by assuming that u is essenti ally a sliding 
velocity (at least while the base is a t the melting point ), 
and we pose a sliding law relating shear stress T to veloc ity 
u of the form 

(2,2) 

(Budd a nd others, 1979; Bindschadler, 1983; Fowler, 1987 a ). 
K a mb's (1991) pseudo-plastic rheo logy would be accommo
da ted by choosing s = 1. T« l. H ere T a nd s are exp o
nents which may be b etween zero a nd one, and c is a 
measuremenL of the stickiness of the b ed. The basal shear 
stress is simply 

T = - pghh,r (2 .3) 

where p is ice density and 9 is the gravita ti ona l accelera tion. 
The extra vari able N is the effec ti ve pressure (ice-over

burde n pressure minus water p ress ure ), imroduced into 
basa l sliding laws by Lliboutry (1968); it must be desc ribed 
by a basa l drainage th eory, It is fund a m em a l to thi s theor y 
of surges that a drainage law of the typ e predicted byWa lder 
a nd Fowler (1994) should be applicable. This was based on 
the phys ics of drainage over wet, defo rm able sediments, 
such as the detrit a l carbonates of Hudson Strait, and in its 
simplest form can be written as 

N = c*/Q ~ (2 .4) 

where c* is a consta nt rela ting to the defo rm able-till proper
ties, a nd Q is the wa ter flu x (per cha nnel ) in a distributed 
system of canals which drain the bed. A number of simplifi
cations a rc built into Equation (2,4), a nd wc return to these 
la ter. In pa rticul a r, Equa tion (2.4-) is a n cquilibrium theory 
(stead y drainage ), a nd it cannot apply as Q -> O. 

The prec ise fo rm of Equati on (2.4) is inessentia l; the 
importa nt point is tha t N dec reases with increasing Q, a nd 
thi s propert y would be sha red by a dra inage system co nsist
ing of a patchil y di stributed film (Alley, 1989). 

Th e fin al relati o n determin es the wa ter flu x Q. For 
stead y dra inage, thi s is g iven by 

oQ 
ox 

(G +TU-q)Wd 
p\\, L 

(2.5) 

whe re G is geOlherm a l heat flu x, T V is the fri ctional heat 
generated by the basa l ice motion, q is the cooling ra te to 
the cold ice above, p\\' is water de nsit y, L is latent heat a nd 
Wd is the mean inte l--canal spac ing. Fo wl er and J ohn son 
(1996) pa rameter ised the cooling rate to the ice by mean s of 
a t herm al-hounda ry-Iayer desc ripti o n: 

(2.6) 

where 

I; = Lr 

u d.1', (2.7) 

- t6.T is the ice-surface temperature, C1) is specific hcat a nd /.; 
is therm al conductivity. The first of these is a heat-transfer 
term assoc iated with rapid ice fl ow; the second is represen
ta tive of conductive cooling, Adopti o n of Equation (2.6) 
avoids solving the two-dimensiona l temperature equation, 
again fo r simplicity: the form of Equatio n (2.6) is not o f pr i-
ma ryessence, 

This pa rameterisation of the basal cooling allows the 
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therm al e ffec t of changes in ice thickness to be instantl y 
communicated to the base. J ohnson (1995) examined the 
effec t o f including a delay in this coo ling te rm (for the 
lumped (zero-dimensiona l) model), and fo und littl e qua li
tative effect. Indeed, in some runs this term was ignored en
tirely. We shall come b ack to a di scussion of the 
parame te ri sation of basal cooling in section s 6 a nd 7. 

Equa tions (2.1)-(2.7) a re those posed by Fowler and 
J ohnson (1996) when the basal ice is a t the melting point. 
They must be supplemented by appropri a te relationships 
\Vhen the b asal ice is cold. \ Ve \V iII conside r this situation 
fur ther in subsequent sec tion s. 

Sealing the Illodel 

The modcl consists of Equa ti ons (2. 1) (2.7) fo r the vari ables 
h, u, T , N, Q, q and ~, with boundary conditions 

h.t' = 0, Q = 0 at x = 0, h = hi at x = I, (2.8) 

and a n initi a l condition for h. The model is the n non-dimen
siona li sed as described by Fowler and J o hnson (1996) in 
terms of sca les rh]. [u], [T], e tc., and when the \'a riables a re 
wriLlen in terms of these scales, we fin d the dimensionless 
form of the model 

hi + (/w)'l' = a, 

T = 11,"Ns , 

T = - hhl" 

I I ,\ 
QJ' = TU + 'Y - f3, - - . 

1;2 h 

N = Q-~, 

1;= l ·l'ud.r (2,9) 

where the dimensionless p a rameters "y, /3, ,\ have typical 
va lues o f o rder one. For exa mple, we take T = S = 1/ 2, and 
choose 

[a] = 0.2 111 a- I. 1= 2000 km, [N] = 0.4 b a r (2.10) 

where [a] is the accumula ti on-rate scale (a in Equation (2.9) 
is the dimensionl ess acc umulation rate). The value of [N] 
corres po nds to ice-stream conditions in Ice Stream B, Ant
arctica (Bentley, 1987), a nd if we choose c correspondingly, 
thell we fi nd 

[h] ~ 1500 111, [ll] '" 250 111 a- I, [t] ~ 8000 a (2,11 ) 

and 

,\ ~ 0,75 , "Y ~ 0.55, f3 ~ l.2. (2.1 2) 

The definiti ons of the p a ra meters are extremel y cumber
some, but it can be shown tha t they are rela ted to the critical 
fi' icti on coefli cielll C and dra inage coeffi cie l1l c* via the com
bination 

(2.13) 

and th e n 

1 1 
"yr:x- , f3r:x" . (2,14) 

(J (J 2 

[n view o f the lack of real constraint on (J, wc use Equati on 
(2,12) as a pla usible guideline. 
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3. NUMERICAL SOLUTION 

Elimination of Nand T in Equation (2.9) en ables the sliding 
law to be written in the form 

where 

R = ~ 
r 

, S =~ 
3r 

(3.1 ) 

(3.2) 

and the m odulus sign a llows the application of Equation 
(2.9) even if hx > O. We define 

D = hR+ll hx I
R

-
1
Q S, (3.3 ) 

and then the equation for h takes the form 

oh 0 [ Oh] at = ox D ox + a , (3.4) 

and is of non-linear diffusion type, with D = D(h, hx, Q), 
and Q is obtained by quadrature of Equation (2.9)4' 

We thus solve Equation (3.4) using an implicit diffusion 
solver. Specifically, we define a scheme as follows: 

hL hj
-

1 = a6.t 
2 2 

+ Ta(l - e) [D+h{+1 - (D + + D_)hi + D _hL 1] 

+ Tae[D+ h{~ ~ - (D + + D _)hr
1 + D _hI=;] . (3.5) 

Here 6..t is the time step, 6.x is the sp ace step and 
r a = 6..t / (6.. x f The current time level is indexed by j, and 
the current space location is indicated by i The diffusion 
coeffi cients D ± are essentia lly Di ±l, and a re specifically 

2 

defined (for the relevant time step) by 

(3.6) 

This choice corresponds to type 2 of Huybrechts and 
others (1996) and is thought to be less accura te than a type 
1 (mass-conserving). For the present purpose, we believe it 
suffices, a lthough in the sequel we do require very sm all 
space steps to ensure accuracy and stability in the solver for 
Q. 

The relaxation param eter e is zero for a fully implicit 
method , and equals 1/ 2 fo r a Crank- Nicolson-type schem e 
which is, however, less stable (though more accurate). The 
spatia l di scretisation allows second-order accuracy, and in 
order to provide second-order accuracy in time, we define 
Di as D{- 1/2, that is to say 

1 '-1 Di =-(Di +Di ) . 
2 

(3.7) 

Equation (3.5) (with Equation (3.7)) is not in itself sec
ond-order accurate in time, but we expect that if the step is 
iterated (by analogy with the improved Euler method for 
ordina ry differential equ ations), then it will give second
order accuracy, providing Equation (3.7) (a nd in fact Equa
tion (3.8) below) is used . A problem in the implementation 
of Equation (3.5) is then in the non-linear diffusion coeffi
cient D. To obtain second-order accuracy, we iterate the dif
fusion step by a simple predictor-corrector stra tegy, in which 
at the kth iterative step, we replace Equation (3.7) by 

D (k) = ~ [d k- 1) + ri-1] 
, 2 ' " 

(3.8) 

and D~O ) = Di-1 Thus the first pass corresponds to assign
ing Di a t the preceding time step, with subsequent iterates 
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providing correction. In the iteration, h; then a lso becomes 
(k) 

hi . 
Following each iterative step for h)k), we update Q by 

computing Q~k) from Equation (2.9). With (only) second
order accuracy required, we use an improved Euler discret
isation. We have also tried usin~ a fourth-order Runge- Kutta 
solver. With the improved Qi -), we then compute h~k) via 
central differ ences on h;k) (a nd a three-point second-order, 
or fi ve-point fourth-order, estimate for hx at x = 1). From 
this we have D (k) = D (h(k) h(k) Q (k) ) and the iteration , x, , 

can proceed . The iteration terminates at a sp ecified value 
of k usually 2 a nd then hj = h(k) Q j = Q (k) 

, , 'l 'l' ,t 'l' 

Results 

Extensive numerical computa tions reveal that ice-sheet 
"surges" do occ ur, but these be tray many signs of numerical 
unpredictability and bad resolution. With a good deal of 
effort, and with a particul a r choice of the parameters (par
ticularly R a nd S), given by 'Y = 0.3, f3 = 1.2, ). = 0.75, and 
with 6.t = 10- 4

, 6.. x = 10- 3
, R = 1.1, S = 0.4, we find that a 

front propagates backwards during a surge, as shown in Fig
ure 1. Figures 2 and 3 show associated plots of u a nd Q. We 
see that very high spikes of u a nd a sharp jump of Q are as
sociated with the propagation of this front. The jumps are in 
fact smooth for a sufficiently fine mesh, and they suggest the 
existence of a travelling wave. However, efforts to analyze 
the local structure of this tr avelling wave failed , a nd in fact 
a closer insp ection reveals that the apparent wave speed V is 
greater than 6... x/ 6.t, which indicates that the a lgorithm is 
not resolving the wave. R eduction to values 6..x = 1O- 'f, 
6.t = 10-6

, only served to sha rpen the profiles a nd raise the 
maximum values of u and Q in the front. The implication is 
that the problem as formul ated does not have sm ooth solu
tions, and we might conj ecture that (weak) solutions in 
which h is discontinuous and u has delta-function-like beha
viour do exist, though this is a m atter of conjecture. 

4. MODIFICATIONS TO THE MODEL 

We believe tha t the solution typ e represented in Figure 1 is 
realistic, but the model is unabl e to be solved satisfactorily, 
because of the absence of relaxational processes which allow 
for a switch in basal conditions. We believe that ice sheets 
can fl ow in eit her of two stable flow regimes (Fowler and 
Johnson, 1995), which depend on the amount of b asal water 
present. At low Q, slow flow prevails, while for higher Q, fast 
flow occurs. The occurrence of multiple flow states can lead 
to self-sustained oscillations, as explained by Fowler (1987 b), 
but in order to p revent discontinuiti es in the flow, it is neces
sary to include relaxation processes between th e different 
regimes. Fowler (1989), in a model very simil a r to this, de
scribing glacier surges, showed that inclusion of such terms 
allowed smooth solutions involving the rapid propagation of 
wave fronts in the surge, and we follow this suggestion here. 

There a r e other realistic glaciological effects which 
could be intr oduced to allevia te the apparent singulari ty of 
the Fowler-J ohnson model. In p ar ticular, inclusion oflong
itudinal stresses is known (Fowler, 1989) to act as a smooth
ing term in the transition be tween fast and slow flow. We 
doubt that such damping effects will alleviate th e problem 
here, which is fundamentally due to the implicit ass umption 
of an instanta neous adjustment of the hydraulic pressure to 
equilibrium. In the lumped m odel of Fowler a nd J ohnson 
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R=1.1 8=0.4 dx=1.0-3 dt=1.D-4 gamma=0.3 beta=1.2 lambda=0.75 
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Fig. 1. Propagation qf a swgefront backwards in the course qf a numerical solution qf the model ( Equations (2.9)), using para
meter values R = 1.1, S = 0.4 (cones/Jonding to T = 0.91 and s = 1.09), I = 0.3, (3 = 1.2 and >' = 0.75. The apparenl wave 
sjJeed is about 200 and the shock width is aboul 0.01, whereas the space step is 10 3 and the time step is 10 ·l Thus the shock 
structure is resolved, but it moves b)' about 200 x 10 4, i.e. about 0.02 in a single time step. The numerical solution is 110t solving 
the modeL. 

(1995), thi s adjustment is the cause of the discontinuous 
changes in ice nux, and Fig ure I simply shows its spati al ana
logue. 

D rainage relaxation 

The description of time-dep endent drainage is a compli
cated problem (Nye, 1976; Fowler and Ng, 1996), and we 
choose to represent the response time of the dra inage system 
by modifying Equation (2.9)5 as follows: 

- 1 

8Nt + N =(Q + QP'. (4 .1 ) 

The term in 8 is ana logous to that introduced by Fowler 
(1989), a nd is a simple representation of the relaxati on of N 
towards equilibrium. 8 is the ratio of the dra inage-response 
time (perhaps a month or less ) to the ice-sheet-g rowth time
scale, 0 t ha t values of 8 "-J 10-6 can be expected. The term 
Q is introduced so that when Q --> 0, the pore pressure can
not go below zero (or N cannot go above the ove rburden ice 
pressure). In fact, it is convenient to choose Q (which is 
small ) so that when Q = 0, the equilibrium va lue of N is 
such tha t the 'Iiding law Equa tion (2.9h describes realisti
cally the sma ll amount of shearing in the ice, which is des
cribed below. 

Freezing b ase 

\IVe now seek to extend the m odel more rea li sticall y to ac-

commodate wh a t happens when Q = 0. There a re two prin
cipa l basal situations to consider: ti ll-based and sediment
based . By till-based we mean tha t a layer of basa l deform able 
till li es be tween the ice and an essentia ll y impermeable bed
rock; while sediment-based means tha t the (permeable) sed i
ments below the ice extend to a sig nificant depth. 

For a sediment-based ice shee t, let s(x, t) denote the 
depth of the frost line below the ice- sediment interface. If 
the sediment porosity is cp, then the motion of the frost line 
is approximatel y governed by the Stefa n condition 

PwcpLS = -(G - q), (4.2) 

a nd when this is scaled as in sec ti on 2 (with s cv ice depth 
rh]), we obta in the dimensionless equa tion 

>' cpStPes = -(r - q) (4.3) 

where the Stefa n number St a nd Peele t number P e are 
defined by 

L 
St=cp~T' 

P e = [a][h] 
Kw 

( 4.4) 

a nd Kw = k/ Pwcp. With previo us estimates, a nd ta king 
L = 3.3 X 105 J kg " Kw = 38 m 2 a " ~T = 50 K as the 
surface sub-cooling below freez i ng a nd cp = 2 X 103 J kg
, K " we have S t cv 3.4, P e cv 7.9. With cp ~ 0.4, we then 
have cpStP e cv 10.7, which implies that (for times of 0 (1)) s 
is small relative to ice depth, a nd the conductive temper-
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Fig. 2. Propagation backwards if a velocity pulse in the surge. Note the scale Cl/U, which exhibits delta f unction-like behaviour. 

a ture profil e in the frozen sediment implies the following 
(scaled ) thermal relation for the basal ice temperature To: 

To = - qSj A (4 .5) 

where q is the dimensionless heat flux, which is now taken to 
be given by 

A f3u 
q=--+-, . 

h + S '; 2 
(4.6) 

We discuss the theory for a till-based ice sheet further below. 
The above description is by no means watertight, but 

represents the simplest coherent description of basal freez
ing, a long the same lines as the description of the basal cool
ing q. The fact that s is small is what motivates the 
ass umption in Equation (4.2) tha t the heat flu x at the freez
ing front is the same as that at the ice-sheet base, a nd 
(equivalentl y) that the temperature profil e in the sediments 
is linear (Equation (4.5)); this is due to the small aspect ratio 
of the frozen sediments. Since Equation (4.3) then implies 
tha t sub-basal freez ing and thawing occur on the (slow) 
convec tive time-scale, in fact the description here is likely 
to be reasonable. The main shortcoming might lie in the fact 
that q changes rapidly during a surge. However, since it is 
the heat flu x rather than the basal temperature which 
change, Equation (4.3) apparently does not imply a conse
quent rapid change in s. 

Shear flow in the iee 

vVhen the ice is cold at the bed, we may take the sliding 
velocity to be zero, but there is a sma ll component of ice 
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velocit y due to shearing within the ice. Fowler (1 992) showed 
that the shear is concentra ted in a shear layer near the base 
which gives an effecti ve plug-flow velocity in the ice of (with 
the present definition of the scal es) 

EA -'" 
u ~ - T"e"P O 

1"1 
(4.7) 

where 1 is the activation exponent defin ed by Fowler (1992; 
denoted there as "'( ), 1 = Q6.T / RTm2, a nd 

_ A [T]"[h] 
c = [u] (4,8) 

where A is the fl ow exponent. Taking A = 0.2 bar-3 a-1 

(Paterson, 1994), n = 3, [T] = 0.2 bar, [h] = 1500 m and 
[u] = 250 m a-I, wc have E cv 10- 2

, so that even if To ~ 0, 
the shearing velocity is very small (note also that 1 ~ 11). 

We define 

s = v~ , 

1 
v = A4>StPe cv 0.1 . 

"'(* = vi cv 1 , 

A* = EA cv 10- 3 

1"1 ' 
(4.9) 

so tha t Equations (4.5), (4.6) and (4.7) give, approximately 
(since s « h and It/~1 « 1 in Equation (4.6)), 

(4.10) 
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Fig. 3. Growth qf water flu and its backwards propagation in the surge qf Figure 1 

while Equati o n (4.3) is (since u « 1) 

. [ (3U '\] E ~ - 7U+,------ . 
.; ~ h + vE 

(4.11) 

The term 7U is (ine senti a ll y ) introduced in Equation 
(4.11) purely to facilitate the numerica l solution (sce Equa
ti ons (4. 13)). When E > 0, the base is frozen, a nd U is given 
by Equati on (4. 10); so long as A*T"+ I is sma ll, the n 7 U is 
small and the term ma kes littl e difference. This is no longer 
true if '\*7"+ 1 '" 1 (i.e. shea r stresses of order I ba r ), which 
m ay be approach ed near the front or (brieny) during surge 
activation. \Ve have no reason to beli eve that its inclusion 
has a ny sig nifi cant effect, but we have not exp lored the 
point. 

Equati ons (4·.10) and (4.11) a pply when Q = 0. The term 
in v is reta ined in Equati on (4.11 ) because if h reaches a 
steady sta te with E > 0, then Equation (4.11) indicates that 
s reache a n 0 (1) steady sta te over the longer time-scale of 
0 (1/ v). For the osc ill atory so lutio ns wc find below, the term 
is not importa nt. 

In solving the model, it is convenient to choose Q so that 
the equilibrium va lue of N as computed (Q-h when Q = 0) 
causes the sliding law to give the shea ring velocity (Equa
ti on (4.10)). Wc find that thi s is the case if wc choose 

- [ I ( '*E)] ~ Q ~ '\*7"-;: exp - h ' (4.12) 

whieh we promptly do. 

Water-flux adjustment 

\lVe m ay also modify the equati on fo r Q by including a term 
8 ' Q t o n the lefth a nd side of Equatio n (2.9) I . In this case, a 
stable numerical m e thod is to defin e the time step as 
~t = 8' D.x, so tha t integra tion from (i, j) to (i + 1, j + 1) 
is a long thc cha rac tc ri stics, and is implemented with a n im
proved Euler mcthod . 

SumIYlary 

The m odel we now so lve is the foll owi ng: 

hi + (hu),. = a , 
7 = u rN S. 

7 = - hh.r, 

, . (3u A 
8 Q I + Qr = j = TU + , - ,... - I E if Q > 0, 

~, 1 + V 

El = - f if E > 0 , 
- I 

8N1 + N = (Q + QP , 

~ = fo ·T u dx, (4. 13) 

with Q give n by Equation (4.12). Thi s reduces to Equation 
(2.9) if 8, 8', '\* a nd v a re put to ze ro, i. e. if we reve rt to the 
ass umption of equilibrium drainage hydraulic pressure a nd 
wa te r nux, and ta ke zero ice shearing a nd negligible frost 
penetra tion. 
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5. NUMERICAL METHOD 

The model is solved for h as before. As mentioned, Q is 
solved along cha racteristics by choosing ~t = 8' 6.x; both 
Nand Q a re solved with the improved Euler m ethod, and 
we a lso time-step ~ forward using an improved Euler 
method from (i, j - 1) to (i, j ). The treatment of cold- tem
perate transitio n points requires a good deal of care, and 
here we describe possibly the simpl est way of dealing with 
this poin t; more sophisticated m ethods could certainly be 
devised. 

T he bas ic problem is illustrated in Figure 4. Each of the 
cases IAa, lAb, lB, 2A, 2Ba and 2Bb represents two succes
sive time steps j - 1 and j, with the spatial grid i indicated 
hori zonta lly. Solving for ~ or Q is straightforwa rd in Equa
tions (4. 13) except at points XCT which define cold- tem
perate transition points (that is, 2:: > 0 on one side of XCT 

a nd Q > 0 on the other). At each p oint of the ice-sh eet base, 
we need to solve either for 2:: (frozen base) or for Q (warm 
base ), and the difficulty ari ses because we integr a te Q from 
(i , j - 1) to (i + l ,j), but 2:: from (i , j - 1) to (i , j ) . 

J 

lAa 
j - l 

i i + 1 

V 
/ , .' .. t 

At time step j - 1, there are two m ain cases to consider: 

case 1, 2::tl > 0, Q{~ ; > 0: 

case 2, Q;-l > 0, 2::i~ i > O. 

Case I corresponds to frozen bed upstream, case 2 to frozen 
bed downstream. 

Each of these has two separate subclasses: 

b A j i- l 0 su -case , H I > ; 

sub-case B, It;; < o. 

Sub-case A corresponds to thawing conditions ( XCT 

moving towards the frozen bed ), a nd sub-case B corre
spo nds to freezing conditions (XCT moving towa rds the 
wa rm bed). 

In Figure 4, the location of XCI' at time levels j - 1 a nd j 
is indicated by open circles. To one side, 2:: > 0 and 2:: can be 
integ rated to step .7 (a t the same value of i ). On the o ther, 
Q > 0 and it can b e integrated to step j at the next value of 
i . Thus, for the various cases, we may sometimes be able to 

2:: < 0 

lAb 

Q~/-Z /, 
.. ' \ 

\ X CT . ... ~ 
2:: > 0 

X CT 
Q < OQ < OQ < O 

110 

lB 

2Ba 

2Bb 

l~tlti!1z 

2A 

2::>0 Q > O Q Q 

...... (j;j 
t' 

Q > 0 XCT B > 0 

B > 0 
Q > 0 =? shock (as 2A ) 
---

• ,4 
" I 

~~' ... 
, . , . , , 

,,' J 
Q>OB > O 

Q > O Q < O ~ > O r ..... 
L·"~ 

L1XC~ 
or 

Q < O Q < O 

L.-:;/ , ., ... 
' .... XCT 

-A=-:, 
Q > O B > O 

Fig. 4. Illustration of the various cases which must be considered in determining the evolution qf/he cold- temperate transition point 

XCT· 
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compute val ues of both 2: and Q at some g ridpo ints at step j , 
or someti m es neither. 

For example, in case lA, with f > 0, then 2:;-1 de
creases; if2:i > 0 (case IAa), then XCT remains in the inter
val (Xi, X i+l ), and the value of Qi+1 is computed using a 
weighted value of the step length L::.x. Since thi s corresponds 
to backwards propagation o[ XCT (f > 0, so m elting is oc
curring ), and since (see sec tion 6) we expect that the speed 
OfXCT is much less than 1/{/, we can ass ume that XCT traces 
an approximately vertical pa th in Figure 4 (case IAa ), and 
also that Q x ~ f , whence the distance Xi+ l - XCT is approx
imatel y Q{~ ~ / It;;. In computing Q;+l we replace L::.x by 
thi s approximation (for case IAa ). Case lAb is similar, ex
cept tha t 2:{ < 0, a nd XCT crosses into (Xi- I, X i ) .. In this 
case, X i becomes warm, and we assign the value Qi ~ O. If, 
on the other hand, f < 0 (case IB ), then XCT must propa
gate forward at a rate larger than 1/8', and this is illustrated 
in Fig ure 4; in fact, from the definition O[ XCT (2: = Q = 0 
on X = XCT(t) ), we find tha t 2:x rv 8' a nd 

. 1 ( If I) 
XCT ~ {j 1 + Q.r . (5. 1) 

As indicated in Figure 4 [or case IB, one o r m ore nodes 
change from Q(> 0) to 2:(> 0). A simple a lgo rithm is to 

. . I . 
compute Qi. ( ifQ{~l> 0), and ifQi < 0, then for such k, 
wc assig n a value 2:{ :::: O. In practice, we choose 2:{ = 0 
whieh should be acc urate [o r these interpolated nodes, since 
2:1. cv 8' . 

Cases lA a nd IB represent the two importa nt cases that 
occur in practice. For compl eteness we describe two further 

. I . J 
cases. Case 2A occurs when Qr > 0, 2:1~ J > 0 a nd 
f1.;ll > O. In this case, XCT represents a shock, insofa r as Q 
a nd 2: suffer di scontinuiti es a t XCT. A conse r vati on argu
ment then implies that 

. Q 
XCT =~ (5 .2) 

where Q is eva luated on XCT- , and 2: on XCT+, a nd we rep
resent thi s a lgorithmically in a crude way by selecting the 

Fowler and Schiavi: A theory of ice-sheet surges 

I I [ Q j ·f QJ- l / " J- 1 1/ " d " j .[ computec va ue 0 i+ ! I i LJ i+! > u , an LJi+ l 1 Qr / 2:C~ < 1/ 8' . This has the effect o[ pushing XCT for
wards to the next grid space if XCT> 1/ 8' = l::..x / L::.t. 
Again, a m ore sophisticated m ethod wo uld be more 
acc urate, but this is sufficient here, where thi s situation does 
not in fact arise. 

Lastl y, case 2B is illustrated in the two cases 2Ba and 
2Bb. If the .computed QI+l > 0 (case 2Ba ), th en a shock is 
propagating, a nd is dea lt with as in case 2A. If QI+! < 0 
(case 2Bb), then the front is no longer a shock a nd may pro
p agate backwards. In either o[ the illustrated cxampl es, the 
a lgorithm simply retains ~i.(= 0) ifQi. < 0 (as [or case 1B). 

Results 

In the following fi g ures we show the co urse of a surge using 
a value of 8 = 8' = 10-2

, with space step L::.x = 4 x 10 5 

a nd time step 6.t = 4 x 1O ? Consistent res ults are 
obta ined with coarse r resolutio n, though in certain regions 
thcre is then som e numer ica l instability. A remna nt of this is 
in (act visible in Figure 6. Although we have supposed rea
li stic valucs of 8 a nd 8' to be of order 10 6, we can a nticipate 
from the form of the equations that such small values will 
lead to an ex trem ely stiff system , a nd require inaccess ibly 
sm all time steps to capture the an ti cipated rapid transitions 
in Nand Q. This expectati on is validated in sections 6 and 
7, where we a re a ble to obtain a na lytic es timates [or the fast 
time-scales involved , and we then use these to extrapolate 
th e numerica l results to more realistic conditi ons. Figures 5 
a nd 6 show the evolution of the centra l thickness hm ax = 
h(O, t) a nd the o utl et \·elocity U OIII = u(l, t) as [unctions of 
time. \Ve see a pattern of surging at regular intervals, with a 
period of the o rde r of the convec ti ve time-scale. The surge is 
initi ated by a n activation wave which propagates backwards 
from the margin a t a rate contro ll ed by the drainage-pres
sure relaxation ti m e (8), and wh ich enabl es the transition 
from co ld-based to tempera te-based dynamics. The propa
gation o[this wave is shown in Fig ures 7- 9. 

When the acti vation wave reaches the divide, a deactiva-

3.5 ,----------,-----------,----------,-----------,----------, 

3 

2.5 

2 

1.5 

0.5 

OL-________ ~ __________ L_ ________ -L __________ L-________ ~ 

o 0.2 0.4 0.6 0 .8 

Fig. 5. Evolution of the maximum thickness h(O , t) at the ice divide, Jor values A = 0.75, ,= 0.55, f3 = 1. 2, 8 = 10 2, 

8' = 10 2
. 

III https://doi.org/10.3189/S0022143000002409 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000002409


J ournaL ofGLacioLog)1 

112 

35 ,----------,-----------,----------,----------,-----------, 

1\ 
30 

25 

20 

15 

10 

Fig. 6. EvoLution qfthe outLet veLocity u( l , t ), asfor Figure 5. 
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Fig. 7 Backwards propagation qf the activation wave in the depth profiLe. Near the divide, the prcifile continues to thicken due to 
accumuLation, while the ice veLocity is negligible. 
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Fig. 8. Backwards propagation of the activation wave in the water flux. 
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Fig. 9. Backwards propagation of the activation wave in the ifJective pressure. Note that the values above the kink at about 0. 2 
apply when the ice is J rozen at the base, and have no physical meaning. The value of N has been scaled down by a Jactor of 
A *-r/8 = 10 3, consistent with Equation (6.1). 

tion wave is formed which propagates forw ards (at a fas ter 
speed which is controlled by the wa ter-Du x relaxa tion 
ti me( 8' ) ) causing the base to freeze agai n. The outl et ice flu x 
at the m a rgin is shut down very rapidl y when thi s wavc 
travels towards the front, and the slow build-up begins 
again. The propagation of this deactivation wave i shown 
in Fig u res 10- 13. The p ropagation speed s of the acti vatio n 
and deac tivati on waves a re controlled by the relaxa tion 
pa ra meters /j and 8'. In secti ons 6 and 7, we analyze the 
two fronts, and deri ve express ions fo r the propagatio n 
speed s, a nd the form of the va riables in the fronts, by meth
ods ana logous to those used in studying shock structu re. An 
interpre ta ti on of the num eri ca l res ults in the light of these 
ana ly tic res ults is then g iven in section 8. 

6. SURGE ACTIVATION 

During a surge, a wave front propagates backwards at a ra te 

controll ed by the water-pressure res ponse time 8. Suppose 
the wave illustrated in Fig ures 7- 9 is located a t x = xs(t ). 
We defin e local shock vari abl es by rescaling as fo11 ow.s: 

Xs = - VV, Q ~ 11, (6.1) 

where V ~ 0 (1) is to be de te rmined. The resca led equa
tions to determine the va ri ables within the acti vation front 
become, to leading order (a suming f« 1), 

Vhx+(uh)x= O, 
T = uTNs , 

T = - hhx , 

Qx = T U if Q > 0 , 

V~x = - TU if ~ > 0 , 
1 

V Nx + N = (Q* + AQf" , (6 .2) 
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Fig. 10. Forward projJagation of the cold- temperate transition point in the deactivation wave. N is scaled as in Figure 9. 

113 https://doi.org/10.3189/S0022143000002409 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000002409


Journal ifGLacioLogy 

2.5 .-------,---------,,---------,,-----,--------, 

2 

1.5 

o 

0.5 

0.900 -
0.906 ----. 
0.908 
0.909 .. 
0.910 -_.-

OL_ __ -=~L_ ___ ~~ ___ ~ ___ ~_L__~_~ 
o 0.2 0.4 0.6 0.8 

Fig. 11. Forward propagation if water flux in the deactivation wave. 
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Fig. 12. Adjustment if h in the deactivation wave. A sLight adjustment if sLope can be seen to propagate over the freezingfront. 

providing V » c, 8'V « I , and where 

Q* = [Tn-~ exp ( _ 'Y:~) r r/s , 

A=V/ )..*3r/s, 

and we have chosen 

- c 
V =-

8 

(6 .3) 

(6.4) 

which is consistent with V» c, 8'V « 1 if, for example, 
{j = {j' « l. Note that the condition {j'V « 1 underli es the 
a lgorithm used in case I in section 5. From Equations (6.1) 
and (6.4), we have 

(6 .5) 

whence the wave speed is of order 

(6.6) 
3 - . 2 

If we choose T = S = 1/ 2, )..* rv 10 , then V rv 10- 1 8-"3, 
c rv 10- 1 8k. Thus for {j rv 10- 2

, the predicted shock width 
is rvO.02 and speed is rv2, while for the more reali stic {j rv 

114 

6 - 3 3 10 , we have V rv 10 , c rv 10 . From Figure 7, the apparent 
front speed is about 6, and the front width is about 0.4. This 
suggests that V ~ 3, so that the wave speed is about 3V, and 
the shock width is about 20c . The parameter A in Equation 
(6.3) is defined by 

(6.7) 

e.g. A rv 109 for 8 = 10-2
, A rv 1012 for 8 = 10- 6

. 

We now seek solutions to Equation (6.2) in which Q > 0 
at X > 0 , a nd ~ > 0 at X < 0, so that the cold- temperate 
transition is at X = O. In X > 0 (Q > 0), we neglect 
O(A - 1/3), so that (if h = ha and N -+ No at X = 0) 

N ~ Noe- x /v , 

V(ho - h) ~ hu 

(since u » 1 at X = 0), a nd therefore 

(6.8) 

(6.9) 
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Fig. 13. A snapshot cif the deactivation wave, as exhibited by prqfiles cif h, Nand Q. Also shownJor {om/Jarison is lite h /mijiLe 
JoLLowing the passage of the wave. Note that as in Figure 9, N is scaled by 10 3; behind I.hefi"Ollt at 0.9, Q = 0, wlt£le ahead ofit, 
N:;::, 10-3. 

The depth profile in X > 0 is therefore de termined by 

rho hr+1dh NO sv r+l _~ 
ih ( ho- h)"~ s (l -e I) , (6 .10) 

and the (scaled ) shock speed V is then determined by 

l'
hn hr+ldh 

hT sV ,+ 1 
HO = (h _ h)r "+ 0 

where h+ is the depth a head of the front (h+ < ho). 

(6.11) 

A crude estimate for V is obtained by taking h, h+ « ho 
in Equation (6.11), so that 

V~ 0 
[ 

h 2 ] '!, 
~ (r + 2)NoS 

(6.12) 

If we take ho :;::, 2.5, No :;::, 0.2 from Figures 7 and 9 (note 
that N has been resealed with ,\*-; in Figure 7, just as in 
Equ a tion (6.1)), and r = s = 1/2, then thi s gives V ~ 3.15, 
consistent with the propagation rate in Figure 7. Further
more, Figure 9 suggests a n e-[olding decay distance of abou t 
(using a ruler on the t = 0.86 profile in Figure 9) 0.017. This 
is predicted to be X = V , or X - Xs = Y E. With E = 0.022 
from Equation (6.5), this would give V ~ 3.6, again consis
tent with the propagation rate. These results are added con
firmation of the va lidity of the analysis. 

This gives the basic wa\'e profile ahead of the cold- tem
perate transition point, although the approximation in
volved in deriving it breaks down as X ..... 0 (as then 
AQ ..... 0). More specifically, we see that 

( 6.13) 

as X -7 0, and we select the regIOn near X = 0 where 
Q '" 1/ A by writing 

X = A_ 12 '~ , h = ho - A- 1W , 

N = No - A-':;'l\f, Q = A- IX, 
1 r 

U = A -'V, T = A - 'iT. (6.14) 

To leading o rder, Equatio ns (6.2) become 

-VW( + hoUE, = 0 , 

T = hoWE, = NoW , 

XE, = TV , 
1 

- V Mc + No = [Q* + xP . 
In term s o f x, thi s regio n is of thickness 

(6.15) 

(6.16) 

For r = s = 1/ 2, the exponent of '\ ' is one, so tha t 
E* '" {51 / 2 ,\* and with ,\* = 10 3 E* '" 10 I for 8 = 10 '2 

E' '" 10 (j r~r 8 = 10 6. Even for t1~e higher va lues of 8 used 
numerica ll y, this region is still practicall y a t the limit of re
solution . 

'Vithin this rcgion, 

1~2 VE, '" No sUr, Xc '" No"U"+ ], (6 .17) 

whence 

(6 .18) 

where ';0 is a n intcgration constant, and thus 
1+, 

X ~ (1; T) No=' (V(~o~ T) ) 1- , [(~ + ';0) 12r - ';In , 

(6.19) 

and M is determined from Equation (6. 14). By choosing 
No = Q *-1/3, we can see that lifE, will be zero at X = 0, 
and thus N is smooth . This upper portion of the front must 
be joined smoothl y to the upstream part where ~ > O. In 
fact, we see that in this upper portion, 

(6 .20) 

and if T = S = 1/ 2, thi s is (,\.2/ 8)"/(1"+1) This is small for 
,\* = 10- 3

, {5 = 10 3, and even for 8 = 10 6 it is 0 (1). This 
suggests that the portion of the front wh ere I; > 0 is of li tt le 
significance, a nd thi s is borne out by the numerical res ults. 
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7. SURGE DEACTIVATION 

vVhen the activation wave reaches the divide, a deactivation 
wave propagates rapidly dow nstream, thus switching the 
surge off \Ve can see fro m Figures 10- 13 tha t this deactiva
tion wave is associated with the propagation of the cold
temperate transition point XCT downstream. We have seen 
in section 4· (Equation (4.14)) that this front m oves with the 
speed 

V~~ (l _L) 
8' Qx ' 

(7.1) 

\'Vhen f > 0, the XCT point represents a "warming" front, 
and the wave speed is less than the characteristic speed, 
while for f < 0 it is a "cooling" front, and moves fas ter than 
the characteri stic speed. In the latter case, the front can be 
considered to be a weak shock. In any event, there is no 
shock structure associated with thi s fron t p ropagation (at 
least in this model), and from the numerical solutions, and 
also Equations (4.13), we see that h experi ences a jump of 
0 (8) across the front, and N decreases from 0 (Q- 1/3) to 
0 (1). Without any smoothing mechanism for Q, the solu
tions for N (and thus also h a nd u ) exhibit numericaljud
ders near XCT on a sm all scale, though these are not 
apparent in the figures. It can be seen from Figure 11 that 
for 8 ' = 10-2

, the speed of the front (between t = 0.906 
and t = 0.909) is v ~ 1.7 X 102 = 1.7/8', consistent with this 
resul t. 

8. DISCUSSION 

The model of ice sheets incorporating cana l-type drainage 
described by Fowler andJohnson (1995) ex hibi ts surges on a 
regul a r periodic basis, with a period between surges con
troll ed by the acc umulation rate. When the ice is thin and 
cold, then h thickens towards its equilibrium hu = ax. In 
the present model, if L; « 1, then u ~ A*Tn , so 
A*h( - hhx)" -+ ax, and the equilibrium profil e is given by 

h,,+2 _ I n;2 (n + 2) (a )t( "+ 1) " -1m + - - - 1- x n 
n + 1 A* 

(8.1) 

where hm is the marginal value of h. 
So long as the margina l ice remains cold, then ~ will 

tend to an equilibrium (cv 1/ v), so long as f = 0 for some 
L; > O. By consideration of Equation (4.13) 5, we can see that 
the condi tion for this not to occur is that 

A {3u 
/ + TU > -h + -I at x = 1 . (8. 2) 

, ~ 2 

Since h (and thus u and thus ~) is given a t x = 1, this is a 
messy but explicit criterion which indicates melting will be 
initiated at the front if / is la rge enough. For O ( 1) values of 
/, A a nd {3, Relati on (8.2) will inevitably be sati sfi ed since A* 
is small. 

Physically, the condi tion to mainta in a freez ing base 
requires (assuming u is then very small) tha t the geother
mal heat flu x / can be rem oved by conductive cooling, 
wh ich in a steady state is j ust A/ (h + v~ ). If then / > A/ h, 
then this is not possible for a positive fros t depth L;, and the 
criterion for the initiation of m elting is simply Relation (8.2), 
or (with small u) h > AI! . . 

When melting is ini tia ted, an activation wave propa
gates backwards at a dimensionless speed of order 

- ,I 
3V = 3A*,+18-,+I. The surge is active during the passage of 
this wave, which therefore las ts a time tsurgc cv 0.38'!I A*'~I, 
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and the ice velocity (and thus the di scharge flu x at the mar
g in ) are of order l /V. When the m elting front reaches the 
divide, the dom e collapses, a nd a freez ing front deactivates 
the surge on a time-scale 1/8'. The timing and m agnitude of 
the surge is thus critically dependent on the relaxation times 
for the basal drainage system. 

D i tnen siona l r esu lts 

The basic units used by Fowler a ndJohnson (1995) a re given 
by Equation (2.11). We identify the convective time-scale [t], 
the ice-sheet dep th scale [h] a nd the ice velocity scale [u]. 
T he drainage time-scales can be identified in terms of two 
processes, pressure relaxation a nd water-flux relaxation. If 
we compare Equation (4.13) with , for example, Nye's (1976) 
hydrological dra inage model, then we can identify a con
vective water-flu x time-scale t fl ux = l/u where u is a typical 
water velocity in the drainage system; then 

(8.3) 

The pressure-relaxation time-scale is less obvious. In terms 
of Nye's hydrological model, it is g iven by the closure time
scale of ice (and would thus be {A [NJ" } - 1 where A is the 
fl ow-law consta nt and [N] is the effective-pressure scale). 
For \"'alder and }owler's (1994) canal drainage system, the 
relevant closure time-scale tela" might be given by 

"h ill 
telas = [N] . (8.4) 

It can also be sh own (Ng, 1998) for the Nye model that 

tflux cv tJ. cjJ cv g[h] 
telas PiL L 

(8.5) 

where 6,. cjJ is the driving hydra ulic head, ~nd L is la tent heat. 
If we suppose Equations (8.4) a nd (8.5) are valid, then with 
values L cv 3.3 X 105 J kg \ [N] cv I bar and 'T] till cv 10iO Pa s 
(Alley and others, 1986), we wo uld have 

tela" cv 105 s, tflux cv 0.6 X 104 s, (8.6) 

and with [t] = 8000 a = 2.5 x 1011 s, we would deduce 

8' = tftr cv 2 x 10- 8
, 

8 = t[~ls cv 4 x 10- ? (8.7) 

These are merely indicative. In particular, it is likely that 
telas will be longer than I d, if account is taken of the time 
taken fo r latera l water transp o rt between fl ow p athways. 
That is to say, Equation (8.4) gives a response time for pres
sure adjustment a t a canal, whereas what is of principal con
cern is the resp onse time of the effective pressure in till away 
from the supposed drainage cana ls. In what follows, we sup
pose always tflux/ tclos ~ 0.06, and give estimates for quanti
ti es of interest for various values of telos. 

The surge p eriod is of order [t ] cv 8000 a, en tirely con
sistent with H einrich-event intervals of 5000- 10 000 a. 
Other quantities of interest are: 

surging ice velocity, ~ 7.4V[u]; 

surge dura tion, ~ 0.3[t ]/V; 

deactivation wave speed, ~ [u]/8'; 

peak surge basal water flu x, ~ [Q]V /Wd . 

According to Fowler andJohnson (1996), [Q] is the water
flu x sca le per channel, [Q] cv 2 m 3 

S- I, while Wd is the chan-
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nel spacing, WeI "-' 4 km. This las t va lue is ba dly constrained , 

but the quantity [Q]V / W d is the wa ter flux per unit width, 

which does not dep end on Wd (since in fact [Q] ex W eI ). V is 
defined by Equation (6.6), and in our numerical results 
(r = 1/2, 8 = 10 2, A * = 10 3), V;::;j 2.15, and this toge ther 

with the res ults in Figure 6 (velocity reaches 16, duration is 

0.15), Figure 8 (m a xi mum Q is about 2) a nd Figure 10 (d e
activa tion time is 0.01) determines approximately the nu

merical coefficients above. In Table 1 we show values of 

these quantiti es for various choices of t elos (assuming 

t f1 llx/ t c1os = 0.06), and using [t] = 8000 a , [u] = 250 m a- I 

a nd [h] = 1500 m , a nd with A' (given by Equation 
(4.9)+) = 10 3, r = s = 1/2. 

Table 1. Computed values rif sU1ge characteristics, based on 
A* = 10-3

, r = 1;2 

Qy an./if)' Difinitioll 

5 Lclos/[L] 
5' tn }IX / [t ], 
V A "'r+T 6-;::j:f 

Surge \'cloc ity 7.4V[u] 
(kOla ') 

Surge durat ion (a) O.3 [t ]/V 
D eactivation wa\"C [u]/5' 

speed (km a ') 
Pea k wa ler flux [Q]V / Wd 

(m 3 s ' km ') 

10'; s 

(1 d) 

4 x 10 7 

2.4 x 10 8 

1842 
3400 

1.3 
108 

900 

107 s 
(4 months) 

4 x 10 -5 4x 1O " 
2.4 x 10 6 2.4 x 10 4 

85 4 
157 7.4 

28 600 
106 104 

43 2 

The violence of the surge is sensitively dep endent on the 

pressure-relaxati o n time-scale, rang ing from benign if 

t elos = 30 a to catastrophic ifteloo = 1 d. Note, howeve r, th a t 
the to ta l ice di scha rge (which is proportional to the product 

of velocity a nd dura tion ) is independent oftelos. For a n out

let ch a nnel of width 200 km, and a n exit depth of 500 m (as 
used he re), the net ice discha rge is 4 x 105 km 3 

The ac ti vation w ave is controll ed by th e clos ure time
scale. A s the cold- temperate transition point XCT moves 

back, one can think of the rate of propagation being de te r

mined by th e ra te a t which the drainage system is set up, 
a nd this is co ntroll ed by the ba lance b e tween (for a canal ) 

till c reep a nd sediment removal. On the o ther hand, the d e

activa ti on wave is controll ed by the convective wa ter-flux 
time-scale, and is effectively insta ntaneous by compa ri son. 

Even for the most vicious surges, the wa ter flux is no t to o 

en ormous. The most viol ent j okulhla ups in Iceland h ave 
m a ximum peak di scharges of 105 m 3 s- l km- 1 (Tomasson, 

1996), a lthough only for several hours. The regular 

Grimsvo tn jokulhlaups have di scharges of order 102 m 3 

s I km lover several d ays (Bjornsson, 1992). Total di scha rges 

a re thus less tha n about 109 m 3 km I. For the ice-sh ee t 

surges, however, th e to tal discha rges a re la rger. Indep en
dentl y of the surge duration, Table 1 suggests a tota l di s

ch a rge of 3.8 x 1010 m 3 km \ or (fo r a 200 km wide outle t 

ice stream ) 7.6 X 103 km 3
, about 1 % of the ice disch a rge. 

For a drawdown a r ea of 106 km2
, this represents melting o[ 

7.6 m of ice. 

Apart from telos , th e other imponder a ble in Table 1 is the 
va lue of r in the sliding law r = cu r N S

• The va lues r = s = 

1/2 corresp ond to the view ofBoulton a nd Hindma rsh (1987) 

Fowler and Schiavi: A theory cif ice-sheet Sll1ges 

and Boulton (1996) tha t co a rse (sand y) tills h ave va lues of 
r , s of 0 (1). The view of Kamb (1991) is tha t [or clay-rich 

m arine sediments, the sliding law is more nearly plastic, so 

th at S ;::;j 1, r« 1. We cal1.. see the effect of choosing T « 1 
in Table 1. The values of V in the three columns a rc then 

11 = 0.25 X 107
, 0.25 X 105 a nd 0.25 x 103

. Even for the 

mildest ca se t elos = 30 a, V = 250, the surge velocity is 
460 km a - I, the duration is 10 years and the p eak water dis
cha rge is 120 m 3 s I km I. 

Variable periodicity 

The H einrich-event inte rvals a re not constan t. This is 

h a rdly surpri sing since the intervals are controlled by acc u
mula tion , which must be sig nificantly a ffected by th e cli

m atic a lter a tions induced by these surges. 

Synchronised surging 

Bond a nd L o tti (1995) indicate ev idence th a t different ice 

stream s surged simulta n eously, which wo uld appa rently 
cause diffic ulty for the no ti on th at their oscill a tions a re con
troll ed inte rn a ll y a nd inde p endentl y. Thi s p o int of view has 

been suppo rted by Revel a nd others (1996), whil e G wiazd a 
and othe rs (1996) indicate tha t, at least fo r H einrich event 2, 
the Hudson Strait origin is domin ant. The idea th at ice

sheet sUl-ges can be caused (as opposed to innue nced ) byex
terna l fo rc ings is, however, dynamically na ive. In fact, it is 

well know n th at even weakl y co upled no n-l i near osc ill ators 

will readil y become sy nchroni sed, a nd th e re a re m any 
examples where this phenomenon can b e recogni sed , 

despite th e appa rent minute ness of the co upling : firefl y illu
mina ti o ns, human menstru a l cycles, a nd m ech anical clock s 

come to mind. It would in fact be a lmos t surprising if the 

surging o f different ice stream s did not tcnd to become sy n

chroni sed , o r at least h a rmonically reso na nt, as they are 
coupl ed through the clima tic input. A s imila r comment 

appli es to the minute 100000 year Mila nkov itch forcing of 

the ice ages. 
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