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Abstract

We prove the abelian/nonabelian correspondence with bundles for target spaces that are partial flag bundles,
combining and generalising results by Ciocan-Fontanine-Kim—Sabbah, Brown, and Oh. From this, we deduce
how genus-zero Gromov—Witten invariants change when a smooth projective variety X is blown up in a complete
intersection defined by convex line bundles. In the case where the blow-up is Fano, our result gives closed-form
expressions for certain genus-zero invariants of the blow-up in terms of invariants of X. We also give a reformulation
of the abelian/nonabelian Correspondence in terms of Givental’s formalism, which may be of independent interest.
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1. Introduction

Gromov—Witten invariants, roughly speaking, count the number of curves in a projective variety X that
are constrained to pass through various cycles. They play an essential role in mirror symmetry and have
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2 Tom Coates et al.

been the focus of intense activity in symplectic and algebraic geometry over the last 25 years. Despite
this, there are few effective tools for computing the Gromov—Witten invariants of blow-ups. In this paper,
we improve the situation somewhat: We determine how genus-zero Gromov—Witten invariants change
when a smooth projective variety X is blown up in a complete intersection of convex line bundles. In
the case where the blow-up X is Fano, a special case of our result gives closed-form expressions for
genus-zero one-point descendant invariants of X in terms of invariants of X and hence determines the
small J-function of X.

Suppose that Z ¢ X is the zero locus of a regular section of a direct sum of convex (or nef) line
bundles

E=Ly®---0L, - X

and that X is the blow-up of X in Z. To determine the genus-zero Gromov-Witten invariants of X, we
proceed in two steps. First, we exhibit X as the zero locus of a section of a convex vector bundle on
the bundle of Grassmannians Gr(r, EY) — X: This is Theorem 1.1 below. We then establish a version
of the abelian/nonabelian correspondence [CFKS08] that determines the genus-zero Gromov—Witten
invariants of such zero loci. This is the abelian/nonabelian correspondence with bundles, for target
spaces that are partial flag bundles—see Theorem 1.2. It builds on and generalises results by Ciocan-
Fontanine-Kim-Sabbah [CFKS08, §6], Brown [Bro14] and Oh [Oh21].

Theorem 1.1 (see Proposition 6.2 below for a more general result). Let X be a smooth projective variety,
letE=Ly® - -®L, — X be adirect sum of line bundles and let Z C X be the zero locus of a regular
section s of E. Let n: Gr(r,EY) — X be the Grassmann bundle of subspaces, and let S — Gr(r,E")
be the tautological subbundle. Then the composition

*V”*Sv
S—>rE' — O

defines a regular section of SV, and the zero locus of this section is the blow-up X = Bl X.

If the line bundles L; are convex, then the bundle S is also convex. The fact that X is regularly
embedded into Gr(r, EY) = P(E) (where P(E) is the projective bundle of lines) is well-known and true
in more generality; see, for example, [Ful98, Appendix B8.2] and [Alul0, Lemma 2.1]. However, to
apply the abelian/nonabelian correpondence, the crucial point is that X is cut out by a regular section
of an explicit representation-theoretic bundle on Gr(r, E). To apply Theorem 1.1 to Gromov—Witten
theory and to state the abelian/nonabelian correspondence, we will use Givental’s formalism [Giv04].
This is a language for working with Gromov—Witten invariants and operations on them in terms of
linear symplectic geometry. We give details in §3 below, but the key ingredients are, for each smooth
projective variety Y, an infinite-dimensional symplectic vector space Hy called the Givental space and
a Lagrangian submanifold Ly c Hy. Genus-zero Gromov—Witten invariants of ¥ determine and are
determined by Ly .

We will also consider twisted Gromov—Witten invariants [CGO7]. These are invariants of a projective
variety Y which depend also on a bundle F — Y and a characteristic class ¢. For us, this characteristic
class will always be the equivariant Euler class (or total Chern class)

d
c(V) = Z A7ke (v, where d is the rank of the vector bundle V. e
k=0

The parameter A here can be thought of as the generator for the S'-equivariant cohomology of a point.
There is a Lagrangian submanifold L, C Hy that encodes genus-zero Euler-twisted invariants of Y;
the Quantum Riemann—Roch theorem [CGO7] implies that

Ap, Ly = LF,,
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where Ar,: Hy — Hy is a certain linear symplectomorphism. This gives a family of Lagrangian
submanifolds A — LF, defined over Q(2), that is, a meromorphic family of Lagrangian submanifolds
parameterised by 1. When F satisfies a positivity condition called convexity, the family A +— £, extends
analytically across 4 = 0 and the limit L£p, exists. This limiting submanifold Lr, C Hy determines
genus-zero Gromov—Witten invariants of the subvariety of Y cut out by a generic section of F [CGO7,
Coal4]. Theorem 1.1 therefore allows us to determine genus-zero Gromov—Witten invariants of the
blow-up X, by analyzing the limiting submanifold £ sy

Our second main result, Theorem 1.2, applies to the Grassmann bundle Gr(r, EY) — X considered
in Theorem 1.1 and more generally to any partial flag bundle FI(E) — X induced by E. Such a partial
flag bundle can be expressed as a Geometric Invariant Theory (GIT) quotient A /G, where G is a
product of general linear groups, and so any representation p of G on a vector space V induces a vector
bundle V¢ — FI(E) with fibre V. See §2.2 for details of the construction. We give an explicit family of
elements of Hry(k),

(t,7) = Iom(1,7,2) t € CR for some R, 7 € H*(X) )

defined in terms of genus-zero Gromov—Witten invariants of X and explicit hypergeometric functions,
and show that this family, after changing the sign of z, lies on the Lagrangian submanifold that determines
Euler-twisted Gromov—Witten invariants of FI(E) with respect to VC.

Theorem 1.2 (see Definition 5.10 and Theorem 5.11). Forallt € CR and v € H*(X),
IGM(I, T, —Z) € ﬁv/lG .

Under an ampleness condition—which holds, for example, whenever the blow-up X in Theorem 1.1
is Fano—the family (2) takes a particularly simple form

Iom(t,7,2) = Z(l + O(Z_l)),

and standard techniques in Givental formalism allow us to determine genus-zero twisted Gromov—Witten
invariants of FI(E) explicitly: See Corollaries 5.13 and 5.14. Applying this in the setting of Theorem 1.1,
we recover genus-zero Gromov—Witten invariants of the blow-up X by taking the nonequivariant limit
A—0.

The reader who is focused on blow-ups can stop reading here, jumping to the end of the Intro-
duction for connections to previous work, §2.2 for basic setup, Corollary 5.14 for the key Gromov—
Witten theoretic result and then to §7 for worked examples. In the rest of the Introduction, we ex-
plain how Theorem 1.2 should be regarded as an instance of the abelian/nonabelian correspondence
[CFKSO08].

The abelian/nonabelian correspondence relates the genus-zero Gromov—Witten theory of quotients
AJG and AJT, where A is a smooth quasiprojective variety equipped with the action of a reductive
Lie group G, and T is its maximal torus. We fix a linearisation of this action such that the stable and
semistable loci coincide, and we suppose that the quotients A /G and A /T are smooth. In our setting,
the nonabelian quotient A /G will be a partial flag bundle or Grassmann bundle over X, and the abelian
quotient A /T will be a bundle of toric varieties over X, that is, a toric bundle in the sense of Brown
[Brol4]. To reformulate the abelian/nonabelian correspondence of [CFKSO08] in terms of Givental’s
formalism; however, we pass to the following more general situation. Let W denote the Weyl group
of T in G. A theorem of Martin (Theorem 2.1 below) expresses the cohomology of the nonabelian
quotient H*(A/G) as a quotient of the Weyl-invariant part of the cohomology of the abelian quotient
H*(AJT)Y by an appropriate ideal, so there is a quotient map

H*(A)T)Y — H*(A)G). (3)
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The abelian/nonabelian correspondence, in the form that we state it below, asserts that this map also
controls the relationship between the quantum cohomology of A/G and AT

When comparing the quantum cohomology algebras of AJ/G and A /T, or when comparing the
Givental spaces of AJ/G and AT, we need to account for the fact that there are fewer curve classes
on AJG than there are on AJT. We do this as follows. The Givental space Hy discussed above
is defined using cohomology groups H*®(Y;A), where A is the Novikov ring for Y: See §3. The
Novikov ring contains formal linear combinations of terms Qd , where d is a curve class on Y. The
quotient map (3) induces an isomorphism H?(AJT)Y = H?>(A/G), and by duality, this gives a map
o: NE(AJT) — NE(A/G) where NE denotes the Mori cone: See Proposition 2.3. Combining the
quotient map (3) with the map on Novikov rings induced by o gives a map

p: HmT — Hayc “4)

between the Weyl-invariant part of the Givental space for the abelian quotient and the Givental space for
the nonabelian quotient. Here, and also below when we discuss Weyl-invariant functions, we consider
the Weyl group W to act on H 47 through the combination of its action on cohomology classes and its
action on the Novikov ring.

We consider now an appropriate twisted Gromov—Witten theory of A /T. For each root p of G, write
L, — AT for the line bundle determined by p, and let ® = &, L,, where the sum runs over all roots.
Consider the Lagrangian submanifold L¢, that encodes genus-zero twisted Gromov—Witten invariants
of AJT. The bundle ® is very far from convex, so one cannot expect the nonequivariant limit of Lo,
to exist. Nonetheless, the projection along equation (4) of the Weyl-invariant part of this Lagrangian
submanifold does have a nonequivariant limit.

Theorem 1.3 (see Corollary 4.4). The limit as A — 0 of p( Lo, NHY,, ) exists.

We call this nonequivariant limit the Givental-Martin cone' Lom C Hayc.
Conjecture 1.4 (the abelian/nonabelian correspondence). Lom = La/G-

This is a reformulation of [CFKS08, Conjecture 3.7.1]. The analogous statement for twisted Gromov—
Witten invariants is the abelian/nonabelian correspondence with bundles; this is a reformulation of
[CFKSO08, Conjecture 6.1.1]. Fix a representation p of G, and consider the vector bundles VE — A /G
and VI' — AT induced by p. Consider the Lagrangian submanifold L oV,T that encodes genus-
zero twisted Gromov—Witten invariants of A /T, where for the twist by the root bundle ® we use the
equivariant Euler class (1) with parameter A and for the twist by V7 we use the equivariant Euler class
with a different parameter u. As before, the projection along equation (4) of the Weyl-invariant part of
this Lagrangian submanifold has a nonequivariant limit with respect to A.

Theorem 1.5 (see Theorem 4.3). The limit as A — 0 ofp( ;ch/l@V”T N H/‘;‘///T ) exists.
Let us call this limit the twisted Givental-Martin cone ,CGM,V#T C Hayc-
Conjecture 1.6 (The abelian/nonabelian correspondence with bundles). Ley yr = ,CV#G.

As in [CFKS08], the abelian/nonabelian correspondence implies the abelian/nonabelian correspon-
dence with bundles.

Proposition 1.7. Conjectures 1.4 and 1.6 are equivalent.

Proof. Conjecture 1.4 is the special case of Conjecture 1.6 where the vector bundles involved have rank
zero. To see that Conjecture 1.4 implies Conjecture 1.6, observe that the projection of the Quantum
Riemann—Roch operator Av,,T under the map (4) is AVHG: See Definition 3.8. Now apply the Quantum
Riemann—Roch theorem [CGO7]. O

'We have not emphasised this point, but the Lagrangian submanifolds Ly, LF,, etc. are in fact cones [Giv04].
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The following reformulations will also be useful. Given any Weyl-invariant family

t—I(1) € HXV//T of the form I(r) = Z 0%1,4(1),
deNE(A/T)
we define its Weyl modification t — 1(t) € ’H}Z///T to be

I(r) = Z Q4 Wala(t),

deNE(A/T)

where W, is an explicit hypergeometric factor that depends on A—see equation (19). We prove in
Lemma 4.1 below that, for a Weyl-invariant family ¢ +— I(z), the image under equation (4) of the Weyl
modification 7 — p(I(r)) has a well-defined limit as A — 0. We call this limit the Givental-Martin
modification of t — I(t) and denote it by ¢ = Igm(2); it is a family of elements of H 4. Furthermore,
if r +— I(¢) satisfies the Divisor Equation in the sense of equation (14), then

o Ift + I(1) is a family of elements of L 47, then ¢ — Igm(?) is a family of elements on the
Givental-Martin cone Lgy; and

o If t — I(¢) is a family of elements of the twisted cone EV”T, then ¢ — IgM(?) is a family of elements
on the twisted Givental-Martin cone ,CGM,VHT.

The first statement here is Corollary 4.5 with F’ = 0; the second statement is Corollary 4.5. This lets us
reformulate the abelian/nonabelian correspondence in more concrete terms.

Conjecture 1.8 (a reformulation of Conjecture 1.4). Let t — I(t) be a Weyl-invariant family of elements
of Layr that satisfies the Divisor Equation. Then the Givental-Martin modification t — Igm(t) is a
Sfamily of elements of La)g.

Conjecture 1.9 (a reformulation of Conjecture 1.6). Let t +— I(t) be a Weyl-invariant family of elements
of /:,VHT that satisfies the Divisor Equation. Then the Givental-Martin modification t — Igm(t) is a
Sfamily of elements of EVMG.

Let us now specialise to the case of partial flag bundles, as in §2.2.1 and the rest of the paper, so
that A/ G is a partial flag bundle FI(E) — X and AT is a toric bundle FI(E); — X. Theorem 1.10
below establishes the statement of Conjecture 1.8 not for an arbitrary Weyl-invariant family ¢ +— 1(t)
on L r, but for a specific such family called the Brown I-function. As we recall in Theorems 5.1 and
5.2, Brown and Oh have defined families ¢t +— Ir(g), (f) and t = Ir(g) (), given in terms of genus-zero
Gromov—Witten invariants of X and explicit hypergeometric functions, and have shown [Brol14, Oh21]

that Ir(g); () € Lri(g), and Irg) (1) € Lri(E).
Theorem 1.10 (see Proposition 5.7 for details). The Givental-Martin modification of the Brown I-
Sunction t — Iy is t = Igg) ().

The main result of this paper is the analogue of Theorem 1.10 for twisted Gromov—Witten invariants.
We define a twisted version ¢ — IVHT () of the Brown /-function and prove:

Theorem 1.11 (see Definition 5.10 and Corollary 5.11 for details).

1. The twisted Brown I-function t — IVMT (t) is a Weyl-invariant family of elements of ,CVHT that satisfies
the Divisor Equation;
2. The Givental-Martin modification t — Igm(t) of this family satisfies Igm(t) € L:VMG.

This establishes the statement of Conjecture 1.9, not for an arbitrary Weyl-invariant family, but for
the specific such family 7 +— I;,7 (#). Theorem 1.11 follows from the Quantum Riemann—Roch theorem
[CGO7] together with the resufts of Brown [Brol4] and Oh [Oh21], using a ‘twisting the /-function’
argument as in [CCIT19].
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As we will now explain, Theorem .10 is quite close to a proof of Conjecture 1.8 in the flag bundle
case, and similarly Theorem 1.11 is close to a proof of Conjecture 1.9. We will discuss only the former,
as the latter is very similar. Theorem 1.10 implies that

the Givental-Martin modification # — Igm(¢) lies in Lpi(g) @)

for the family 7 + I(t) given by the Brown I-function because the Givental-Martin modification of the
Brown /-function is the Oh I-function ¢ +— Igg)(z). If Oh’s I-function were a big I-function, in the
sense of [CFK16], then Conjecture 1.8 would follow. The special geometric properties of the Lagrangian
submanifold Ly described in [Giv04] and [CCIT09, Appendix B], taking Y = FI(E), would then imply
that any family ¢ +— I(¢) such that /(¢) € Lp(g) can be written as

Olr(E)
07y

1(1) = Iee) (T(1) + ) Calt,2)z (t(1)) ©)

for some coeflicients C (¢, z) that depend polynomially on z and some change of variables ¢ +— 7(t).
Furthermore, the same geometric properties imply that any family of the form in equation (6) satisfies
I(t) € Lrk). But Loum has the same special geometric properties as Ly—it inherits them from the
Weyl-invariant part of Lo, by projection along equation (4) followed by taking the nonequivariant
limit—and so if ¢ + Ip(g) is a big I-function, then any family of elements ¢ I7(t) on Lgum can be
written as

O0Ir(E)

1) = Iy (7(0) + ) Clt.9)z— (7" (1)).

That is, 17 (#) can be written in the form (6). It follows that I7(r) € Lg(g). Applying this with I = Igm
from Conjecture 1.8 proves that conjecture; note that we know that the family ¢ — Igp(¢) here lies in
LM by Corollary 4.5.

If the Brown and Oh I-functions were big /-functions, then Theorem 1.10 would continue to hold
(with the same proof) and Conjecture 1.8 would therefore follow. In reality, the Brown and Oh I-
functions are only small /-functions, not big /-functions, but Ciocan-Fontanine—Kim explained in
[CFK16, §5] how to pass from small /-functions to big /-functions whenever the target space is the
GIT quotient of a vector space. To apply their argument and hence prove Conjecture 1.8 for partial
flag bundles, one would need to check that the Brown [/-function arises from torus localization on
an appropriate quasimap graph space [CFKM 14, §7.2]. The analogous result for the Oh /-function is
[Oh21, Proposition 5.1].

Webb has proved a ‘big I-function’ version of the abelian/nonabelian correspondence for target
spaces that are GIT quotients of vector spaces [Web21], and this immediately implies Conjectures
1.8 and 1.9.

Proposition 1.12. Conjecture 1.8 holds when A is a vector space and G acts on A via a representation
G — GL(A).

Proof. Combining [Web21, Corollary 6.3.1] with [CFK 16, Theorem 3.3] shows that there are big I-
functions ¢ = Ia7 () and t +— I4yG(¢) such that I4 7 (t) € Layr and [5G (t) € L4yc. Furthermore,
it is clear from [Web21, equation 62] that the Givental-Martin modification of the Weyl-invariant part
of t = Iayr(t) ist = T4 (). Now argue as above. O

Connection to Earlier Work

Our formulation of the abelian/nonabelian correspondence very roughly says that, for genus-zero
Gromov—Witten theory, passing from an abelian quotient A /T to the corresponding nonabelian quotient
A/ G is almost the same as twisting by the nonconvex bundle ® — A /T defined by the roots of G. This
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idea goes back to the earliest work on the subject, by Bertram—Ciocan-Fontanine—Kim, and indeed our
conjecture is very much in the spirit of the discussion in [BCFKOS8, §4]. These ideas were given a pre-
cise form in [CFKS08] in terms of Frobenius manifolds and Saito’s period mapping; the main difference
with the approach that we take here is that in [CFKS08] the authors realise the cohomology H* (A /G)
as the Weyl-anti-invariant subalgebra of the cohomology of the abelian quotient A /T, whereas we re-
alise it as a quotient of the Weyl-invariant part of H®*(A/T). The latter approach seems to fit better with
Givental’s formalism.

Ruan was the first to realise that there is a close connection between quantum cohomology (or more
generally Gromov—Witten theory) and birational geometry [Rua99], and the change in Gromov—Witten
invariants under blow-up forms an important testing ground for these ideas. Despite the importance of the
topic, however, Gromov—Witten invariants of blow-ups have been understood in rather few situations.
Early work here focused on blow-ups in points and on exploiting structural properties of quantum
cohomology such as the Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) equations and reconstruction
theorems [Gat96, GP98, Gat01]. Subsequent approaches used symplectic methods pioneered by Li—
Ruan [LROI, HLRO8, Hu00, HuO1], or the Degeneration Formula following Maulik-Pandharipande
[MPO6, HHKQ18, CDW20], or a direct analysis of the moduli spaces involved and virtual birationality
arguments [Manl2, Lai09, AW18]. In each case, the aim was to prove ‘birational invariance’: that
certain specific Gromov—Witten invariants remain invariant under blow-up. We take a different approach.
Rather than deform the target space or study the geometry of moduli spaces of stable maps explicitly,
we give an elementary construction of the blow-up X — X in terms that are compatible with modern
tools for computing Gromov—Witten invariants and extend these tools so that they cover the cases we
need. This idea—reworking classical constructions in birational geometry to make them amenable to
computations using Givental formalism—was pioneered in [CCGK16], and indeed Lemma E.1 there
gives the codimension-two case of our Theorem 1.1.

Compared to explicit invariance statements

(ﬂ*¢i1’ cee ’ﬂ*¢in>(§(’n’n!ﬁ = <¢i1’ cee ’¢in>({n”g

as in [Lai09, Theorem 1.4], we pay a price for our increased abstraction: The range of invariants for
which we can extract closed-form expressions is different (see Corollary 5.13) and in general does not
overlap with Lai’s. But we also gain a lot by taking a more structural approach: Our results determine,
via a Birkhoff factorization procedure as in [CG07, CFK14], genus-zero Gromov—Witten invariants
of the blow-up X for curves of arbitrary degree (not just proper transforms of curves in the base)
and with a wide range of insertions that can include gravitional descendant classes. See Remark 5.18.
Furthermore, in general, one should not expect Gromov—Witten invariants to remain invariant under
blow-ups. The correct statement—cf. Ruan’s Crepant Resolution Conjecture [CIT09, CR 13, Iri10, Iri09]
and its generalisation by Iritani [Iri20]—is believed to involve analytic continuation of Givental cones,
and we hope that our formulation here will be a step towards this.

After the first version of this paper appeared on the arXiv, Fenglong You pointed us to the work
[LLW17] in which Lee, Lin, and Wang sketch a construction of blow-ups that is very similar to
Theorem 1.1 and use this to compute Gromov—Witten invariants of blow-ups in complete intersections.
The methods they use are different: They rely on a very interesting extension of the Quantum Lefschetz
theorem to certain nonsplit bundles, which they will prove in forthcoming work [LLW]. At first sight,
their result [LLW 17, Theorem 5.1] is both more general and less explicit than our results. In fact, we
believe neither is true. Their theorem as stated applies to blow-ups in complete intersections defined by
arbitrary line bundles whereas we require these line bundles to be convex; however, discussions with
the authors suggest that both results apply under the same conditions, and the convexity hypothesis
was omitted from [LLW17, Theorem 5.1] in error. Furthermore, Lee, Lin, and Wang extract genus-
zero Gromov—Witten invariants by combining their generalised Quantum Lefschetz theorem with an
inexplicit Birkhoff factorisation procedure whereas we use the formalism of Givental cones. We believe,
though, that one can rephrase their argument entirely in terms of Givental’s formalism, and after doing
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so, their results become explicit in exactly the same range as ours. The explicit formulas are different,
however, and it would be interesting to see if one can derive nontrivial identities from this. Note that
Proposition 6.2 below is more general than the construction in [LLW 17, Section 5]: The fact that
we consider Grassmann bundles rather than projective bundles allows us to treat blow-ups in certain
degeneracy loci. Combining this with the methods in Section 7 allows one to compute genus-zero
Gromov—Witten invariants of blow-ups in such degeneracy loci.

One of the most striking features of Givental’s formalism is that relationships between higher-
genus Gromov—Witten invariants of different spaces can often be expressed as the quantisation, in
a precise sense, of the corresponding relationship between the Lagrangian cones that encode genus-
zero invariants [Giv04]. Our version of the abelian/nonabelian correspondence hints, therefore, at a
higher-genus generalisation. It would be very interesting to develop and prove a higher-genus analog of
Conjecture 1.4.

2. GIT Quotients and Flag Bundles
2.1. The topology of quotients by a nonabelian group and its maximal torus

Let G be a complex reductive group acting on a smooth quasi-projective variety A with polarisation
given by a linearised ample line bundle L. Let T € G be a maximal torus. One can then form the GIT-
quotients A/G and AJT. We will assume that the stable and semistable points with respect to these
linearisations coincide and that all the isotropy groups of the stable points are trivial; this ensures that
the quotients A/G and A /T are smooth projective varieties. The abelian/nonabelian correspondence
[CFKSO08] relates the genus-zero Gromov—Witten invariants of these two quotients. Let A*(G), and
respectively A®(T), denote the subsets of A consisting of points that are stable for the action of G and,
respectively 7. The two geometric quotients A /G and AT fit into a diagram

AJT <L 45(G)/T

l" @)

AlG,

where j is the natural inclusion and 7 the natural projection.
A representation p: G — GL(V) induces a vector bundle V(p) on AJG with fibre V. Explicitly,
V(p) = (AXV)JG where G acts as

g: (a,v) o (ag, p(g™ V).

Similarly, the restriction p|r of the representation p induces a vector bundle V(p|r) over AJT. Note
that, since T is abelian, V(p|r) splits as a direct sum of line bundles, V(p|r) = L; & - -- & Ly These
bundles satisfy

J*V(plr) = q"V(p). €))

When the representation p: G — GL(V) is clear from context, we will suppress it from the notation,
writing V& for V(p) and VT for V(p|r).

We will now describe the relationship between the cohomology rings of A/G and AT, following
[Mar00]. Let W be the Weyl group of G. W acts on A /T and hence on the cohomology ring H*(A/T).
Restricting the adjoint representation p: G — GL(g) to 7, we obtain a splitting ply = @40, into
one-dimensional representations, i.e., characters, of 7. The set A of characters appearing in this de-
composition is the set of roots of G and forms a root system. Write L, for the line bundle on AT
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corresponding to a root . Fix a set of positive roots ®*, and define

w= l_[ c1(Ly).

aedt

Theorem 2.1 (Martin). There is a natural ring homomorphism

H* (A1)

H*(4]G) = Ann(w)

under which x € H*(AJ/G) maps to X € H*(AT) if and only if ¢*x = j*X.

Theorem 2.1 shows that any cohomology class ¥ € H*(AJT)W is a lift of a class x € H*(A/G),
with X unique up to an element of Ann(w).

Assumption 2.2. Throughout this paper, we will assume that the G-unstable locus A \ A*(G) has
codimension at least 2.

This implies that elements of H>(A/G) can be lifted uniquely:

Proposition 2.3. Pullback via q gives an isomorphism H*(A)G) = H*(AJT)Y and induces a map
o0: NE(AJT) — NE(A/G), where NE denotes the Mori cone.

Proof. The assumption that A \ A*(G) has codimension at least 2 implies that AS(T)/T \ A(G)/T
has codimension at least 2, so j induces an isomorphism Pic(A*(G)/T) = Pic(A*(T)/T). This gives
an isomorphism H?(A%(G)/T) = H?(A%(T)/T) since the cycle class map is an isomorphism for both
spaces. Since ¢* always induces an isomorphism between H>(A/G) and H>(A*(G)/T)W [Bor53], the
first claim follows. Consequently, the lifting of divisor classes is unique and can be identified with the
pullback map g*: Pic(A/G) — Pic(AS(G)/T). Since the pullback of a nef divisor class along a proper
map is nef, we obtain by duality a map o : NE(A/T) — NE(A/G). m]

Definition 2.4. We say that § € NE(A/T) lifts 8 € NE(A/G) if o(8) = 8. Note that any effective 8
has finitely many lifts.

2.2. Partial flag varieties and partial flag bundles

2.2.1. Notation
We will now specialise to the case of flag bundles and introduce notation used in the rest of the paper.
Fix once and for all:

o apositive integer n and a sequence of positive integers r; < -+ < rp < ey =1
o avector bundle E — X of rank n on a smooth projective variety X which splits as a direct sum of
linebundles E=L; ®---& L,.

We write Fl for the partial flag manifold Fl(ry,...,rgs;n) and FI(E) for the partial flag bundle
Fl(l‘], ey Vg;E).
Set N = Zle riris1 and R = ry + --- + rg It will be convenient to use the indexing

{(1,1),...(1,r), (2,1),..., (¢ re)} for the set of positive integers smaller than or equal to R.

2.2.2. Partial flag varieties and partial flag bundles as GIT quotients
The partial flag manifold Fl arises as a GIT quotient, as follows. Consider C"V as the space of homo-
morphisms

Hom(C'#, C"+). €))

4
=1

4
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The group G = Hle GL,,(C) acts on CV by

(81,---.80) (Ar,...,Ar) = (85" A1g1,. ... 87 Avo18e-1, Acge).

Letp;: G — GL,, (C) be the representation which is the identity on the ith factor and trivial on all other
factors. Choosing the linearisation y = ®f=1 det(p;), we have that CV G is the partial flag manifold
FI1. More generally, the partial flag bundle also arises as a GIT quotient of the total space of the bundle
of homomorphisms

(-1
@ Hom(O®#, 0%"i*1) @ Hom(O®*, E) (10)
i=1

with respect to the same group G and the same linearisation. FI(E) carries ¢ tautological bundles
of ranks rq,...,re, which we will denote S, ..., S¢. These bundles restrict to the usual tautological
bundles on FI on each fibre. The bundle S; is induced by the representation p;.

Definition 2.5. Let
pi(t) =t —c (S 4 (1) ey, (S))

be the Chern polynomial of S;. We denote the roots of p; by H; ;, 1 < j < r;. The H; ; are in general
only defined over an appropriate ring extension of H*(FI(E), C), but symmetric polynomials in the H;_;
give well-defined elements of H*(FI(E), C).

The maximal torus T C G is isomorphic to (C*)®. The corresponding abelian quotient
FI(E)r :=Hom (---)/,(CHX,

where Hom ( - ) is the bundle of homomorphisms (10), is a fibre bundle over X with general fibre
isomorphic to the toric variety Fly := CV / +(C)R. The space FI(E)y also carries natural cohomology
classes:

Definition 2.6. Let p; ;: (C*)R — GL;(C) be the dual of the one-dimensional representation of (C*)R
given by projection to the (i, j)th factor C* = GL; (C); here we use the indexing of the set {1,2, ..., R}
specified in §2.2.1. We define L; ; € H?(Flz, C) to be the line bundle on FI(E); induced by pi,j and
denote its first Chern class by H; ;. Similarly, we define &; ; to be the first Chern class of the line bundle
on Flr induced by the representation p; ;. Equivalently, h;,; is the restriction of H; ; to a general fibre
F]T of FI(E)T .

Recall that, for a representation p of G, the corresponding vector bundle V7 splits as a direct sum of
line bundles F| @ - - - @ Fy. It is a general fact that if f is a symmetric polynomial in the ¢ (F;), then f
can be written as a polynomial in the elementary symmetric polynomials e, (¢ (F1), ..., c1(Fk)), that
is, in the Chern classes c, (V7). By equation (8), we have that j*c,(V?) = g*c,(V©), and so replacing
any occurrence of ¢, (V1) by ¢, (V) gives an expression g € H*(A/G) which satisfies g*g = j* f.
That is, f is a lift of g. Applying this to the dual of the standard representation p; of the ith factor of G
shows that any polynomial p which is symmetric in each of the sets H;, j for fixed 7 projects to the same
expression in H*(FI(E)) with any occurrence of H;, ;j replaced by the corresponding Chern root H; ;.

Lemma 2.7. Let (C*)R act on CN, arrange the weights for this action in an R X N-matrix (m; ;) and

consider E =L ®---® Ly 5 X a direct sum of line bundles. Form the associated toric fibration
E [ (CR with general fibre CV | (C*)R, and let h; (respectively, H;) be the first Chern class of the line
bundle on CN (TR (respectively, on E (C*)R induced by the dual of the representation which is
standard on the ith factor of (C*)R and trivial on the other factors. Then
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YR are

o The Poincaré duals uy. of the torus invariant divisors of the toric variety cN j(cx

R
ug = Z m; ik hg;
k=1

o The Poincaré duals Uy, of the torus invariant divisors of the total space of the toric fibration
EJ(CHR S X are

R

Uy = Zmi’kHi +n*c1(Lg).
k=1

When applying Lemma 2.7 to our situation (10), it will be convenient to define Hey1 ; := n¥cy (L]V.).
Then the set of torus invariant divisors is

H;j—Hpj 1<i<l1<j<r, 1<) <ryg.

We will also need to know about the ample cone of a toric variety CN J(C*)R. This is most
easily described in terms of the secondary fan, that is, by the wall-and-chamber decomposition of
Pic(CV /(C*)R) ® R = RR given by the cones spanned by size R — 1 subsets of columns of the weight
matrix. The ample cone of CV /(C*)R is then the chamber that contains the stability condition y.
Moreover, for a subset @ C {1,..., N} of size R the cone in the secondary fan spanned by the classes
ur, k € a, contains the stability condition (and therefore also the ample cone) iff the intersection
Ug = (\kgq Uk is nonempty. In this case, Uy = (g, Uk restricts to a torus fixed point on every fibre,
and, since E splits as a direct sum of line bundles, U, is the image of a section of the toric fibration
. We denote this section by s,. By construction, the torus invariant divisors Uy, k € @ do not meet
U, so that s3,(Ux) = 0 for all k£ € . For the toric variety Flr, one can easily write down the set of
R-dimensional cones containing y = (1, ..., 1). For each index (i, j), choose some j" € {1,...,rps1}.
Then the cone spanned by

hi,j_hi+l,j’ 1Si<£—l,1£j§ri hg,j,ISerg (11)

contains y, and every cone containing y is of that form.

3. Givental’s Formalism

In this section, we review Givental’s geometric formalism for Gromov—Witten theory, concentrating on
the genus-zero case. The main reference for this is [Giv04]. Let Y be a smooth projective variety, and

consider
Hy = H'(Y, N[z, 7] = { S aida; e HU(Y.A)m e z},
i=—00
where z is an indeterminate and A is the Novikov ring for Y. After picking a basis {¢1,..., ¢y} for
H*(Y;C) with ¢; = 1 and writing {¢', ..., "} for the Poincaré dual basis, we can write elements of
Hy as

m N oo N
22,48 0a + ) ) piad (=), (12)

i=0 a=1 i=0 a=1
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where g, pi,« € A. The g, pi o then provide coordinates on Hy . The space Hy carries a symplectic
form
Q: Hy®@Hy — A
J®g— Res.=(f(-2),8(2)) dz,

where (-, -) denotes the Poincaré pairing, extended C[z, z~!]]-linearly to Hy. By construction, Q is in
Darboux form with respect to our coordinates:

Q=) dpio Adg}.
i

We fix a Lagrangian polarisation of H as Hy = H. ® H_, where
He=H'(Y;N)[z], H-=z"H'¥;NI[z"].
This polarisation Hy = H. ® H_ identifies Hy with T* H,. We now relate this to Gromov—Witten

theory.

Definition 3.1. The genus-zero descendant potential is a generating function for genus-zero Gromov—
Witten invariants:

o)

]:3:2 Z %:l liy - an<¢m " -"¢anlﬁi">0,n,d~

n=0 deNE(Y)

Here, ti" is a formal variable, NE(Y) denotes the Mori cone of Y and Einstein summation is used for
repeated lower and upper indices.

After setting
= gr+ ol 13

where 6{ denotes the Kronecker delta, we obtain a (formal germ of a) function ]-'8 s He o AL

Definition 3.2. The Givental cone Ly of Y is the graph of the differential of ]-",9 P Hy = A

oFy
0q¢ |’

13

v {(q,P) €ET"Hy =Hi @H_: pio=

Note that Ly is Lagrangian by virtue of being the graph of the differential of a function. Moreover, it
has the following special geometric properties [Giv04, CCIT09, CGO7]:

o L is preserved by scalar multiplication, i.e., it is (the formal germ of) a cone.

o The tangent space Ty of Ly at f € Ly is tangent to £ exactly along z7 . This means:
1. ZTf C [_:y,
2. For g € 7Ty, we have T, =Ty,
3.7¢ N Ly = Ty

A general point of Ly can be written, in view of the dilaton shift (13), as

_Z+Zt ¢QZ +Z Z Ql 11 "'ti(j,n<¢m¢’il’-'-’¢anwina¢a¢i>0,n+1,d¢a(_z)471
n=0 deNE(Y)
:‘“Z’ b0t Y S Lt e~ a0
n=0 deNE(Y) i " 2=y
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Thus, knowing Ly is equivalent to knowing all genus-zero Gromov—Witten invariants of Y. Setting
t,? =0 for all k£ > 0, we obtain the J-function of Y:

o d
J(T,—Z):—Z+T+Z Z Q—'<T,...T,—¢a > 9,
n=0 deNE(X) “2= Y lont1.a

where 7 = t(1)¢>1 +... t(I)V ¢n € H*(Y). The J-function is the unique family of elements 7 — J(7, —z) on
the Lagrangian cone such that

J(t,=2) =—z+7+0(z7).

We will need a generalisation of all of this to twisted Gromov—Witten invariants [CG07]. Let F be a
vector bundle on Y, and consider the universal family over the moduli space of stable maps

CO,n,d L) Y

|

Yo,n,d-
Let 7, be the pushforward in K-theory. We define
Fona=mf"F=Rn.f'F-R'n.f'F

(the higher derived functors vanish). In general, Fy , 4 is a class in K-theory and not an honest vector
bundle. This means that in order to evaluate a characteristic class ¢(-) on Fy 4 we need c(-) to be
multiplicative and invertible. We can then set

c(Fona) = c(RO7,.f"F) Ue(R'm. f*F)7!,

where ¢(Ri 7, f*F) is defined using an appropriate locally free resolution.

Definition 3.3. Let F be a vector bundle on Y, and let ¢(+) be an invertible multiplicative characteristic
class. We will refer to the pair (F, ¢) as twisting data. Define (F, ¢)-twisted Gromov—Witten invariants as
.  \F, ) .
(o}, ... angy O,nc,d:/ . evia U---Uev,a, Uy U--- Uy,
[YO,n,d]V"mc(FO,n,d)

Any multiplicative invertible characteristic class can be written as ¢(-) = exp(2x>¢ Sk chx (+)), where

chy is the kth component of the Chern character and sg, 51, . . . are appropriate coefficients. So we work
with cohomology groups H®(X, Ay), where Ay is the completion of A[sg, s1, ... ] with respect to the
valuation

v(Q?) = {c1(0(1)),d), v(s)=k+1.

Most of the definitions from before now carry over. We have the twisted Poincaré pairing (a, 8)F*¢ =
fY ¢(F) U a U B which defines the basis ¢!, ... ¢" dual to our chosen basis 1 = ¢1, ..., ¢y for H*(Y).

The Givental space becomes Hy = H*(Y,Ay) ® C[z,z~']] with the twisted symplectic form

Q(£(2).8(2)) = Reszo(f(~2),8(2)) *dz.

This form admits Darboux coordinates as before which give a Lagrangian polarisation of Hy. Then the
twisted Lagrangian cone L . is defined, via the dilaton shift (13), as the graph of the differential of the
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generating function FS’F’C for genus-zero twisted Gromov—Witten invariants. Finally, just as before, we
can define a twisted J-function:

Definition 3.4. Given twisting data (F, ¢) for Y, the twisted J-function is

©0 d F.,c
JF,C(T,—Z):—Z+T+Z Z %<T,...T _Pa > o°.

' Y
n=0 deNE(Y) 2z 0,n+1,d

This is once again characterised as the unique family 7 +— JFr (7, —2) of elements of the twisted
Lagrangian cone of the form

Jre(t,—2) =—z+7+0(z7")

Note that we can recover the untwisted theory by setting ¢ = 1.

In what follows, we take ¢ to be the C*-equivariant Euler class (1), which is multiplicative and
invertible. The C*-action here is the canonical C*-action on any vector bundle given by rescaling the
fibres. We write F, for the twisting data (F,c), where F is equipped with the C*-action given by
rescaling the fibres with equivariant parameter A. In this setting, Gromov—Witten invariants (and the
coeflicients sy ) take values in the fraction field C(1) of the C*-equivariant cohomology of a point. Here
A is the hyperplane class on CP* so that H(‘jx ({pt}) = C[1], and we work over the field C(1).

Remark 3.5. As we have set things up, the twisted cone Lr, is a Lagrangian submanifold of the
symplectic vector space (Hy, QF 1), s0 as A varies both the Lagrangian submanifold and the ambient
symplectic space change. To obtain the picture described in the Introduction, where all the Lagrangian
submanifolds L, lie in a single symplectic vector space (Hy, <), one can identify (Hy,Q) with
(Hy, QF) by multiplication by the square root of the equivariant Euler class of F. See [CG07, §8] for
details.

3.1. Twisting the I-function

We will now prove a general result following an argument from [CCIT09]. We say that a family 7 +— I(7)
of elements of Hy satisfies the Divisor Equation if the parameter domain for 7 is a product U x H>(Y)
and /(1) takes the form

I(t)= > 0Pls(t,2),
BENE(Y)

where
Vol = (p+{p. B)2) I forall p € H*(Y). (14)

Here V,, is the directional derivative along p. Let F’ be a vector bundle on Y, and consider any family
T I(1) € L, that satisfies the Divisor Equation. Given another vector bundle F* which splits as
a direct sum of line bundles F = F; & --- @ Fj, we explain how to modify the family 7 — I(7) by
introducing explicit hypergeometric factors that depend on F. We prove that (1) this modified family
can be written in terms of the Quantum Riemann-Roch operator and the original family, and (2) the
modified family lies on the twisted Lagrangian cone Lr, o F;,.

Definition 3.6. Define the element G (x, z) € Hy by
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where B, are the Bernoulli numbers and the s; are the coefficients obtained by writing the C*-
equivariant Euler class (1) in the form exp ( Xz s0 sk chx (+)).

Remark 3.7. The discussion in this section is valid for any invertible multiplicative characteristic class,
not just the equivariant Euler class, but we will neither need nor emphasize this.

Definition 3.8. Let F' be a vector bundle—not necessarily split—and let f; be the Chern roots of F.
Define the Quantum Riemann-Roch operator, Ar,: Hy — Hy as multiplication by

k
Ak, = | |exp(G(fin2)).
i=1
Theorem 3.9 [CGO7]. Af, gives a linear symplectomorphism of (Hy, Qy) with (Hy, Qg") such that
Ar (Ly)=LF, .

Since Ap, o A F, = Ar,e Fl» it follows immediately that

Ap(Lr,) = LreF, -

Lemma 3.10. Let F be a vector bundle, and let f1, ..., fx be the Chern roots of F. Let

k
Dp, = nexp (-G(zV4,2)),
i=1
and suppose that T v I(7) is a family of elements of Lr;. Then T — D, (I(7)) is also a family of
elements of LF,.
Proof. This follows [CCIT09, Theorem 4.6]. Let h = —z + Y,/ ;2" + 20 pj(—z)7/7! be a point on

Hy . The Lagrangian cone Ep}; is defined by the equations £; =0, j =0,1,2, ..., where

d . . .
Ej(h=pi-y > %tﬁ‘.-.ri‘z"<¢alw",--.,¢anw",¢awf>o,n+l,d¢“.

n>0 deNE(Y)

We need to show that E;(Dg,(I)) = 0. Note that Dg, (1) = Hf.‘zl exp(—G(zV, z))I depends on the
parameters s;. For notational simplicity, assume that k = 1 so that

Dr,(I) =exp (-G (zVs,2))1.

Set deg s; = i + 1. We will prove the result by inducting on degree. Note that if 5o = 51 = --- = 0, then
Dg,(I) = Isothat E;(Dp,(I)) = 0. Assume by induction that E;(Df,(I)) vanishes up to degree n in
the variables sq, 51, 52, ... Then

9 ¥

a—siEj(DFA(I)) =dp,., ()Ej(z" Pi(zVf,2)DE, (1)),
where
i+1
Pi(zVy,2) = y ———————2"B,(zVy)* "
(@¥r.2) n;)m!(i+ T—myi° Bm(EVr)
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By induction, there exists D, (I)" € Lg;, such that

0 -

55 Ei(Pr (D) =dpp ay E;(z 'Pi(2Y5,2)Dr, (1))
L

up to degree n. But the right-hand side of this expression is zero since the term in brackets lies in the

tangent space to the Lagrangian cone. Indeed, applying V; to Df, (ly)’—or to any family lying on

the cone—takes it to the tangent space of the cone at the point. And then applying zV s preserves that

tangent space. m]

Corollary 3.11. Let 7 + I(7) be a family of elements of Lr;,. Then T — Af,(DF,(1(7))) is a family
of elements of LF,aF,-

Proof. This follows immediately by combining 3.9 and 3.10. O

Corollary 3.11 produces a family of elements on the twisted Lagrangian cone L, o F;,, but in general
it is not obvious whether the nonequivariant limit 4 — 0 of this family exists. However, in the case when
Fissplitand  +— I(7) satisfies the Divisor Equation, we will show that the family A, (DF, (I(1, —2)))
is equal to the rwisted I-function I, eF, given in Definition 3.12. This has an explicit expression, which
makes it easy to check whether the nonequivariant limit exists. We make the following definitions.

Definition 3.12. Let 7 — /(1) be a family of elements of Lp;. Let F = F| & - - - ® Fy be a direct sum
of line bundles, and let f; = ¢ (F;). For B € NE(Y), we define the modification factor

Mﬁ(Z)=ﬂ Hf,{":’il/l+ﬁ+mz
L T A+ fi +mz

The associated twisted I-function is

ItW(T) — Z QﬁIB(T’ 2) - Mﬁ(z)'

BEeNE(Y)

To relate Mg(z) to the Quantum Riemann—Roch operator we will need the following lemma:

Lemma 3.13.

k

Mp(=2) = Ap, || [exp (=G (fi = (£, 2. 2) |-

Proof. Define

K
s(x) = Z skﬁ
k=0
By [CCITO09, equation 13] we have that
G(x+z,2) =G(x,z) +s(x). (15)

We can rewrite

k ffz’f?o/l+ﬁ+mz l_[<f'8> exp[s(f; + mz)]
Mg = | -]

it e A+ fitmz i T expls(f; +m2)]’
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and so

k (fi-B) 0

Mp(=2) =] Jexp| D) s(fi—m2) = > s(fi -m2))
i=1 m=—oo m=—oo
k
=[ [ex0(G(£i.2) - G(fi - fin B2, 2),

i=1

where for the second equality we used equation (15). O

Proposition 3.14. Let 7 — I(7) be a family of elements of L, that satisfies the Divisor Equation, and
let F=F| & - ® Fy be a direct sum of line bundles. Then

I = A (DE, (D). (16)

As a consequence, T — 1™ (7) is a family of elements on the cone Lr,eF,

Proof. Lemma 3.13 shows that

k
M@ =Ag| D, [ |-G Pz D72 | (17)

BENE(Y) i=1
Applying the Divisor Equation, we can rewrite this as
1" = Ap,(DF, (1)) (18)
as required. The rest is immediate from 3.11. )

Proposition 3.15. If the line bundles F; are nef, then the nonequivariant limit A — 0 of I'"V (1) exists.

Proof. This is immediate from Definition 3.12. O

4. The Givental-Martin cone

We now restrict to the situation described in the Introduction, where the action of a reductive Lie group
G on a smooth quasiprojective variety A leads to smooth GIT quotients A /G and AJT. As discussed,
the roots of G define a vector bundle ® = ®,L, — Y, where Y = A /T, and we consider twisting data
(@, ¢) for Y, where ¢ is the C*-equivariant Euler class. We call the modification factor in this setting the
Weyl modification factor and denote it as

W =[] st ¢ (La) + A+ mz
Z 3
p Mo c1(La) + A +mz

19)

a

where the product runs over all roots @. For any family 7 — I(7) = ¥ geng(y) QA I5(7, z) of elements
of Hy, the corresponding twisted /-function is

M)y= Y 0Plg(r,2) - We(a). (20)

BENE(Y)
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Since the roots bundle ® is not convex, in general, the nonequivariant limit A — 0 of /™ will not exist.

Recall from equation (4), however, the map p: 'HXV//T - Hajc-

Lemma 4.1. Suppose that I is Weyl-invariant. Then p o I has a well-defined limit as 1 — O.

Proof. The map p is given by the composition of the map on Novikov rings induced by
o0: NE(AJT) - NE(A/G)

(see Proposition 2.3) with the projection map H*(A/T;C)"¥ — H*(A/G;C) (see Theorem 2.1). Since

I(7) is Weyl-invariant, I"¥(7) is also Weyl invariant, and so, after applying o, the coefficient of each

Novikov term Q® in 7 > I'V(7) liesin H* (A T; C)"V . The composition poI*™ is therefore well-defined.
The Weyl modification (19) contains many factors

ci(Lg)+A+mz
—c1(Lg) +A—mz

which arise by combining the terms involving roots @ and —«. Such factors have a well-defined limit,
—1, as 4 — 0. Therefore, the limit of p o I'¥ as A — 0 is well-defined if and only if the limit of

p Z 0Pls(t,2) - (~-1)P I‘[ c1(La) £A2+(c1(La). B)2 1)

BENE(Y) aedr ci(La) ¥4

as 1 — 0 is well-defined, and the two limits coincide. Here @™ is the set of positive roots of G, and
€(B) = X gea(c1(Lg), B); cf. [CFKSO08, equation 3.2.1]. The limit A — 0 of the denominator terms

1—[ (Cl (L(,) - /l)

aedt

in (21) is the fundamental Weyl-anti-invariant class w from the discussion before Theorem 2.1. Further-
more,

D 0Plp(r,2) - (-1 [ (e1(La) + A+ (c1(La), B2)

BENE(Y) aed*

has a well-defined limit as 4 — 0 which, as it is Weyl-anti-invariant, is divisible by w. The quotient here
is unique up to an element of Ann(w), and therefore, the projection of the quotient along Martin’s map
H*(AJT;C)Y — H*(A/G;C) is unique. It follows that the limitas 1 — 0 of poI™ is well-defined. O

Definition 4.2. Let 7 — I(7) be a Weyl-invariant family of elements of Hy, and let I*¥ denote the
twisted /-function as above. We call the nonequivariant limit of 7 — p(I™(7)) the Givental-Martin
modification of the family 7 + I(7), and denote it by 7 — Igm(T)

Recall that we have fixed a representation p of G on a vector space V and that this induces vector
bundles V7' — A/T and V¢ — AJG. Since the bundle ® — A /T is not convex, one cannot expect the
nonequivariant limit of E(DA@VNT to exist. Nonetheless, the projection along equation (4) of the Weyl-
invariant part of Lg Lev does admit a nonequivariant limit.

Theorem 4.3. The nonequivariant limit A — 0 of p (Eq,A oV N HZV//T) exists.
We call this nonequivariant limit the twisted Givental-Martin cone EGM,V,,T C HXV//T'
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Proof of Theorem 4.3. Recall the twisted J-function JV”T (1,—z) from Definition 3.4. By [CGO07], a
general point

—z+tg+hz+---+0(z7Y

on Ly can be written as

Jyr (v(t), —z) an(t Z)Z (T(t) 2)

for some coeflicients C (t, z) that depend polynomially on z and some H*(A /T)-valued function 7(t)
of t = (#g, 11, .. .). The Weyl modification 7 — I"(7) of T JVyr (1, —z) satisfies I'"V (1) = JVJ' (t,-2)
modulo Novikov variables and 1™ (1) € L 7 by Proposition 3.14, so a general point

—Z+l()+tlz+"'+0(2_l) (22)

on Lg, gy can be written as

) N aItW
I™(x(®7,~2) + 3 Calt.) a5 (r(0'. ~2)
a=1

for some coefficients Cy, (t, z) " that depend polynomially on z and some H* (A //T)-valued function 7(t)".
Since the twisted J-function is Weyl-invariant, so is I'¥(7), and thus, if equation (22) is Weyl-invariant,
then we may take C,(t,z)" to be such that 3", Cy(t, 2)" ¢, is Weyl-invariant. Projecting along equation
(4), we see that a general point

—z+tg+tz+---+0(Y (23)

on p(ﬁq)ﬁvyr N HmT) can be written as

po I™(r(t)", - Zc (4972221 ety )

for some coefficients Cy, (t, z)* that depend polynomially on z and some H* (A //T)-valued function 7(t)*.
Furthermore, since p o IV () has a well-defined nonequivariant limit Iy (7), we see that C, (t, z)* also

A //T) has a well-defined
limit as 2 — 0. ]

admits a nonequivariant limit. Hence, a general point (23) on p(ﬁq,A ovy N H

Corollary 4.4. The nonequivariant limit A — 0 of p (Lp N HZV//T) exists.

We call this nonequivariant limit the Givental-Martin cone Lom C ’HX///T.

Proof. Take the vector bundle V7 in Theorem 4.3 to have rank zero. O

Corollary 4.5. If T — I(7) is a Weyl-invariant family of elements of ,CVHT that satisfies the Divisor
Equation (14), then the Givental-Martin modification T — Iagm(7) is a family of elements of EGM,VJ

Proof. Proposition 3.14 implies that T +— I"™(r, —z) is a family of elements on Ly, oV - Projecting
along equation (4) and taking the limit A — 0, which exists by Lemma 4.1, proves the result. m

This completes the results required to state the abelian/nonabelian correspondence (Conjectures 1.4
and 1.8) and the abelian/nonabelian correspondence with bundles (Conjectures 1.6 and 1.9).
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5. The Abelian/Nonabelian Correspondence for Flag Bundles
5.1. The Work of Brown and Oh

In this section, we will review results by Brown [Bro14] and Oh [Oh21] and situate their work in terms
of the abelian/nonabelian correspondence (Conjecture 1.8). In particular, we show that the Givental—
Martin modification of the Brown /-function is the Oh I-function. We freely use the notation introduced
in Section 2.2.1.

Let X be a smooth projective variety. We will decompose the J-function of X, defined in §3, into
contributions from different degrees:

Ix(r.9= > JR(r.290". (24)

DeNE(X)

Recall that we have a direct sum of line bundles £ = L; & --- @& L, 5 X and that FI(E) =
Fi(ry,...,re, E) = AJG is the partial flag bundle associated to E. As in §2.2, we form the toric
fibration FI(E); = AT with general fibre CV J(C*)R. We denote both projection maps FI(E) — X
and FI(E)y — X by n. For the sake of clarity, we will denote homology and cohomology classes on
FI(E)r with a tilde and classes on FI(E) without. Recall the cohomology classes I:I{»H’j =-n*ci1(L;)
on FI(E)r, and Heyy,j = —n"ci(Lj) on FI(E). For a fixed homology class /3 on FI(E)z, define
dey1,j = (-m"cy (Lj),ﬁ), and for a fixed homology class 8 on FI(E), define d¢41,; = (—n"c1(Lj), ).
We use the indexing of the set {1, ..., R} defined in Section 2.2.1 and denote the components of a
vector d € ZR by d;, ;- Similarly, we denote components of a vector d € Z! by d;.

In [Oh21], the author proves that a certain generating function, the /-function of FI(E), lies on the
Lagrangian cone for FI(E).

Theorem 5.1. Let 7 € H*(X), t = 3; t;c1(S}), and define the I-function of FI(E) to be
Ipig) (1, 7,2) =

£ i Ty HO H H
< 2 Z 1—[ =0 Hi,j = Hiy1,j +mz
ez Qﬁe(ﬁ,t)ﬂ*J;*ﬁ(T,Z) m=—o0 J J
i~dis1
BENE(FI(E)) ggZR; i=1l j=1j'=1 Hm:—oo i H[’j — Hi+],j’ +mz
Vi di j=(B.c1(S)))

Xl—[ [ m‘_‘”” Hij - H;y+mz
i1 jej me—co Hij = Hi jr +mz

Then Ivy)(t, 7, —2) € Lryk) for all t and 1.
In [Bro14], the author proves an analogous result for the corresponding abelian quotient FI(E)y.

Theorem 5.2. Let Tt € H*(X), t = }; ; ti,jﬁ,-’j, and define the Brown I-function of FI(E)r to be

IriE) (1,7, 2)

t Vi Tiyl R i .
= et Z QF ¥ ’>7T*J”*B(T 2) l—[ 1_[ Moo Hij = Hist jo + mz
~ . - <:B H, JT 1+1 j’) &
BeHFI(E)r i=1 j=1 j’=1 [Im2-co Hij— Hii j +mz

Then Ivygy, (t,T,—2) € LRk, forall tand .

Remark 5.3. We have chosen to state Theorem 5.2 in a different form than in Brown’s original paper.
The equivalence of the two versions follows from Lemma 5.4 below. The classes H;_ ; here were denoted
in [Brol4] by P;, and the classes H; ; — H;,1 ; here were denoted there by Uy.

Lemma 5.4. Writing Ir(g), = X IEI(E)T Q'é, any nonzero 18 must have B € NE(FI(E)r).
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Proof. To see this, we temporarily adopt the notation of Brown and denote the torus invariant divisors
by Uy, as in Lemma 2.7. Then Ig(g), takes the form

IFl(E)T _ Z ) I—l Hm__oo Ur +mz

G .
BEHQFI(E)T k=1 Hm— ) Uy +mz
. 3ENE(X)

Let @ c {1,... N} be a subset of size R which defines a section of the toric fibration as in Section 2.2.
We have that

* H _—oo(O)+mZ H S* Uk +mz
solaey = ([ | =2 [

kea Hm—_Ucfo>(0) + Mz k¢a I—[ff-ﬂfg sh U +mz

since s*,(Ux) = 0 if k € . Therefore, if (8, Ux) < O for some k € a, the numerator contains a term
(0) and vanishes. We conclude that any 3 € H, FI(E); which gives a nonzero contribution to Solr (B
must satisfy the conditions

n.3 € NE(X), (B8,Uyi) > 0Vk € a.

The section s, gives a splitting H>(F1(E)r) = Hy(X)®H,(Flr), via which we may write 8 = s, D+t.d,
where ¢ is the inclusion of a fibre. We have

(B, Uy =(D, s,,Ux) +(d, " Ux) = (d,*Ug) > 0

for all k € a. However, the cone in the secondary fan spanned by the line bundles ¢*Uj contains the
ample cone of Flr (see Section 2.2), so this implies d € NE(Fly). It follows that any 3 which gives a
nonzero contribution to s7,/pi(g), is effective. We now use the Atiyah-Bott localization formula

st
Ir ey, = Z sa*(%;zz)r)’ where e = 1—[ s Uk,
a k¢a

where a ranges over the torus fixed point sections of the fibration, to conclude that the same is true for
Ir(E), - [}

Lemma 5.5. Brown’s I-function satisfies the Divisor Equation. That is,

B - ]
ZVPIF](E)T - (p + <p’ B>Z)IF](E)T

for any p € H*(FI(E)r).

Proof. Decompose p = pr+71* pp into fibre and base part. Basic differentiation and the divisor equation
for Jx show that

Vol gy, = (o + (or, B2+ (x'p + (x"pp, B2)) e l2e B0 m S5 (7, 2) - W,
where H is a hypergeometric factor with no dependence on ¢ or 7. The right-hand side simplifies to
(o + (0. BY)IE FI(E)r

as required. )

Lemma 5.6. If we restrict t to lie in the Weyl-invariant locus H*(FI(E)r)Y < H?*(FI(E)r), then
(t,7) ¥ Ir(E), (1,7, 2) takes values in H*(F1(E)r)".
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Proof. This is immediate from the definition of Ir(g), (¢, 7, z) in Theorem 5.2. O

Proposition 5.7. Restrict t to lie in the Weyl-invariant locus H*(FI(E)r)Y < H*(FI(E)r), and consider
the Brown I-function (t,7) = Ipi(g), (¢, T, 2). The Givental-Martin modification Igm(t, T) of this family
is equal to Oh’s I-function Ip(g)(t, T).

Proof. Lemma 5.6 and Lemma 4.1 imply that the Givental-Martin modification Igpy (¢, 7) exists. We
need to compute it. Note that the restrictions to the fibre of the classes H;. ;j form a basis for H 2(Fly).
Since the general fibre Fly of FI(E)r has vanishing first homology, the Leray—Hirsch theorem gives an
identification Q[H>(FI(E)r,Z)] = Q[H2(X,Z)](q1.1, - - -, qg¢,r,] via the map

By Lemma 5.4, the summation range in the sum defining /gj(g), is contained in NE(FI(E)r). We can
therefore write the corresponding twisted /-function (20) as

Vi Ti+]

[tw(t’T’Z):e% Z Q l_lq Held *JD(T Z)nnn m——oo lj i+lj'+mZ

i+1
DENE(X) ij i=1 j=1 j'= 1Hm——ool 7 H; ;= Hir,j +mz
dezR

Xl—”—[ r,lno_:ooogﬁ Hi,j'+/l+mZ’

izl ) —Hi,j/+/l+mz

where the t; ; € C, t = f 12 (i jHl j,andt-d =3 j t;,jd;,;. For the Weyl modification factor,

we used the fact that the roots of G are given by p; ; pl.’ I where the character p; ; was defined in
Section 2.2. By Lemma 5.4 the effective summation range for the vector d here is contained in the set
S c ZR consisting of d such that (8, H; ;) = d; ; for some § € NE(FI(E)r).

We can identify the group ring Q[H,(FI(E))] with Q[H»2(X,Z)][q1, - - -,q¢] via the map

. 59
0F — Q™F l_qucl( )ﬁ>. (26)
i

Via equations (25) and (26), the map on Mori cones o : NE(FI(E)r) — NE(FI(E)) becomes
i 2jdij
Q l_lq ']HQDl_[qij i
i

Restricting ¢ to the Weyl-invariant locus H>(FI(E)r )W corresponds to setting #;, j =t forall i and j,
which gives e’ = ¢2iidi where d; = X ; d; j. The identification H*(FI(E)r)" = H*(FI(E)) sends
2ij t:H;, jto X tic1(SY), so projecting along equation (4) and taking the limit as 2 = 0 we obtain

ot Z oP l—lq, v gD (1, 2) Z nﬁﬁ m_,mHi,A,-—H,-+1,A,~r+mz

+1,_
DeNE(X) dezR.  i=l j=1j'=1 H Qe H; j - Hiy,jr +mz
sezf Vi dij=6;
0 9
i=1 j#j’ [1 :700Hlj_HlJ'+mZ
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where now ¢ = }; #;¢1(S}). The effective summation range here is contained in NE(FI(E)) by con-
struction. Using equation (26) again, we may rewrite this as

L B o (B.t) o B T Mmoo Hisj = Hivr,jr +mz
s Z QeI (1,2) Z 1_[1_[ i —d;

1,
BENE(FI(E)) dezR. i=1 j=1 =1 [T Hij = His1,jp + mz
Vi3 dij=(B.c1(SY))

X I—[ 1_[ m__oo” H; .J Hi»j/ +mz

izt 57 [lmemoo Hijj = Hijo +mz

This is Iri(g) (2, T, 2), as required. O

Remark 5.8. In view of equation (11), we see that the effective summation range in Ir(g) is contained
in the subset of vectors satisfying

d,',j > H}%nd{ql’j/ Vi, j.

This will prove useful in calculations in Section 7.

Remark 5.9. We are grateful to an anonymous referee for the following observation. It would be very
interesting to combine Proposition 5.7 (or Theorem 1.10) with the arguments outlined in Section 4 of
[GY21], which describe the full Givental cone Lx, when X is a Grassmannian, in terms of the action of
Weyl-group invariant pseudo-differential operators in Novikov variables. This could potentially yield a
characterisation of the full Givental cone of Lx, where X is a partial flag bundle or zero locus therein.
We hope to return to this elsewhere. For related work in the context of quantum K-theory, see [Yan21].

5.2. The abelian/nonabelian correspondence with bundles
We are now ready to prove Theorem 1.2. Recall from the Introduction that we have fixed a representation
p: G — GL(V), where G = []; GL,,(C), and that this determines vector bundles V¢ — FI(E) and
VT — FI(E)y. Since T is abelian, V7 splits as a direct sum of line bundles
VIi=F e &F.

The Brown /-function gives a family

(t,7) = Ippy, (1,7, -2) t € H*(FI(E))Y, 7 € H*(X)
of elements of Hpj(g),, and Theorem 5.2 shows that Ir(g), (¢, 7,—2) € Lr(k),. Twisting by (F,c¢),

where ¢ is the C*-equivariant Euler class with parameter u gives a twisted /-function, as in Definition
3.12, which we denote by

(t,7) = Iyr (1,7, ~2) t € H*(FI(E)r)Y, 7 € H*(X)
Applying Proposition 3.14 shows that IVT (t,7,-z) € ,CV”T. Twisting again, by (®,¢’), where ® —
FI(E)r is the roots bundle from the Introductlon and ¢’ is the C*-equivariant Euler class with parameter
A gives a twisted /-function, as in Definition 3.12, which we denote by

(1,7) = Lo gy (1,7, -2) t € H*(FI(E))V, T € H*(X).
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Applying Proposition 3.14 again shows that /g, | oVl (t,7,-2) € Lg, gy r - Wenow project along equation
(4) and take the nonequivariant limit A — 0, obtaining the Givental-Martin modification of IV“T. This
is a family

(t,7) = Iom(t,7,~2) t € H*(FIE))Y, 1 € H*(X)

of elements of Hp(g). Explicitly:

Definition 5.10 (which is a specialisation of Definition 4.2 to the situation at hand).

Iem(t,7,2) =
£ ri rig) 0 H H
L ¥ 7T - i,j — i1,y +mz
et Z QBB 1 7P (1, 7) Z m=-co i j
di j=dj1 jr H H
BENE(FI(E)) dezR: i=1 j=1 j=1 [Tm2-co ij— Hiz1,j +mz

Vi ¥ dij=(B.c1(S}))
d,',j*

14 dy.jr k fid
« 1—[ 1—[ mo—co " Hij—Hi j+mz 1—[ MnEe fs + u+mz

0 0 .
[Dneco Hij — Hijp +mz o [ineeoo fs + 1 +mz

i=1 j#)’

Here, J}?(T,Z) is as in equation (24), fs - d = X; ; fs.i,jdi.j, and fs = 3 ; fs.i jHi,j, where

c1(Fy) =

4

i
fs,ijHij-
=1

j=1
Lemma 4.1 shows that this expression is well-defined despite the presence of
w=1T1; [1;<;(Hij - Hi )

in the denominator. Corollary 4.5 shows that Igy (2, 7,-2) € LGM,V”T. Note that Igm(t, T) is not the

VG -twist of Oh’s I-function Iri(E). Indeed VS need not be a split bundle, so the twist may not even be
defined.

Theorem 5.11. Let Igm be as in Definition 5.10. Then:
Iom(t.7,-2) € Ly forallt € H*(FI(E))Y , 7 € H*(X).

Proof. Before projecting and taking the nonequivariant limit, we have

Itb,leaVHT = AVJ (DV,T (lo,))
by equation (16). Projecting along equation (4) gives

polepevr = AVHG (DV,,G (pola,)),

and taking the limit A — 0, which is well-defined by Lemma 4.1, gives

Iom = Ays (Dyg (Ire)))

by Proposition 5.7. The result now follows from Proposition 3.14. O
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Exactly the same argument proves:

Corollary 5.12. Let L — X be a line bundle with first Chern class p, and define the vector bundle
F = FI(E) to be F =VC @ n* L. Let Igy be as in Definition 5.10, except that the factor

fo-d fo-d 5 7T, %
ﬁl‘[f;mfs+ﬂ+mz : S AL fovntp+ gt mz
0 is replaced by l_[ 5 .
s=1 1lm=—co fs+u+mz s=1 M=—co fs+mp+u+mz
Then:
Iom(t,7,-2) € LF, forallt € H*(FE))Y, 7 € H*(X).

The following corollary gives a closed-form expression for genus-zero Gromov—Witten invariants of
the zero locus of a generic section Z of F in terms of invariants of X.

Corollary 5.13. With notation as in Corollary 5.12, let Z be the zero locus of a generic section of
F — FI(E). Suppose that =K is the restriction of an ample class on FI(E) and that T € H*(X). Then

T (t+71,2) = C Dy (t,7,2),

where

C(r) = Z n[;QBew”>
B

for some constants ng € Q and the sum runs over the finite set
S ={B e NE(FI(E)) : (-Kp() — c1(F),B) = 1}

If Z is of Fano index two or more, then this set is empty and C(t) = 0. Regardless, if the vector bundle
F is convex, then the nonequivariant limit u — 0 of JF, exists and

Jz ("t +i"7,2) =i IR, (t +7,2),

where i: Z — FI(E) is the inclusion map.

Proof of Corollary 5.13. The statement about Fano index two or more follows immediately from the
adjunction formula

Kz = (Kp) + c1(F))],,.
We need to show that
Iom(t,7,2) =z+t+7+C(t) +O(h). 27

Everything else then follows from the characterisation of the twisted J-function just below Definition 3.4,
the String Equation

I, (t+a,2) = e Jp, (1,2) a € H(FI(E))

and [Coal4]. To establish equation (27), it will be convenient to set deg(z) = deg(u) = 1, deg(¢) = k
for ¢ € H?**(FI(E)), and deg(Q®) = (—Kx, B8) if B € H»(X). The degree axiom for Gromov—Witten
invariants then shows that J ;*B is homogeneous of degree (Kx, 7.8) + 1. Write

Iow(t,1,2) =e5 ) QPePIr g (1,2) x Ig(2) x My (2),
BEeNE(FI(E))

https://doi.org/10.1017/fms.2022.46 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.46

26 Tom Coates et al.

where
Mp(2) = ﬁ f;'_é(_);@’"*m fotm'p+ptmz
s=1 me—co Js T T P+ 4+ mz
A straightforward calculation shows that
Iﬁ(Z) — Z(KFl(E) n'Kx, ﬁ)lﬁ(z)

Mp(z) = Z<C‘(F)”B>m,3(z),

where ig(z), mg(z) € Hpi(g) are homogeneous of degree 0. It follows that ﬂ*J;*ﬁ (1,2) x1g(2) x Mg (z)
is homogeneous of degree (Kri(g) + c1(F), ) + 1 which is nonpositive for 5 # 0 by the assumptions
on —K. Since T € H?*(X), any negative contribution to the homogenous degree must come from a
negative power of z so that ﬂ*J;*'B(T z) X Ig(z) X Mg(z) is O(z™"), unless =0 orﬁ € S. In the latter
case, the expression has homogeneous degree 0 and is therefore of the form co + & + O(z72) with ¢;
independent of z and of degree i. Relabeling ng = ¢ and expanding /v in powers of Z, we obtain

Iom(t,7,2) = (1+127' +0(z7%)) n*Jg><10><M0+(Znﬂgﬁew»f>+0(z-'))+ > o™
BES 0+£B¢S

=(z+1+1+C()+0(z7")),
where C(¢) is as claimed. This proves equation (27), and the result follows. O

We restate Corollary 5.13 in the case where the flag bundle is a Grassmann bundle, i.e., £ = 1,
relabelling Hy ; = H;, di,j = d; and r{ = r. The rest of the notation here is as in §2.2.1.

Corollary 5.14. Let V¢ — Gr(r, E) be a vector bundle induced by a representation of G, let L — X
be a line bundle with first Chern class p and let F = VO ® n*L. Let Z be the zero locus of a generic
section of F. Suppose that F is convex, that —Kg(g r) — c1(F) is ample and that T € H?(Gr(r,E)).
Then the nonequivariant limit p — 0 of the twisted J-function Jr, exists and satisfies

JZ ("t +i"1,2) =i TR (1 + 7, 2),

where i: Z — Gr(r, E) is the inclusion map. Furthermore,

t-C(1)

JFO(I +71,7)=e = Z Qﬁe<ﬁ’l>ﬂ*J§*ﬁ(T, 2)
BENE(Gr(r,E))

Z (- I)E(d)nl—[ m——°°H'+7T*Cl(Lj)+mz

y L
dez’ i=1 j=1 Hm_wﬁcl( )>Hi+7f*61(Lj)+mZ
di+-+dr=(B,c1(SY))

Hi—Hj+(di—dj)Z kg %

xl_[ i H, xl_[ (fs +7"p +mz). (28)
i<j s=1 m=1

Here, the abelianised bundle VT splits as a direct sum of line bundles Fi & - - - & Fy with first Chern

classes that we write as c{(Fs) = Xi_, fs.iH;, J)?(T, z) is as in equation (24), e(d) = X;.; di — d;,

fo-d =Y, fsidi, fs = 3; fs.iH; and C(t) € H*(Gr(r,E), A) is the unique expression such that the

right-hand side of equation (28) has the form z +t+ 1 + 0 (z™").
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Remark 5.15. For a more explicit formula for C(t), see Corollary 5.13; in particular if Z has Fano index
two or greater then C(f) = 0. By Remark 5.8 the summand in equation (28) is zero unless for each i
there exists a j such that d; + (7.8, c1(L;)) > 0.

Proof of Corollary 5.14. We cancelled terms in the Weyl modification factor, as in the proof of Lemma
4.1, and took the nonequivariant limit 4 — O. O

Remark 5.16. The relationship between I-functions (or generating functions for genus-zero quasimap
invariants) and J-functions (which are generating functions for genus-zero Gromov—Witten invariants)
is particularly simple in the Fano case [Giv98] [CFK 14, §1.4], and for the same reason Corollary 5.13
holds without the restriction T € H>(X) if Z — X is relatively Fano?. This never happens for blow-ups
X — X, however, and it is hard to construct examples where Z — X is relatively Fano and the rest of
the conditions of Corollary 5.13 hold. We do not know of any such examples.

Remark 5.17. Corollary 5.13 gives a closed-form expression for the small J-function of Z—or, equiva-
lently, for one-point gravitational descendant invariants of Z—in the case where Z is Fano. But in general
(that is, without the Fano condition on Z) one can use Birkhoff factorization, as in [CG07, CFK14] and
[CCIT19, §3.8], to compute any twisted genus-zero gravitational descendant invariant of FI(E) in terms
of genus-zero descendant invariants of X. The twisting here is with respect to the C*-equivariant Euler
class and the vector bundle F. Thus, Corollary 5.13 determines the Lagrangian submanifold L, that
encodes twisted Gromov—Witten invariants. Applying [Coal4, Theorem 1.1], we see that Corollary 5.13
together with Birkhoff factorization allows us to compute any genus-zero Gromov—Witten invariant of
the zero locus Z of the form

O™, 0™ 0., (29)

where all but one of the cohomology classes 6; lie in im(i*) ¢ H*(Z) and the remaining 6; is an
arbitrary element of H*(Z). Here, i: Z — FI(E) is the inclusion map.

Remark 5.18. Applying Remark 5.17 to the blow-up X — X considered in the Introduction, we see
that Corollary 5.13 together with Birkhoff factorization allows us to compute arbitrary invariants of X
of the form (29) in terms of genus-zero gravitional descendants of X. In this case, im(i*) ¢ H*(X)
contains all classes from H*(X) and also the class of the exceptional divisor.

6. The Main Geometric Construction
6.1. Main Geometric Construction

Let F be a locally free sheaf on a variety X. We denote by F(x) its fibre over x, a vector space over the
residue field x(x). A morphism ¢ of locally free sheaves induces a linear map on fibres, denoted by
¢(x). We make the following definition:

Definition 6.1. Let ¢: E™ — F" a morphism of locally free sheaves of rank m and n, respectively. The
k-th degeneracy locus is the subvariety of X defined by

Dy () = {x € X: 1k o(x) < k}.

Note that Dy (¢) = X if k > min{m, n}; if k = min{m,n} — 1, we simply call D (¢) the degeneracy
locus of ¢.

We have the following results:

o Scheme-theoretically, Dy () may be defined as the zero locus of the section A¥¢; this shows that
locally the ideal of Dy (¢) is defined by the (k + 1) X (k + 1)-minors of .

2That is, if the relative anticanonical bundle —K z,x is ample.
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o If EY ® F is globally generated, then Dy (¢) of a generic ¢ is either empty or has expected
codimension (m — k) (n — k), and the singular locus of Dy (¢) is contained in Dy_1(¢). In particular,
if ¢ is generic and dim X < (m — k + 1)(n — k + 1), then Dy (¢) is smooth [Ott95, Theorem 2.8].

o We may freely assume that m > n in what follows since we can always replace ¢ with its dual map
whose degeneracy locus is the same.

Proposition 6.2. Let X be a smooth variety, and ¢: E™ — F" a generic morphism of locally free
sheaves on X. Suppose that m > n, and writer = m —n. Let Y = D,,_1(¢) be the degeneracy locus of
@, and assume that ¢ has generically full rank, that Y has the expected codimension m —n + 1 and that
Y is smooth. Let n: Gr(r, E) — X be the Grassmann bundle of E on X. Then the blow-up Bly (X) of X
along Y is a subvariety of Gr(r, E), cut out as the zero locus of the regular section s € I'(Hom(S, n*F))
defined by the composition

Tt
S—>nr'E—n'F,

where the first map is the canonical inclusion.

Proof. We write points in Gr(r, E) as (p, V), where p € X and V is a r-dimensional subspace of the
fibre E(x). At (p, V), the section s is given by the composition

Vs E) 2 Rl

so s vanishes at (p, V) if and only if V C ker ¢(x).

The statement is local on X, so fix a point P € X and a Zariski open neighbourhood U = Spec(A)
with trivialisations E|y = A™, F|y = A". We will show that the equations of Z(s) N U and BlynyU
agree. Under these identifications ¢ is given by a n X m matrix with entries in A. Since ¢ has generically
maximal rank and Y is nonsingular, after performing row and column operations and shrinking U if
necessary, we may assume that ¢ is given by the matrix

X0 ...x- 00 .0
0...010 .0
0...001 -0f

Note that the ideal of the minors of this matrix is just I = (xo, ...x,) and that xo, ..., x, form part of
a regular system of parameters around P, so we may assume that n = 1,m = r + 1. Writing y; for the
basis of sections of SV on Gr(r, A”*!), we see that Z(s) is given by the equation
Xoyo + -+ x,y, =0.
Under the Pliicker isomorphism
Gr(r, A™*") > P(AN"A™) = U x P,

Z(s) maps to the variety cut out by the minors of the matrix

X0 ... Xp

Yo oo yr)
i.e., the blow-upof Y N U in U. O
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7. Examples

We close by presenting three example computations that use Theorems 1.1 and 1.2, calculating genus-
zero Gromov—Witten invariants of blow-ups of projective spaces in various high-codimension complete
intersections. Recall, as we will need it below, that if E — X is a vector bundle of rank #n, then the
anticanonical divisor of Gr(r, E) is

_KGr(r,E) = ﬂ*(—KX + r(det E)) + n(det SV), 30)

where S — Gr(r, E) is the tautological subbundle. Recall too that the regularised quantum period of a
Fano manifold Z is the generating function

5Z(x) =1+ Z dlcax?
d=2

for genus-zero Gromov—Witten invariants of Z, where

Cq = Z<9(//ii_2>0,1,,8 for @ € H'P(Z) the class of a volume form
B

and the sum runs over effective classes g such that (8, -Kz) = d.

Example 7.1. We will compute the regularised quantum period of X = Bly P*, where Y is a plane
conic. Consider the situation as in §2.2.1 with:

o X=p*
0o E=00080(-1)
o G =GLy(C), T =(C*?caG.

Then A /G is Gr(2, E), and A /T is the P? x P>-bundle P(E) xpP(E) — P*. By Proposition 6.2, the zero
locus X of a section of ¥ ® 7*(O(1)) on Gr(2, E) is the blow-up of P* along the complete intersection
of two hyperplanes and a quadric. We identify the group ring Q[H,(A /T, Z)] withQ[Q, Q1, O»], where
Q corresponds to the pullback of the hyperplane class of P* and Q; corresponds to H;. Similarly, we
identify Q[H,(A /G, Z)] with Q[Q, ¢q], where again Q corresponds to the pullback of the hyperplane
class of P* and ¢ corresponds to the first Chern class of V.

We will need Givental’s formula [Giv96] for the J-function of P*:

o)

D _ Dt
Jw(r,z)zzeT/zZ—DQ ‘ ; T e H*(PY).
B [y (H +mz)

In the notation of §2.2.1, we have £ = 1, rp = r1 = 2, rp41 = 3. We relabel I:I[,j = FI]- and dy ; = d;.
We have that I:I(,’+l,l = I:I(_,.l,z =0, FI{+1’3 = n'H and dey1,1 = dev12 = 0, des13 = D. Write
F=S8Y®r* O(1). Corollary 5.14 and Remark 5.15 give

o 00 oo — di+D
Jr(t1.2) =ze' = Z Z Z (1) QP gt Dt [T | [TUP (H; + H +m2)

o\l &y - . d d
D=0 d1=0 dy=0 [T (H +mz) [Ty (Hy + m2)? TT,2 (Hp + m2)?

2
% 1_[ Hl(')nzfoo(Hi —H+mz) (H — Hy +z(d — dp))
it T2 (H; — H + mz) Hy - H,

To obtain the quantum period, we need to calculate the anticanonical bundle of X. Equation (30) and
the adjunction formula give

-Kg =3H +3detS’ — (2H +detS’) = H +2det S".
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To extract the quantum period from the nonequivariant limit J, of the twisted J-function, we take the
component along the unit class 1 € H*(A/G;Q), set z = 1 and set 0B = xB:-Kx) That is, we set
1=0,t=0,7=0,z=1,¢9 = x2, 0 = x, and take the component along the unit class, obtaining

- 1+n) ' (I+m) ! (I-n—1)!
Gg(x) = Z Z Z(_l)mn 1 l+2m+2n EIT)Z)(;!;—ZL!()Z(Z—I;! (n—m)
n=0 l=n+1 m=I

I+n)!(l !
+ (= 1)mHnyl+2m+2n (“)5(mg();(rrlz)!)(z(:g)!(m—l)! (1 +(n—m)(-2H, + Hj4y — Hn_l)).
1=0 m=

~

3
1]

~

Thus, the first few terms of the regularized quantum period are:

Gy (x) = 1 +12x° + 120x° + 540x° +20160x® + 33600x” + 113400x'°
+2772000x"" +2425500x'2 + - - -

This strongly suggests that X coincides with the quiver flag zero locus with ID 15 in [Kal19], although
this is not obvious from the constructions.

Example 7.2. We will compute the regularised quantum period of X = Bly P%, where Y is a 3-fold
given by the intersection of a hyperplane and two quadric hypersurfaces. Consider the situation as in
§2.2.1 with:

o X =p°
o E=00080()
o G =GL,(C), T =(C%?caG.

Then AJG is Gr(2 E), and AT is the P> x P*-bundle P(E) Xps P(E) — P°. By Proposition 6.2
the zero locus X of a section of S¥ ® 7*(O(2)) on Gr(2, E) is the blow-up of P° along the complete
intersection of a hyperplane and two quadrics. We identify the group ring Q[H,(A/T,Z)] here with
Q[Q, 01, Q2], where Q corresponds to the pullback of the hyperplane class of P® and Q; corresponds
to H;. Similarly, we identify Q[H,(A /G, Z)] with Q[Q, q], where again Q corresponds to the pullback
of the hyperplane class of P and g corresponds to the first Chern class of SV.

The J-function of PS is [Giv96]

L QDeDT
Jps(t,2) =zeTF Yy —F——
1;) 2., (H +mz)?

7 € H*(PY).

In the notation of §2.2.1, we have £ = 1, r; = r{ = 2, rey1 = 3. We relabel Hy ; = H; and dg ; = d.
We have that I‘NI[+1,1 = I‘NI[.‘.],Q =0, I‘NI{+1,3 = —n*H and dg.,.]’] = dg.'.]’z =0, d[+173 = —D. Write
F=8"®nr*O(2). Corollary 5.14 and Remark 5.15 give

Qqu1+dzeDTe(d|+d2)t m——oo(H + mZ)2

j — T;T
F(8,7,2) = ze Z Z Z H2=1(H+m1)7 = Hm:—oo(Hi"‘mZ)z

D=0d,=—D dr=——D

ﬁnd+2D(H +2H+mz)( )dl dz(Hl H2+Z(dl d2))
i=1 Hd+D(H +H +mz) Hy = H

Again we will need the anticanonical bundle of X, which by equation (30) and the adjunction formula is
~Kg =9H +3det(S") — (4H +det(S")) = 5H + 2 det(S”).
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To extract the quantum period from Jf,, we take the component along the unit class 1 € H*(A/G;Q),
set z=1and set OF = xB--Kx) Thatis, weset1=0,1=0,7=0,z=1, q= x2, 0= x° and take the
component along the unit class, obtaining

PRI OB i _1\di+d>  SD+2d1+2d> (di +2D)!(d +2D)!
Gx(x) - Z Z Z( 1) X (D!)7(d1!)2(d2!)2(d1 +D)!(d2+D)!

D=0 d,=0 d»=0

X |1+ (di —d2)(=2Hg, + Hay+2D — Hd1+D))-
The first few terms of the regularized quantum period are:
Gy (x) = 1+480x° + 5040x7 +4082400x'" + 119750400x'? + 681080400x™* + - - - .

Example 7.3. We will compute the regularised quantum period of X = Bly P®, where Y is a quadric
surface given by the intersection of three generic hyperplanes and a quadric hypersurface. Consider the
situation as in §2.2.1 with:

o X=p°
0o E=0000080(2)
o G =GL3(C), T =(C*3 caG.

Then AJG is Gr(3, E),and AT is P(E) Xps P(E) Xps P(E) — PPS. By Proposition 6.2, the zero locus X
of a section of ¥ ® 7*(O(1)) on Gr(3, E) is the blow-up of P°® along the complete intersection of three
hyperplanes and a quadric. We identify the group ring Q[Hz(A /T,Z)] with Q[Q, 01,02, 03], where
Q corresponds to the pullback of the hyperplane class of P® and Q; corresponds to H;. Similarly, we
identify Q[H,(A /G, Z)] with Q[Q, ¢q], where again Q corresponds to the pullback of the hyperplane
class of P® and ¢ corresponds the first Chern class of SV.

In the notation of §2.2.1, we have € = 1,7, = = 3,r¢41 = 4. We relabel Hy ; = Hj and dy ; = d;.
We have that Hey1,1 = Hevip = Henz = 0, Hea = —n*2H and devyy = denp = desz = 0,
dee1.4 = =2D. Write F =S¥ ® 7* O(1). Corollary 5.14 and Remark 5.15 give

ter ©0 sl sl s D d1+d2+d3 Dt (d1+d2+d3)t
S =Ty YY) ZQq e
D=0 dy=—2D dr=—2D d3=—2D [T (H + m2)
1—[ Moo (H; + m2)3 l—[ S 14D (H; + H + m2)
_OO(H +mz)3 d+2D(H +2H+mz) m:,m(Hi + H +mz)

y (Hy — Hy+z(d1 — dy)) (Hy — H3 + z(dy — d3)) (Hy — H3 + z(d> — d3))
H - H, H - H; H,— H; ‘

Arguing as before,
-Kg =11H +4det(S") — (3H +det(S")) = 8H + 3 det(S").

To extract the quantum period from Jg,, we set 1 =0, =0,7=0,z =1, g = x>, Q = x%, and take the
component along the unit class. The first few terms of the regularised quantum period are:

G ¢ (x) = 1+ 108x% + 17820x° + 5040x® + 5473440x° + 56364000x'" + 1766526300x'2
+117076459500x* + 672012949608x " + - - -
Remark 7.4. Strictly speaking, the use of Theorem 1.2 in the examples just presented was not necessary.

Whenever the base space X is a projective space or more generally a Fano complete intersection in a
toric variety or flag bundle, then one can replace our use of Theorem 1.2 (but not Theorem 1.1) by
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[CFKSO08, Corollary 6.3.1]. However there are many examples that genuinely require both Theorem 1.1
and Theorem 1.2: for instance when X is a toric complete intersection but the line bundles that define the
center of the blow-up do not arise by restriction from line bundles on the ambient space. (For a specific
such example, one could take X to be the three-dimensional Fano manifold MM3_¢: See [CCGK16,
§62].) For notational simplicity, we chose to present examples with X = PV, but the approach that we
used applies without change to more general situations.
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