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ON A STEIN AND WEISS PROPERTY OF
THE CONJUGATE FUNCTION

NAKHLE ASMAR

1. Introduction.

(1.1) The conjugate function on locally compact abelian groups. Let G be
a locally compact abelian group with character group G. Let p denote a Haar
measure on G such that u(G) = 1 if G is compact. (Unless stated otherwise, all
the measures referred to below are Haar measures on the underlying groups.)
Suppose that G contains a measurable order P : P + P CP,PU(—P) = G; and
P N (—P) = {0}. For f in L*(G), the conjugate function of f (with respect to
the order P) is the function f whose Fourier transform satisfies the identity

FO0 = —i sgnp(0f ()

for almost all x in G, where sgnp(x) = 0, 1, or —1, according as x = O,
x € P\{0}, or x € (—P)\{0}. A generalized version of a theorem of M. Riesz
asserts that, for all f in L2N LP(G), where 1 < p < 00, there is a constant
A, such that ||f||, < Ap||f||,- Moreover, the constant A, is independent of the
order P and the group G. See [2], Section 7.(a)); [3], Theorem (7.2); and [4],
Theorem (1.1).

Let E be a measurable subset of G with finite measure. When G = R or
T, and P is the usual ordering on R or Z, a result of Stein and Weiss [13]
gives formulas for the distribution functions of the conjugate function of 1g.
These formulas depend only on |E| and not on E itself. (Here, and throughout
the paper, we use the symbol 1z to denote the indicator function of E, and
the absolute value to denote Lebesgue measures on R or T. On R, Lebesgue
measure is normalized so that-|[0,1]] = 1.)

Using the results of [13] on R only, we will show that, in the general setting
of a locally compact abelian group with an arbitrary measurable order on the
dual group, the distribution functions of 1z are independent of E, P, and G, and
depend only on the measure of E, and whether G is compact or noncompact.
Hence the same formulas on R hold for the conjugate function on an arbitrary
locally compact, noncompact, abelian group with ordered dual group; and the
formulas on T hold for the conjugate function on an arbitrary compact abelian
group with ordered dual group.

(1.2) The Stein and Weiss formulas on R. Let E C R with |[E| < oco. The
conjugate function (or Hilbert transform) of 1g is given by:

1 1
@)) H1lg(x) = lim — / lg(x —t)—dt.
el0 T Jes|s! t
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For y > 0, define the distribution functions

A () = [{x €R: |H1g(x)| > y};

@ Mo, = |{x € R: H150) > y}:
and

A, 0) = H{x €R: Hlg(x) < —y}|.
We have

Mi1:0) = Myt 0) + My, 0),  for all y > 0.

The distribution functions of a measurable real-valued function, on an arbitrary
measure space, are defined similarly.
From [13], Lemmas 3 and 4, we have

3) M0 = A, ) = sinh(my) E|;
and hence
4 A1 (y) = |E|.

sinh(my)

(Note that the definition of the Hilbert transform given in (1) differs from that
of [13] by a factor of «. For this reason formulas (3) and (4) differ slightly from
those in [13].)

(1.3) The ergodic Hilbert transform. As illustrated in [1] and [3], some prop-
erties of the conjugate function can be derived from those of the ergodic Hilbert
transform. To define this transform on the group G, consider a continuous ho-
momorphism ¢ of R into G, and let f € LP(G), for 1 = p < 00. The ergodic
Hilbert transform of f on G (with respect to the homomorphism ¢) is given by:

.1 1
W Hyf=fim [ g sy
n—o0 T n t
It is shown in [6] that the above limit exists y-a.e. on G; that it is in L?(G),
whenever f is in LP(G) and 1 < p < oo; and that it is of weak type (1,1),
whenever f is in £ !(G). (The results of [6] are stated for one-parameter groups of
measure preserving transformations on a o-finite measure space. The o-finiteness

condition is not needed in our case where the underlying measure space is G.
For details see [1], (2.1).) Straightforward computations show that

) (Hys f)(x) = —i sgn(())f (x)
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for all f in L7 N L*(G), and almost all x in G, where v denotes the adjoint
homomorphism of ¢. That is, ¢ is the continuous homomorphism from G into
R such that:

x 0 ¢(t) = exp(iv(x)t) for all x € G, and all ¢ € R.

We will use a separation theorem for measurable orders to approximate f by
certain ergodic Hilbert transforms. We will then establish the Stein and Weiss
formulas for some particular ergodic Hilbert transforms, and obtain our desired
results by approximating the conjugate function by appropriate ergodic Hilbert
transforms. This was the course of study in [1] where we used the transference
methods of Coifman and Weiss [7], and some approximation techniques, to
derive properties of the conjugate function from those of the ergodic Hilbert
transform. However, we show by an example in Section 4 that the Stein and
Weiss formulas fail in general for the ergodic Hilbert transform. This will entail
a new approach to the problem treated in this essay.

2. Preliminaries. We collect in this section various results that will be needed
in the sequel. We start by stating a separation theorem for measurable orders
which will serve as a link between the conjugate function and the ergodic Hilbert
transform.

THEOREM (2.1) ([3], Theorem (5.14)). Let K be a compact non-void subset
of G. There is a real-valued homomorphism ) on G such that 1 is positive on
(K NP)\(N U{0}), and 1 is negative on (K N (—P))\(N U{0}), where N is a
subset of G with measure zero.

The proof of Theorem (2.1) is based on the study of Haar-measurable orders
of Hewitt and Koshi [8]. A particular case of this theorem, dealing with arbitrary
orders on Z", appears in [4], Lemma (2.5). In the proof of our main results, we
will need the following corollary of Theorem (2.1).

THEOREM (2.2). Suppose that G is discrete, and let P denote an arbitrary
order on G. Let K be a nonvoid finite subset of G, and let H be any countable
subgroup of G that contains K. Then there is a real-valued homomorphism 1
on G such that

® Yk N (P\{0})) C10, 00[;
(i) YK N ((=P)\{0}) C]— 00,0[;

and

(i)  KeryNH = {0}.

Proof. First, note that (i) and (ii) are immediate consequences of Theorem
(2.1), since in this case N is necessarily empty. To obtain (iii) will require a
further construction.
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Let Y denote the group generated by K. Since K is finite and G is torsion-free,
Y is isomorphic to Z", for some n. Order Z" by PNZ", and apply the separation
theorem (2.1) to obtain a homomorphism 1y on Z" with properties (i)—(ii). We
have: 1o(x) = x. g = 14, (x) for some o in R”, and all x in Z". (Here x. o
denotes the usual inner product of vectors in R".) The function (x, &) — x.« is
continuous on R" x Z". Hence there is an open nonvoid neighborhood U of o
in R” such that (i) and (ii) hold for all the homomorphisms ¢, with o € U (for
all x € Z", Y4(x) = a.x). Pick a; in U with components independent over Q.
The homomorphism 14, defined on Z" by x — o.x satisfies (i)—(ii), and we
have:

Keryo, NZ" = {0}.

If Z" = H, we are done. If not, let J denote the subgroup of G generated by
7" and H. Then J is clearly countable. We now proceed as in the proof of
[9], Theorem (A.7), p. 441, to extend the homomorphism 4, to J in such a
way that (iii) remains true. Enumerate J\Z" as {x,}°_,. Define the extension
1 inductively as follows. If njx; = y; € Z" for some nonzero integer n;, then
let

V) = nilwm@;);

otherwise define ¢(x;) to be any real number y; which is independent over Q
from 14, (Z"). Having defined {(x,,), if Ape1Xme1 = Ym+1 belongs to the linear
span of Z" and {xi,...,x,} for some nonzero integer 1, let

1

Rm+1

Y(Xme1) =

wm m+1)s

otherwise let ¥(x,,+1) be any real number independent over Q of the image under
1 of the linear span of Z" and {x|, ..., X, }. As defined on J, the homomorphism
1 satisfies (i) and (ii), and is such that Ker ¢y NJ = {0}. Once more, use [9],
Theorem (A.7), to extend the homomorphism in an arbitrary way from J to all
G. Denote the extended homomorphism by . Clearly v satisfies (i)—(iii).

Remark (2.3). If G is not discrete and P is a measurable order on G, then G is
of the form R“ x Q where a is necessarily positive. (This fact is a consequence of
[8], Theorem (3.2).) In this case, any real-valued continuous homomorphism 1
on G which does not vanish identically on R x {0} has a kernel that intersects
every g-compact subgroup of G in a set of measure 0. Hence if K is any
compact subset of G, we enlarge K to contain a compact subset of R* x {0}
with a nonvoid interior (in the relative topology of R* x {0}). Then any real-
valued homomorphism that is obtained from the separation theorem (2.1) has
on locally null kernel.
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(2.4) An approximation scheme for f. We reproduce a construction from [1],
(3.3) and (3.4), taking into account Theorem (2.2) and Remark (2.3). Suppose
that f is a nonzero function in LZ(G) Its Fourier transform f vanishes off of a

o-compact open subgroup Gy of G. Write

Cs

GO = K,

=

where each K, is a compact subset of GO with nonvoid interior, and such that
K, C K,, whenever n < m. Suppose that G is compact. For each n, use Theorem
(2.2) to obtain a real-valued homomorphism 1, such that

(1) Yn(K, N (P\{0})) > 0;

) Yu(K, N ((—P)\{0})) < 0;
and
A3) Ker 1y, NGy = {0}.

Suppose that G is not compact. Use Theorem (2.1) and Remark (2.3) to obtain
a sequence of continuous real-valued homomorphisms on G, and a null subset
N of G, such that

€] YK NP\ U{0}))) > 0;

% Ya(Kn N (—P)\WV U {0})) < 0;
and

(6) Ker 4,is locally null.

In either case, properties (1)~(6) imply that

M Jim —isgn(,0007 (0 = —i sgnp(0f 00,

for almost all x in G. Using (1.3.2), we see that the expression on the left of
(7) is the Fourier transform of Hy, f, where ¢; is the adjoint homomorphism of

;. Clearly, the expression on the right side of (7) is the Fourier transform of f.
Using Plancherel’s theorem and (7), we see that Hy, f converges in the L 2_norm,
and hence in measure, to the function f. This fact will allow us to reduce the
study of the distribution functions of the conjugate function f to those of the
ergodic Hilbert transform Hy, f.
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(2.5) The distribution functions of H 1y 1. We list a few formulas related to
the distribution functions of the Hilbert transform of 1o ;). These formulas will
be needed in Section 4.

(i) For all 4 in R, we have:

1—u

1
Hl;o,”(u) = — log
™ u

(ii) For all y > 0, we have (from [13], or by computing directly):
1

PPN OES sinh(my) = Mo, O

and
2
)‘Hho,l](y) = sinh(7ry)'
(iii) For all y > 0, using (i) we find
1
1 R:HI1 = —

[0, 11N{u € @) >y} = 5 ps——

and
exp(—my) 1

[0, 1N{u € R:Hlp ) < —y} = Y vm—" G p——

Using (iii), we find that, for all y > 0:

1

1+ exp(my)
__expmy)
1 +exp(my)”

[[0,11N{u € R: Hlp () < y}|

I

Since all the distribution functions that we are dealing with here are continuous
on ]0, oo[, we obtain from the second identity in (iii)
exp(—my)
0,11N{ueR:HI = = ———,
|10, 11N {u 0,11 =y} T+ exp(—m)
(iv) We combine the last two indentities to obtain the formula
exp(my)
0,1]1N R:HI =< =—
10, 11N {u € N =y} = 5 + exp(my)
which holds for all real numbers y. Hence, for all real numbers y, we have
exp(my)
0, 11N {u € R: Hlg ) >y} = 1 — —br>)

1 +exp(my)
1

1 +exp(my)”
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(v) Let y > 0. Using the first identity in (ii) and the first identity in (iii), we
get
1 1

[((R\[0, 1N {u € R:Hlpyw) >y} = sinh(ry) 1+ exp(my)
1

2exp(3my)sinh(3my)’
(vi) Also, for y > 0, using the first identity in (ii) and the second identity in
(iii), we find that

1 1

I(R\[O, 11N {u €ER:Hlpnw < —y}] = Sinh(7y) — T+ exp(my)
1

- 2exp(%1ry) sinh(%'/ry)'

3. The Weil fonﬁula on G.

(3.1) Throughout this section we suppose that G is a noncompact locally
compact abelian group with Haar measure . The character group G need not be
ordered at this point; but, we suppose that we have a continuous homomorphism
¢ from R into G which is also a topological isomorphism of R onto ¢(R). As
usual, we denote by 1 the adjoint homomorphism of ¢. Since ¢(R) is closed,
we can normalize the Haar measure on ¢(R), then normalize the Haar measure
KG/4r) On the quotient group G /¢(R), so that the Weil formula holds as follows:

) /}uwmn=/' £+ y)dwdpg am )
G G/$R) JH(R)
= / / F&x+oO)dyducsw)(x)
G/¢(R) JR

for all f in L 1(G). (See [10], Theorem (28.54.iii), p- 91.) To obtain the second
equality in (1) we simply define the measure w on ¢(R) by w(A) = |¢“(A)|,
for all Borel subsets A of ¢(R). (See [11], Theorem (12.46), p. 180.)

Fix a measurable set A C G with u(A) < oo. For y > 0, let

1 ifH¢1A(x)>y;
0 otherwise.

€y(x) = {

We clearly have
&Ww=/gmwm.
G
Using the Weil formula, we obtain

@ N0 = [ [ e+ sdidicssm o
G/¢(R) JR
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Note that, for a fixed x in G, we have

1 1
1 if—/lA(x+<p(u—t))—dt>y;
™ JR t

0 otherwise,

€ (x + o(u) =

where the last integral is to be computed as in (1.3.1). Using (1.2.2), we get

I{u € R: H1¢~I(X,A)(u) > y}l

I

/R &y (x + ¢(u))du

1
- |1 L wd
sinh(7y) /R o (W)du

1
= m AlA(X + qS(u))du

Putting this in (2), and using (1) again, we get

. 1
3) A, = /G/¢(R) Snh(my) e La(x + d(w))dudpc gr)(x)

(A).

sinh(7y) H

A similar proof applies to /\,;W and yields the same formula as (3). We have
thus proved the following theorem.

THEOREM (3.2). Let G be a locally compact abelian group with Haar measure
w. Let ¢ be a topological isomorphism of R into G, and let A be a subset of G
with finite measure. For every positive real number y, we have

) )\;1,,1,,0’) = A, 0) = m HAYy
and so,
(ii) A1, () = sinh(7y) p(A).

4. The Stein and Weiss property of the conjugate function.

(4.1) We continue with the notation of the previous sections. We suppose
further that ¢ is an arbitrary continuous homomorphism from R into G. Since
the homomorphism ¢ is not necessarily a topological isomorphism, Theorem
(3.2) does not apply directly. To make use of Theorem (3.2), we move the
setting to R X G, and construct a topological isomorphism of R into R X G as
follows.
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For o > 0, define the homomorphism ®,, from R into R X G, by:

Dy (1) = (au, P(u)).

We easily verify that @, is a topological isomorphism with adjoint homomor-
phism ¥, defined on R x G by:

Wals, x) = as +¥(x),
where v is the adjoint homomorphism of ¢. (An easy way to show that @, is

a topological isomorphism follows by using [9], Theorem (9.1), p. 84.)
For f in L2(R X G), and for a fixed o > 0, we have from (1.3.2)

() (Ho, [)(s,%x) = —isgn(¥uls, X)) (s, X) = —i sgn(es + () (5, %)

for almost all (s,x) in R X G. 1t also follows from Theorem (3.2) that

@ N,0) =g, 00 = (A,

sinh(7ry)

for all y > 0, and all measurable subsets A of R X G with v(A) < oo, where
v denotes the product measure on the group R X G. Suppose that A = B X C,
where B C R, C C G, |B| < 00, and u(C) < oo. From (1), we get

() (Ha,lpxc)(s,x) = —isgn(as + o)) 1a(s)1c(0)

for a.a. s in R, and a.a. y in G. Letting  decrease to 0, we obtain:

—isgn(s)1p(s)1c(x) if ¥(x) = 0,

@) lim(Ho, 1pxc)(s, X) = A .
alo” o PC —isgn@O0) s et if Yoo #0.

To identify the limit in (4), we distinguish two cases.
Case I: Ker 9 is locally null. From (4) and (1.3.2), we see that

() lim(Ho, Lpxc)(s, 50 = =i sgn@00) a(9)1c00 = Ta()(Hs10)" 00,

where all the equalities hold almost everywhere on R x G. It follows from (5),
Plancherel’s theorem, and Lebesgue’s dominated convergence theorem, that

11?3 Ho,lpxc = 1gHyle, in the L?(R x G)-norm.

Case II: Ker v is not locally null. In this case, Ker 1 is necessarily an open
subgroup of G. Let Gy denote the annihilator in G of Ker 1. The subgroup
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Gy is compact. Denote by po the normalized Haar measure on Go. We have
fip = lkery. Using (4) and reasoning as in Case I, we see that

li%lHq)alng = lBH¢lC + (lcsp,o)H lg, in the LZ(R X G)-norm.
a

Summarizing, we have
(6) 8(.,.) =limHg, lpxc
al0

[ 1gH4lc if ker 9 is locally null;
T | 1gHplc + (1¢-po)H 1 if ker 4 is not locally null,

where the convergence is in the £2(R x G)-norm, and hence in measure. Using

(2), and the convergence in measure described by (6), we find, that for all y > 0:

v(4) _ |Bu(©)
sinh(my)  sinh(my)’

M AN =A0)=

and

W) 20BluC)
sinh(ry)  sinh(my)

Ae(Y) =

We are now ready to state and prove our main theorem. In what follows we
will always assume that the Haar measure p on a compact group G is normalized
so that u(G) = 1.

THEOREM (4.2). Let ¢ be an arbitrary continuous homomorphism from R into
G. Let 1 denote the adjoint homomorphism of ¢. Let E be an arbitrary mea-
surable subset of G with uw(E) < 00. Suppose that either

(i) G is compact and Kery = {0},
or
(i) G is not compact and Ker ) is locally null.

Then, the distribution functions of Hylg depend only on w(E) and whether G
is compact or noncompact.

Proof. If u(E) = 0, then Hylg = 0 a.e., and the theorem holds trivially in
this case. Suppose throughout the rest of the proof that u(E) # 0. We show
that \};, depends only on u(E) and whether G is compact or noncompact. A
similar argument applies to Ay, and completes the proof of the theorem. We
will start with the easier case.

Suppose that (ii) holds. Take B = [0, 1], and C = E, in (4.1.6), and obtain

n g(u,x) = 1oy (u)Hylp(x) v-ae.on R xG.
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For all y > 0, we have from (4.1.7):
WE)

sinh Ty

(2 = v({(u,x) : Ljo,;(WHy1g(x) > y})
= p({x : Hgle(x) >y} = A, ()

We have thus obtained a formula for )\;’ME which depends only on u(E). This
proves the theorem in the case (ii).
Suppose that (i) holds. Again, take B = [0, 1], and £ = C, in (4.1.6); then

3 gu,x) = lio(wHy1p(x) + (1g+ po(x))H 10, 11(v) v-ae. on R X G.

Since Ker v = {0}, the annihilator in G of Ker 4 is G, and hence po = p. It
follows that

1g-po(x) = 1pp(x) = p(E),
and hence (3) becomes
(4) g(u,x) = 1[071](u)H¢IE(x) +u(E)H1[0’”(u) v-a.e.on R x G.

Note that (4) is an equation involving Hy1g and other functions whose distribu-
tion functions are either independent of £, or depend only on u(E). Therefore it
is expected that the distribution functions of Hy1g have similar properties. The
rest of the proof is devoted to justifying this claim.

Using (2.5.1), we rewrite (4) as
Let (X, p) be the measure space [0, 1]xG, where p is the product of the Lebesgue
measure on [0, 1] and the Haar measure on G. Consider X as a subset of R X G,
and let & denote the restriction of g to X. We have from (5)

1—u

1
&) g(u,x) = 1[0,1](”)H¢IE(X)+N(E); log (’

6)  hu,x) = Hylg(x)+ u(E)7—1T log <1—;—”) . p-ae. on X.

For y € R, let

mn(y) = p({(u,x) € X : h(u,x) > y});
) E 1—
( 71111[0,,,@)2'[O,I]Q{MGR:&(W—)log< u”) >y}t;

and

a1, ) = p({x € G 1 Hylpg(x) > y}).
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(Note that for y > 0, nu,1,(») = Xp,;,(v) and for y = 0, ny,1, () = 1 —
)\,‘ME(—y).) From (2.5.iv), we have

1
1+ex ( il )
P\uE’
for all y € R.

Suppose for the moment that we have proved that 5, depends only on u(E).
Let s € R, then (6) implies that

(8 NH 110,V =

Y

©)  exp(—ish(u, x)) = exp(—isH; 1£(x)) exp (‘z’s HE) 1o (u; 1)) '

™

Integrating (9), and rewriting the integrals as Riemann-Stieltjes integrals over
R, we get:

(10) / exp(—ish(u, x))dp(u, x)
X

= / exp(—isHy 1 ()dpu(x) | exp (—is HE) oo (” — 1)) du;
G [0,1] n u

_/e‘isydﬂh(Y) =/e_isyd77H¢lE(y)/e—isydnH‘ro,n(y)'
R R R

We have from (8):

ex (_7‘_ )
Pluey” &

—isy _ i —isy
an /Re o = L) /Re (1+eX (_”_ )>2
PA\uE”

. e 2 m
= %® ), cos sysech (2N(E) y) dy
= —p(E)s csch(u(E)s),

where the last integral can be found in a table of Fourier transforms. (See for
instance [12], 7, p. 34.)

The relations (10) and (11) determine the Fourier-Stieltjes transform of the
measure dny,1, everywhere on R. They also show that this transform depends
only on u(E). Hence ny, 1, is determined completely from p(E). Thus the proof
of the present theorem will be complete once we prove that 7, depends only on
1(E), and not on E.

Fix y > 0. We have

(12) v({(u,x) ER X G : g(u,x) >y}
=v({(u,x) : u €1[0,1], and g(u,x) > y})
+v({(u,x) 1 u & [0,1], and g(u,x) > y}).
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For u ¢ [0, 1], we have from (5)

1—u

)

(14) v({(u,x) : u € [0,1], and g(u,x) > y}) = w(G) | {u: ug[0,1], and
E 1— 1
%‘)og(‘ uu)>y”: 1 i '
2exp (— W-L—) sinh (—wL)
2 wkE) 2 WE)

w(E)
sinh(my)’

1
(13) g, x) = wE) — log ('

and so, from (2.5.v), we get

From (4.1.7), we have, for all y > 0:

(15) v({(u,x) ERXG : g(u,x) >y}) =

It follows from (12), (14), and (15) that

v({(u,x) : u € [0,1], and g(u,x) > y})
wE) 1

~ Sinh(ry) Loy .. 1oy )’
2exp (5 " u(E)) sinh (5 ”u(E))

But since

v({(u,x) : u € [0,1], and g(u,x) > y}) = p({(u,x) € X : h(u,x) > y})

it follows that, for y > 0, n,(y) depends only on p(E). A similar argument using
(2.5.vi) applies to n,(y), for y <0, and completes the proof.

According to Theorem (4.2), to compute the distribution function of the er-
godic Hilbert transform on a group G, when ¢ and 1 are as in Theorem (4.2),
it is enough to consider the cases G = R, for noncompact groups, and G = T
for compact groups.

Consider the case G = R, with G = R. Let 1 be the identity homomorphism:
x +— x. The ergodic Hilbert transform is in this case the usual Hilbert transform.
So the distribution functions of the ergodic Hilbert transform, when Ker v is
locally null, are given by the Stein and Weiss formulas for the Hilbert transform
on R. This is also given by Theorem (3.2).

Now consider the case G = T, and let 1 be the identity homomorphism from
Z into R. Then Ker ¢ = {0}; and the adjoint homomorphism ¢ is given by
¢(s) = s(mod2m), for all s € T. In this case, the ergodic Hilbert transform
becomes

1) Hof(o) = lim ~ / fa—0tar
n=00 T JL<|sn '
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for all f € L !(T), where in the above integral the functions on T are considered
as 2m-periodic functions on R. From the uniqueness of the Fourier transform,
it follows from (1.3.2) that the function Hyf is the usual conjugate function
of f on T. (See Remark (4.4.a) infra.) Thus, according to Theorem (4.2), the
distribution functions of the ergodic Hilbert transform, when G is compact and
Ker vy = {0}, are precisely those of the conjugate function on T. Thus, using the
Stein and Weiss formulas on T and R, we obtain the following useful corollary
of Theorem (4.2).

CoRrOLLARY (4.3). Let ¢, G, and E be as in Theorem (4.2). Let y > 0. Then,
(i) if G is not compact, we have

M1, () =

sinh(my) WE);

(ii) and if G is compact, we have

sinh(my) + i sin (§ p(E))
sinh(y) — i sin (1 u(E))

exp ( 7TAHd, lg (y))

Remarks (4.4). (a) The relationship between the Hilbert transform on R and
the conjugate function on T expressed by the limit (1) preceding Corollary (4.3)
is well-known. See [15], (7.6), pp. 56-57; or, [7], pp. 6-7. In the cited references,
the limit of the integral is identified using a series expansion of the cotangent
function.

(b) The proof of Theorem (4.2) uses the Stein and Weiss results on R only.
For this reason, one can derive (4.3.ii) without appealing to the Stein and Weiss
results on T. This can be done as follows. Given a measurable subset E of
G, where G is compact. Let « = p(E), and suppose that ¢ is a continuous
homomorphism of R into G as in Theorem (4.2). Then, according to (4.2.i),
Hylg and 1[0 o) have the same distribution functions, where 1[0 «) denotes the
conjugate function on T of 1j94. Hence, to derive (4.3.ii), it is enough to
consider the distribution function of 1jg 4. One shows, with some effort, that
the latter satisfies (4.3.ii).

We now establish the Stein and Weiss formulas for the conjugate function on
locally compact, noncompact, abelian groups.

THEOREM (4.5). The notation is borrowed from (1.1) and (1.2). Let G be a
locally compact, noncompact, abelian group with Haar measure p. Let P denote
an arbitrary Haar measurable order on G. Let E be a measurable subset of G
with W(E) < 0o. For y > 0, we have

® A0 = ———
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Proof. From (2.4) (the noncompact case), iE can be approximated in the
L2-norm by ergodic Hilbert transforms that are defined with respect to ho-
momorphisms with the properties enunciated in Theorem (4.2.ii). By Corollary
(4.3.1), each one of these transforms has distribution functions that satisfy iden-
tity (i) of the present theorem. The theorem follows now, since these transforms
converge in measure to 1.

Next we establish the Stein and Weiss formulas for the conjugate function on
compact abelian groups.

THEOREM 4.6. Let G be a compact abelian group with normalized Haar mea-
sure p. Let P be an arbitrary order on G, and let E be a measurable subset of
G. For y > 0, we have

sinh(ry) + i sin(3 u(E))
sinh(my) — i sin(§ u(E))

(6] exp (% ﬁAiE(y)) =

Proof. We treat a particular case first: G is countable. Take Gy = G and
f = 1g in (2.4) (the compact case). To prove (ii), argue as in Theorem (4.5),
usmg Theorem (4.2.i) and Corollary (4.3.i1). Now suppose that G is arbitrary.
Let Gy be the subgroup of G generated by supp 1g. Then Gy is a countable
subgroup of G. Order Go by PN GO Let H denote the annihilator in G of Go,
and let uy denote the normalized Haar measure on H. We have

~ ~

1g = 1gfiy;
and hence from the uniqueness of the Fourier transform

1g = 1g x py p-ae. on G.
Let 7 : G — G/H denote the natural homomorphism of G onto G /H. We have
@))] g = lyg) omp-ae. on G.

For an arbitrary f in LP(G), where | = p < 0o, and such that f is constant on
the cosets on H, we have

f=f*puy =Fompy-ae. onG,

where F € LP(G/H). (See [10], Theorem (28.55), p. 95.) By comparing Fourier
transforms, it is easy to verify that

(2) f=Fomp-ae. onG,

where as usual f denotes the conjugate function of f on G (with respect to the
order P), and F denotes the conjugate function of F on G/H (with respect to
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the order P N Go). (Here we have identified the character group of G /H with
Gy. See [9], Theorem (24.11).) From (1) and (2), we get

3) g = Lr(E) om p-a.e. on G.

Since the character group of G /H is countable, we appeal to the particular case
treated earlier to infer that the distribution function of 1, satisfies the identity
(i) on the group G /H , with the normalized Haar measure pg/y. Using [10],
Theorem (28.54.v), we see that: for y > 0,

p{x € G |Te@)| >y} = p({x € G : |Txg) o mx)| > y})
= pou({x € G/H : |1 > ¥}

and

WE) = pg/u (m(E)).

The theorem follows now from the last identities, and the fact that (i) holds on
G/H.

Different proofs of the Stein and Weiss formulas on R or T can be found in
[5], and [14], p. 238-240.

We end the essay with an example that shows that the Stein and Weiss for-
mulas fail in general for the ergodic Hilbert transform.

Example (4.7). Suppose that G is compact, so that G is discrete. Let ¢ : G
— R be an arbitrary homomorphism with a kernel K # {0}. Let Gy be the
annihilator in G of K, and let A be an arbitrary subset of G, with positive Haar
measure i(A), and such that 1,4 is constant on the cosets of Gy. It follows that
14 is supported in K. Using (1.3.2), we see that Hyly = 0 on G. Clearly the
Stein-Weiss formulas do not hold in this case.

Added in proof. After this paper was to appear, Professor Guido Weiss kindly
brought to our attention the paper Conjugate function theory in weak* Dirichlet
algebras, by 1. 1. Hirschmann, Jr. and R. Rochberg, in J. Functional Analysis /6
(1974) 359-371. Our last two theorems can be derived from this paper.
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