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Abstract

Let A be an affine building of type A, and let A be its fundamental apartment. We consider the set Uy
of vertices of type 0 of A and prove that the Hecke algebra of all Wy-invariant difference operators with
constant coefficients acting on Uy has three generators. This property leads us to define three Laplace
operators on vertices of type 0 of A. We prove that there exists a joint eigenspace of these operators
having dimension greater than |Wy|. This implies that there exist joint eigenfunctions of the Laplacians
that cannot be expressed, via the Poisson transform, in terms of a finitely additive measure on the maximal
boundary Q of A.
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1. Introduction

Let A be an affine building of rank two. We denote by A its fundamental apartment
and by Wj its finite Weyl group. The set U of all special vertices of A is a lattice of
the Euclidean space R? and we denote by F(A) the Hecke algebra of all Wy-invariant
difference operators with constant coefficients acting on the set of all complex-valued
functions defined on U. We consider the algebra H(A), obtained as the linear span of
all averaging operators A,, ,, where m, n € Z, defined by

Apaf ) = 1S a0 > O,
YES pn(X)

for every complex-valued function f on the set U of all special vertices of the building.
Here, S,,,(x) denotes the set of all special vertices having coordinates (m, n) with
respect to x. Both the algebras H(A) and H(A) have two generators, called Laplace
operators on A and on A respectively.

In [6-8], we used a case-by-case analysis to generalize a classical result of
Helgason [2] on rank-one symmetric spaces. For buildings of type A,, B, and G»,
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our results characterize the joint eigenfunctions of the Laplacians on the building as
Poisson transforms of finitely additive measures on the maximal boundary Q of A.

The definition of Wy-invariant operators on a subset of U requires this set to be
a sublattice of U. We note that the only sublattice of U containing the fundamental
vertex O = (0, 0) is the set of all vertices of the same type as O, say type 0. In this
case, we can replace H(A) and H(A) by algebras, Hy(A) and Hy(A), associated with
the vertices of type 0. It is trivial to see that H(A) = Hy(A) and that H(A) = Hy(A)
for buildings of type G-.

The algebras Ho(A) and Hy(A) were considered in [7] for a building of type B..
They have two generators, called Laplace operators for the type O vertices. In this
case, we proved that the generalization of the classical result of Helgason, that is, any
joint eigenfunction of all differential operators on a symmetric space can be given by
the Poisson integral, fails for some choice of both the eigenvalues and the parameter
system for the building.

In this paper, we consider the algebras Hy(A) and Hy(A) for a building of type A,.
This case differs from those of other buildings of rank two because Hy(A) has three
generators, and so there are three Laplace operators on the vertices of type 0 of A and A
respectively. This property leads us to prove that there exists a particular choice of the
eigenvalues for the Laplacians such that the joint eigenspace has dimension greater
than the cardinality of the finite Weyl group W, for the building.

It is interesting to remark that this is the only case, among buildings of rank two, in
which there exist eigenvalues for the Laplacians having this property. Actually, in all
other cases it has been proved that the dimension of every eigenspace of the Laplacians
is always |Wy|. See [6-8].

Since each triple of eigenvalues for the Laplacians generates an eigenvalue of the
Hecke algebra and arises from a multiplicative function defined on Uy, the multiplica-
tive function associated with the singular triple of eigenvalues gives an example of a
character whose stabilizer in W, is not a reflection group (see [3, Proposition 1.1]).
We apply this information about the features of the joint eigenspaces of the Laplacians
to generalize Helgason’s result to the context of these operators. We find that,
whatever the parameter system of the building may be, this generalization fails for
the triple of singular eigenvalues. This is because there are joint eigenfunctions of the
Laplace operators, associated with this triple, that cannot be expressed, via the Poisson
transform, in terms of a finitely additive measure on the maximal boundary of A.

This paper concludes the study of the generalization of Helgason’s result for
buildings of rank two, begun in [6] for all vertices of a type A, building, and continued
in [7, 8] for buildings of type B, and G,. The strategy that we use in resolving the
problem is the same as that for the other types of buildings of rank two, and we refer
the reader to [6—8] for its description.

In Section 2, we fix a coordinate system on Uy, and compare it with the coordinate
system defined in [6] for all vertices of A. In Section 3 we consider the Poisson kernel
defined on Uy, and define matrices My, M, M, that allow us to compute the retraction
of the Poisson kernel, with respect to a chamber, according to the method described
in [7, 8].
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In Sections 4 and 5 we investigate the Hecke algebra Hy(A). We prove that the
algebra has three generators, and exhibit the relations between them. Moreover,
we define Laplace operators on the set U, and determine their retractions on the
fundamental apartment.

Sections 6 and 7 are devoted to the study of the joint eigenfunctions of the Laplace
operators on A and on A respectively. In particular, in Section 6, we determine the
dimensions of the joint eigenspaces of these operators, and prove that, for a particular
choice of eigenvalue, the joint eigenspace has dimension greater than the cardinality
of the finite Weyl group W,. Finally, in Section 8, we investigate the bijectivity of
the Poisson transform, and we show that in one case the generalization of Helgason’s
result fails.

We direct the interest reader to the article of Kellil and Rousseau [4] for information
on related arguments.

2. Coordinates on the fundamental apartment

We refer to [0, 9] for formal definitions and details about the features of buildings
of type A,. We let ¢ denote the homogeneity of the building. We let U, and Uy denote
the set of all type O vertices of A and of the fundamental apartment A respectively. We
fix a sector Qg on A based at a vertex O € Uy. We denote its fundamental chamber
by Co.

In [6] we defined a pair of integer coordinates for all vertices of any apartment ‘A,
with respect to a fixed sector Q,, of the apartment. Itis easy to check that, if we choose
X0 € Uy, then a vertex x has type O if and only if it has coordinates (m, n) such that

(m,n)=Q@l+h, h)

for some A, [ € Z, as shown in Figure 1. In particular, these coordinates can be defined
on the fundamental apartment A, with respect to Qy. We note that x belongs to the
sector Oy, if and only if 4 > 0, whereas [ may be negative.

Later on, it will be useful to consider a different coordinate system for the vertices of
Uy lying on an apartment. As illustrated in Figure 2, let Q' be the sector 2-adjacent to
Qy,- Then, let H; and H; denote the bisector lines of Q' and Q,, respectively, oriented
toward Q' and Q,,. We assign coordinates (m, 0), where mg € Z, to the type 0 vertex
of H, at distance 2|my| from x( and coordinates (0, ny), where ng € Z, to the type 0
vertex of H, at distance 2|ny| from xj, according to the orientation of H; and H,.

As usual, these coordinates are independent of the apartment containing the vertex
and the sector. In particular, vertices lying on two different sectors, based at the same
vertex of Uy, have the same coordinates with respect to both sectors. For any x € A of
type 0, let (m, n) and (my, ny) denote its coordinates in U and in U respectively, with
respect to a sector Q,, based at a vertex of type 0. Then

m=2my+ny and n=ny—my. 2.1

In particular, the vertices of U lying on the sector Q,, are characterized by coordinates
(mo, ng) such that —ng/2 < my < ny. From now on, we set X = X,,, , or X = X, ,,, if the
vertex X has coordinates (m, n) or (myg, ny) with respect to Q.
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(_17 _1>

FiGure 1. Vertices in an apartment.

FiGure 2. Vertices of type zero.

As we did for buildings of type G, and Bs, to each chamber ¢ of A we can assign
a triple of integer coordinates (k, mg, ng) with respect to Q,,, where (my, ng) eZ?
are the coordinates in U, with respect to Q,, of the vertex x of type O lying on

c and k€ {l,..., 6} characterizes (among the chambers of A sharing the vertex x)
the position of ¢ with respect to the sector QO ~ Q,,. Figure 3 exhibits the chosen
numbering.

3. Poisson kernel

On the fundamental apartment A, we consider, for any vertex X € Uy, the
coordinates (g, ngy) introduced in Section 2, with respect to Q. For every triple a =
(a1, az, az) of complex numbers such that ajaa3 = 1, we define ¢,, the multiplicative
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Ficure 3. Coordinates of chambers.

function on Uy associated with a, by

- 2
YaXngny) = @y az™  V(mo, no) € Z°.
This function can be viewed as the restriction to Uy of the multiplicative function ¢y,
on U, associated with the triple b = (b;, by, b3), where

ay=biby', ay=bb3y', az=bsb;". (3.1

Actually, if a vertex X of Uy has coordinates (m, n) in U and (mqg, no) in Uy, then (3.1)
implies that

Pp(X) = b'by" = (b1by' Y™ (b7 'b3) ™ = d°a;™ = ya(X).

Let Q denote, as usual, the maximal boundary of the building. For every w € Q and
xo € Uy, the retraction r; with respect to w (having initial point x() of the building
on its fundamental apartment is defined as in [6]. According to [6, Definition 2.7], for
any xo € Uy and any multiplicative function i, on Uy, the Poisson kernel with initial
point x( associated with ¢, is defined by

PR (x, w) = ¢a(r?) VxeUyVwe Q.

We simply write P(x, w) instead of P,’(x, w), whenever there is no ambiguity. The
Poisson kernel depends on the initial point, by [6, Lemma 2.8, Equation (1)]. We
remark that this definition agrees with [7, Definition 3.2.1] and [8, Definition 2.3.1]
when we set a; = @ and a;' = .

Let r. be the retraction of A on A, with respect to a chamber ¢, as in [6,
Definition 2.3]. The retraction, f., of a function f, with respect to ¢, is defined by

1

Ho——
Jet) [rZ1 Q0

Z f(x) VX eU,.

xer;'(X)

The method described in [8, Section 3] allow us to determine the retraction of the
Poisson kernel with respect to any chamber. We define 6 x 6 matrices My, M; and M,
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as follows:
qg-1 0 0 0 0 gqas
0 g-1 0 0 qal‘l 0
_ | O 0 qg-1 gqajaz O 0
Mo=Mo@= 6 o 4t 0 0 o]
0 a 0 0 0 0
a;l 0 0 0 0 0
0 0 1 0o 0 O
00 O 1 0 0
g 0 ¢g-1 0O 0 o0
Mi=14 g 0 g¢g-10 0|
00 O 0 0 1
00 O 0 g qg-1
0 1 00 O 0
qg g—-1 0 0 O 0
0O 0 0O 1 0
Ma=lo 0 00 o0 1
0 0 g 0 ¢g-1 0
0O 0 0 g¢g 0 g-1

Fix w € Q and a chamber c¢. If we assume that r.(c) = C = r,°(c) and consider the
coordinates defined in Section 2 on the chamber C, then the following theorem holds.

Tueorewm 3.1. Let (k, my, ng) be the coordinates of the chamber C. For every X € Uy,
let D be the chamber containing X in a minimal gallery connecting C to X. Let

m=(,...,1) be the type of the gallery [C, D], and let M, = M, - - - M;,. Then
= = 1 mo _—n
PX, w)=P.(X,w) = |rC_1(D)|a1 0613 VoM ey,

where Vg is the 1 X 6 matrix with all entries 1, and ey is the 6 X 1 matrix such that
Enk = 6hk: when h, k= 1, ey 6.

Remark 3.2. Asin [7, Remark 3.2.3], if r.(c) = C = r;(c), then for every X € U,

DN = Y. MX)FX),
xer:'(X) X’eR(X)
where
RX) = (X" =r"x):xer ' (X)),
WX')=Hxers'(X): rox) =X')| VX' e€R(X).

Since R(X) and h(X’) do not depend on the function F, they can be evaluated by
choosing F' =y, and then applying Theorem 3.1.
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4. Laplace operators on the fundamental apartment A

Let us consider the coordinate system on U defined in [6]. If we define X + Y =
Xt jn+t> for X = X, and Y = X, then U can be seen as a Wy-invariant lattice of the
Euclidean plane containing Uy as a Wy-invariant sublattice. As usual, we define, for
every Y € U, a difference operator ty (acting on the complex-valued functions on U)
by setting

ty(FX)=F(X+Y) V¥Xel.

Thus, for every Y € U, the operator

is a Wy-invariant difference operator on U. We simply write Ty = Tj; when ¥ = X ;.
Since

{o(Xjx) : 0 € Wot = (X, Xjun—ier Xojjaks Xojoi jo Xbmjotr Xokomj}
{0(X;0): 0 € Wo} = {X0, X_;}, Xo—j},
{o(Xox) : 0 € Wob = {Xok» Xk—k» X-10}

whenever j, k € Z \ {0}, it follows that, for every complex-valued function F defined
on U and every vertex X, ,,

Tj,kF(Xm,n) = F(Xm+j,n+k) + F(Xm+j+k,n—k) + F(Xm—j,n+j+k)

+ F(Xon—jtntj) + FXniin—ji) + FXinnj),
TjoF Xinn) = FXnsjn) + FXn-jn+j) + F(Xnn-)),
ToxF(Ximn) = FXnn+k) + FXnskn—i) + FXin—tcn)-

We remark that, in every case, the set {o(X ;) : o € Wy} contains one vertex lying
on the fundamental sector Qy. Therefore, whenever (j, k) # (0, 0), there exist }', k>0,
such that T’ = T53. The linear span of the operators {T'j; : j, k > 0} consists of all
Wpy-invariant difference operators on U with constant coefficients. It is the commutative
algebra H(A) generated by the operators T o and T 1, the so-called Laplacians for all
vertices of A (see [1, Proposition 2.3] or [5, Proposition 3.5], with ¢ = 1). This algebra
is called the Hecke algebra on U.

If we consider Uy, then, for each Y € Uy, we still let ty and Ty denote the restriction
of the previous operators to the functions defined on Uy. Moreover, we denote by
Ho(A) the subalgebra of H(A) consisting of all Wy-invariant difference operators on
Uy with constant coefficients, which is called the Hecke algebra on U,. We now
assign to each vertex of Uy, the coordinates defined in U. Then, for nonnegative
J k, the operator T ;; belongs to Hy(A) if and only if (j, k) = (3] + h, h) where h >0
and 3] > —h.
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Qx

FIGURE 4. Vertices defining operators.

In particular, we consider, in the algebra Hy(A), the operators T 1, T30 and T 3.
For every function F and every vertex X = X, , in Up,

TFX)= > F(Y), TyFX)= Y FY), T FX)= Y. F(),

YeS1.1(X) YES}V()(X) YESQ}(X)

where

S11X) = Xt 10415 Ximwzn—1> Xin-10+25 Ximw1,0-2> Xm-20+15 Xim—1,n-1}
={Y eUp:n(X,Y)=(0)},

S3,O(X) = {Xm+3,ns Xm—3,n+3’ Xm,n—3}
={YeUp:n(X,Y)=(0,2,1,0)},

SO,3(X) = {Xm,n+3a Xm+3,n73, Xm73,n}
={YeUp:n(X,Y)=(0,1,2,0)}.

See Figure 4, in which

Yi =Xpi1011, Y2=Xps2pn-1, Y3=Xp1e2, Ya=Xpi10-0,
Ys=X, 0011, Yo=Xu14-1, Y71=Xpi3n Ys=Xp 3,43,
Yo =Xnn-3, Yio=Xnn+3» Yi1=Xn3p3 and Yo =X, 3,.

It is easy to prove that T j, T30 and T3 generate the commutative algebra Hy(A).

While the algebra H(A) and the corresponding algebra for a building of type B,
or G, have two generators, we shall prove that the algebra Hy(A) requires three
generators. To this end, we need some technical results.
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Lemma 4.1. Let j, k> 0. The following formulas hold.
T30Tj0="Tjs30 +cTj33,
where c =2 if j =3 and c = 1 otherwise.
T50Tok =T34 + cTox-3,

where ¢ =3 if k =3 and c = 1 otherwise.

T30Tjx =Tju3p + cTj3pe3 +dT jp-3,
where c=2if j=3,d=2ifk =3, and c =d = 1 otherwise.

T Tijo=Tj1+cTj_12+dTj;,

wherec=d=2if j=1whilec=1andd =2 if j=2, and c = d = 1 otherwise.

Ti1Tox =Tipe1 + cTopy +dT 2,

where c =d =2 ifk=1whilec=1andd =2 ifk =2, and c = d = 1 otherwise.

T1 1T =Tip g1 +cc12T o1 pq2 + 21T jy2 -1

+c 01T Tjop1 + 12T ju1 -2 + o1 21T j-1 k=15

37

4.1)

4.2)

4.3)

4.4)

4.5)

(4.6)

where c,s=1 if j+rk+s+#0 while ¢c,;=6 if j+r=k+s=0, and c.,=2

otherwise.

Proor. These formulas can be proved by direct computation.

O

RemMark 4.2. Suppose that (j, k) = (h + 31, h) for some h, [l € Z such that h, h + 31 > 0.
This can only occur in (4.1), (4.2), (4.4) and (4.5) for pairs (j’, k") with j* or k’
nonnegative. In (4.3), the integers j— 3 and k — 3 are negative if j=k=1 and if
j=k=2. In (4.6), the integers j—2 and k — 2 are negative if j=k=1. In these

exceptional cases, there are different formulas: (4.3) can be rewritten

T30T1,1 =T41+Top+ Ty,
T30T20=Tsp+ T4+ T1y,

and (4.6) can be rewritten
T1,1T1’1 = T2,2 + 2T0’3 + 2T3’0 + 2T1’1 +61.
We define a partial ordering on N? by setting

(m,n) < (m’,n)
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if |(m+ 3n,m)| <|(m’ +3n’,m")|, where, as usual, |(j, k)| denotes the Euclidean
distance of the point (j, k) from the origin. For every pair (m, n) € N2, consider the
operator 77", T% ;. We can write

m n mn
I\ T3, = Z i Thesiis
h,leZ

where all but finitely many coefficients C;Z}" are equal to zero when &,/ € Z, h > 0 and
h + 31> 0. The following lemma gives useful information about these coefficients.

Lemma 4.3. For every (m, n) € N2,

Cn =1,
=0 Y Delh e N?: (h, 1) > (m, n)}. 4.7)

Proor. We assume that m = 0 and use induction on n. The statements are true when
n=1,since T30 =Ths31, if h=0and [ =n = 1. Suppose that n > 1 and

n 0,n
I3, = Z oy Thesin,
h,leZ

where cg’z =1 and (:2’; =0 for all (h, I) € N? such that (, I) > (0, n). Then
T56! = Tsp Z 52:7Th+3l,h = Z C2:7T3,0Th+3l,h
Il Il
=T30T300 + Z T30 T30 + Z " T30To + Z T30 Thasin
013n, 0. 130131 ni * 3010, nit3 o
O<l<n h>0,7+31=0 h>0,713150

and the coefficients satisfy (4.7). All the products, T3073,0, 1730730 When [ <n,
T30To, when (h,0) <(0,n), and T30Tp43,, When (h, 1) <(0,n), can be calculated
using Lemma 4.1. We obtain

n+1 0,n+1
T3y =Tsp+1)0 + Z Coy Twasr s
W,l'eZ

where (1, ') <(0,n+ 1) or (W', 1') ¢ N?. Hence the required statement is true when
m=0andn>1.

Now, we fix n and prove by induction on m that the statement is true for all m. It is
certainly true when m = 0, as we proved before. Moreover, if we assume that

m n m,n
TV T30= Z i Thesiis
h,leZ
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where ¢;,;, = 1 and ¢}}" = 0 for all (i, ]) € N? such that (&, 1) > (m, n), then

m+1n m,n _ mn
Iy T30 =T Z i Thestn = Z T30 Thesin
hl hl

m,n m,n
=T11 300 + Z oy T1iT310 + Z Chy TiiTon
O<I<n h>0,h+31=0

m,n
+ Z i TraThesin,
h>0,h+31>0

where the coeflicients satisfy property (4.7). Using Lemma 4.1 again, we obtain

m+1n m+1.,n
T 15 = T3pemeime1 + ¢ Thwasrp,
a1 13, W
W,leZ

where (W, ') <(m + 1,n) or (W, ') ¢ N°. O

TueoreM 4.4. The algebra Hy(A) cannot be generated by only two of the operators
T],], T3’0 and T()’3.

Proor. First we prove that the operator 73 does not belong to the algebra generated
by 711 and T3. It will then follow that 73y does not belong to the algebra generated
by T, and T3 by symmetry.

Suppose that T 3 belongs to the algebra generated by 7 ; and T3 . Then there are
finitely many a,,,, where (m, n) € N°, such that

m n
Tos = Z amnTy T30

m,n

Therefore

m,n _
Tos= Z Amn Z Cpt Thasih = Z buThe31hs

m,n h,leZ h,leZ

where by = X, amacy) for all (h, 1) € Z%. On the other hand, To3 = T3, When
h=3and /= -1. Therefore b;,; =0 for all , [ > 0.

Consider the coefficients ¢}, where (m,n), (h,1) € N2, We can arrange these
coefficients as a matrix, according to the partial order defined in N?. By Lemma 4.1,
this matrix is lower triangular, and c;’:’l” =1 if (h,[) = (m,n). This implies that the
coefficients a,,, are uniquely determined by the coefficients b, ; where h, [ > 0. So, in
as much as )}, , am,,,c;'f’l" =0 for all 2, > 0, we must have a,,, = 0 for all (m, n). This
is absurd, by the definition of a, ,.

Finally, we note that the algebra generated by T3 and T3 is the linear span of all

operators T, with m = 3y and n = 3v. Hence T does not belong to this algebra. O

DeriniTioN 4.5. Let Ly =T, Ly = T30 and L3 = Typ3. The operators Ly, L, and L3,
acting on the space of the complex-valued functions F on Uy, are called the Laplace
operators on the type O vertices of the fundamental apartment A.
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RemMark 4.6. We note that, if we assign to each vertex of Uy the coordinates (1, ng)
defined in Section 2, then

Ll = Tl’o, L2 = T1’1 and L3 = T_1’2.

Although all the Laplace operators are required to generate the algebra Hy(A), the
following relation connects them.

Prorosrition 4.7. The following formula holds:
(Ly + 3Ly + 61)(Ls + 3L, + 61) = (L, + 31)°.
Proor. We note that
TioTo1 =Ty +31, To=Tso+3T1 +6l, T; =Ti3+3T;+6l

Since T; (T, = (T10T0,1)*, the required formula holds. ]

Let us define operators
Ri=L +31, Ry=L,+3L{+6I, R;=Ls+3L; +6l.

The operators Ry, R, and R; generate the algebra H,(A) and, by Proposition 4.7, they
satisfy the identity
RaR; = R;.

Lemma 4.8. The commutative algebra Hy(A) is isomorphic to the quotient algebra
K = C[X1, X2, X3]/(X2X3 — X7).

Proor. Let ¢ be the canonical homomorphism that maps the quotient algebra K into
Hy = C[Ry, Ry, R3]. Obviously, ¢ is surjective. We prove that ¢ is also injective.
Let k € K. Then £ is a coset of the form

k = [ko(Xa, X3) + ki (X2, X3)X1 + ka(X2, X3)X71,
for suitable polynomials ko, k1, k>. Hence if k € ker(¢), then
ko(R2, R3) + ki (Ra, R3)R; + ka(Ra, R3)RS = 0. (4.8)

We shall prove that ky = k; = k; =0. To this end, we recall (see [6]) that, for every
triple b = (b1, b», b3) of complex numbers such that bb,b3 =1, the multiplicative
function ¢, on U is a joint eigenfunction of the operators T and 7Ty;, with
eigenvalues

Ai(b)=b; +by+b; and A(b)=b;' +by' + b3

Moreover, for every pair s = (sy, s) € C?, there exists b such that s; = A;(b) when
i=1,2. Now R, =TTy, Ry = T130, and R3 = Tgl, SO ¢y is a joint eigenfunction
of Ry, R, and R3, with eigenvalues s 57, s*? and sg respectively. Therefore (4.8) implies
that

ko(s3, 53) + ki(s3, $3)s152 + ka(s], 53)(5152)> =0 sy, 50 €C,
andso kg =k =k, =0. m]
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Remark 4.9. The previous lemma shows that each element of Hy(A) can be uniquely
written in the form

ko(Ra, R3) + ki(Ra, R3)R; + ka(R2, R3)R?,

for suitable polynomials kg, k; and k,. This means that, although the algebra H,(A)
requires three generators, it has dimension two.

If we define
S1(X) =$1(X) U {X),
SHX) = S:(X) U S1(X) U (X),

where i = 2, 3, then the linear operators A?, where i = 1, 2, 3, given by

ANFX) = Z hi(X, Y)F(Y) VX €Uy,
vesh(x)

with coeflicients /;(X, Y) € C, generate the algebra Hy(A) if and only if 4;; # 0 and

h,'(X, Y)= hi,j VX elUy VY € SJ(X)

when i=1,2,3. The operators An, Aﬁ2 and Ag are called ‘generalized’ Laplace
operators on Uj.

5. Laplace operators on A

For every x € Uy, we define sets

S1(x) ={yeUp:n(X,Y)=(0)},
So(x)={yeUy:n(X,Y)=(0,2,1,0)},
S3(x)={yeUy:n(X,Y)=(0,1,2,0)}.

The cardinality of S;(x) does not depend on x. Actually, if 7. denotes the retraction of
A on A with respect to a chamber ¢, containing x, then

sio= [ '

YeS«(X)

when i =1, 2, 3, where X = r.(x). This implies that
IS1(0)l = qlg + 1)(g* +g+1) and [S2(x)| =1S30)| =¢*(g* + g+ ).

We set K; = |S;(x)l wheni=1,2, 3.
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Derinition 5.1. The linear operators £, £, and L3, given by

LfW=K" ), fO) VxeU

yeSi(x)

when i = 1, 2, 3, acting on the space of complex-valued functions f on U, are called
Laplace operators on the type O vertices of A.

With the notation of [5, Section 1], S(x), S2(x) and S3(x) consist of all type 0
vertices y having coordinates (1, 1), (3, 0) and (0, 3) respectively with respect to x, in
any sector based at x containing y. Therefore £, £, and L3 (extended to U) belong
to the Hecke algebra of the building, that is, the commutative algebra #(A) generated
by the Laplacians defined in [5] for all vertices of the building, and obtained as the
linear span of all averaging operators

1
= 2, fO) VmmeZl,

e YES mn(x)

Am,nf(x) =

where S ,,,(x) denotes the set of all vertices of U having coordinates (m, n) with
respect to x € U, and K,,, denotes its cardinality (see also [1]). Moreover, they
generate the subalgebra H,(A) obtained as the linear span of all averaging operators
A, » corresponding to (m, n) = (31 + h, h) for some [, h € Z. This algebra is called the
Hecke algebra on the type 0O vertices of the building.

An alternative proof that the algebra Hy(A) is generated by the Laplace operators
Ly, L, and L3 is given in [1, Proposition 2.5]. There, the algebra is characterized by

{Ae H(A) : DA) = A},

for a particular algebra isomorphism ®. The same argument can be used to prove that
all of the three operators are needed.

The following lemma exhibits a useful relation between the Laplace operators
on the building and the Laplace operators on its fundamental apartment. See [7,
Lemma 3.5.2, Remark 3.5.3] for the analogous result on a B, building.

We assign, to each vertex of Uy, the coordinates (my, ng) defined in Section 2. For
every complex-valued function F on Uy, we define

G(Xmo,no) = q_mo_znoF(Xmu,no)‘

Lemma 5.2, Let w € Q and xo € Uy. For all x € Uy, let X = r,0(x). Then, for every
Sfunction F defined on U,

LiF(r(x) = c1,1LiG(X) + ¢10G(X),

where
ci =K', co=02¢ -q- DK;",
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and, wheni =2, 3,
LiF(ry(x) = ¢;;LiG(X) + ¢;1 LiG(X) + ¢;0G(X),
where
ci=qK", ci=qq-DK", cio=qqg- 1K "

Proor. For every x € U, let ¢ be the base chamber of the sector Q,(w). Assume that
re(c) = C = r;2(c). Then

LFe =K Y (Y, Fono)
YeSi(X) yer;\(Y)

when i=1,2,3. For every Y € S;(X), the inner sum can be evaluated by using
Remark 3.2 and Theorem 3.1. So we obtain the required identities. O

Consider now the retraction, with respect to a chamber, of the Laplace operators on
the type O vertices of A. As in [6-8], we prove that the Laplacians retract to linear
operators on A.

Lemma 5.3. Let ¢ be a chamber. Then, when i=1,2,3, there exist nonnegative
functions y; such that

(LifreX) = Y XX, DY) VX e U
vestx)
for every function f on Uy. Moreover, x(X,Y)>0ifY € S;(X).
Proor. We refer the reader to [8, Proposition 4.3.1] for the proof of this lemma. O

From now on, we denote by Ly, L, and f:3, the linear operators on A obtained by
retracting £, £, and L3 with respect to any chamber. That is, when i =1, 2, 3,

LiFX) = Z XX, V)F(Y) VXeU,.
vestoo

RemARrk 5.4. Take a function F on Uy. For every chamber ¢, we set f = F - r,. and

F=f.=F- rQy. If Q) is the sector of A opposite to Qo, then r;(x) = X for all
X € Q" and x € r;1(X). Therefore

FX)=F(X) Y¥XeQy.
With the notation of Lemma 5.2, this implies that, for all X in a subsector of Qg ,

Li(F)(X) = Li(F)X) = (L1fVe(X) = L1(H)(®) = (1.1 Ly + ¢10I)(G)(X),
Li(F)X) = LiF)YX) = (LifYe(X) = Li(f)(x) = (ciiLi + cit Ly + c;oD)(G)(X)

when i =2, 3.
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6. Eigenfunctions of the Laplace operators on A

Let us consider the Laplace operators L;, L, and L3 on Uj. As usual, if there exists a
nonzero function F such that L;(F)) = 4;F when i = 1, 2, 3, then we say that (11, A2, 43)
is a triple of eigenvalues for these operators. In this case, by Proposition 4.7, the
following identity must be satisfied:

(A +341+6)(A3 +34; +6)=(1; + 3)3. (6.1)
Moreover, if we set
p1=/11+3, p2=/12+3/11+6, p3=/13+3/11+6,

then (pi,p2,p3) is a triple of eigenvalues for the operators R;, R, and Rj,
satisfying
p2p3 = Py (6.2)

Conversely, if (p1, p2, 03) is a triple of eigenvalues for the operators R;, R, and Rj,
then the identity (6.2) holds and there exists a unique corresponding triple (4}, A2, A3)
of eigenvalues for L, L, and L3 satisfying (6.1).

The following proposition exhibits all the possible triples of eigenvalues for the
operators Ry, R, and Rj.

ProrosiTioN 6.1. For every pair (s1, s2) of complex numbers, let (p1, p2, p3) be the
triple

PI=515, pP2=5, p3=S5. (6.3)
Then there exists a joint eigenfunction of the operators Ry, Ry and R3 with eigenvalues
(o1, P2, P3). Moreover, for every triple (p1, p2, p3) satisfying (6.2), there exists a pair
(s1, $2) such that (6.3) holds.

Proor. We write the pair of complex numbers (sy, s3) as s. In [6], it was proved
that there exists a triple (b1, by, b3) of complex numbers, also written as b, such that
b1b2b3 =1 and

si=s1(b)=by +by+ b3, s55=s(b)=b;' + 5" + b3 (6.4)

Moreover, the multiplicative function ¢y, is a joint eigenfunction of the operators 7' o
and Ty, with eigenvalues s; and s5. Now Ry =TioTo1, Ry=T;, and Ry =T,
so ¢p is a joint eigenfunction of R, R, and R; with eigenvalues s;s;, s? and sg
respectively.

Assume now that (py, p2, p3) satisfies (6.2). If p, # 0, it is easy to determine s; and
5, such that p, = 57 and p; = s155. Moreover, (6.2) implies that p3 = 53. On the other
hand, if p; = 0, then p; = 0, and therefore every pair (0, s,) where p3 = sg satisfies the

required identities. o

REmMARK 6.2. Proposition 6.1 implies that every triple (o1, p2, p3) of eigenvalues of
the operators Rj, R, and R3 can be written as (p;(b), pa(b), p3(b)) for some b,
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where p;(b) = p;i(s1(b), s2(b)) for i=1,2,3. For every triple b= (by, b, b3) of
complex numbers with b;b,b3 = 1 and for every o € Wj, we denote by o (b) the triple
such that

- ¢b = ¢o-(b) Yo € W().

Then s5;(o(b)) = s;(b) for i = 1, 2; therefore p1, p, and p3 are Wy-invariant. Moreover
the multiplicative functions ¢,m), restricted to Uy, are joint eigenfunctions of the
operators Ry, R, and R3 with eigenvalues (p;(b), p2(b), p3(b)).

Moreover, for every triple b = (b1, by, b3) of complex numbers with b1b,b3 = 1, the
multiplicative functions on U defined by

g - ¢b = ¢o’(b) Yo e W(),

and restricted to Uy, are joint eigenfunctions of the operators R;, R, and R3; with
eigenvalues, (p1(b), p2(b), p3(b)).

Remark 6.3. The identity (6.3) implies that, except in the case where p; = p, = 0, the
set of all triples of eigenvalues can be parametrized by the pair (p;, p;) by setting
p3 = p? /p2. Moreover, if F is a joint eigenfunction of the operators R, and R,
corresponding to eigenvalues (o1, p2) where pp; # 0, then F is also an eigenfunction
of R with eigenvalue p3 = o3 /p>.

On the other hand, if p; = p, = 0, then the eigenvalue p3; cannot be determined from
p1 and p;, and there exist functions F such that R|(F) = Ry(F) = 0 but R3(F) = p3F,
for every ps. In this case, it is easy to find eigenfunctions of R; and R, that are not
eigenfunctions for R3. Actually, if we fix distinct /; and h,, then there exist F; and F;
such that R, (F;) = R,(F;) = 0 and R3(F;) = h;F; when i = 1, 2. So the function F + F»
is an eigenfunction of R; and R;, but it is not an eigenfunction of Rj.

Proposition 6.1 and Remark 6.2 extend to the Laplace operators L;, L, and L. For
every pair s = (sy, $7) of complex numbers, let (1;, 45, A3) be the triple satisfying the
following identities:

L +3=515, L+34+6=5, A3+31 +6=s). (6.5)

Then there exists a joint eigenfunction of the operators L, L, and L3 with eigenvalues
(11, A2, 43). In addition, for every triple (11, A2, A3) satisfying (6.1), there exists a pair
of complex numbers s = (s, 52) such that (6.5) holds. Moreover, since s; = s;(b) for
a suitable triple b, according to the identities (6.4), the same is true for (4;, 4;, 43).
Finally, the Wy-invariance of 4;(b) where i = 1, 2, 3, follows from the Wj-invariance
of s;(b) wherei =1, 2.

If we assign the coordinates (1, ng) defined in Section 2 to each vertex of Uy,
and if the triples a and b are related by (3.1), then it is easy to prove that every
triple of eigenvalues of the Laplacians can be written in the following way, for a
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Ro

Figure 5. Fundamental region.

suitable a = (a1, a», az) where ayaraz = 1:
-1 -1 -1
A=l@=ai+ar+az+a; +a, +a;y,
-1 -1 -1
b =Mh@=aa; +a a+a; as,
A3 = A3(a) = al_lag + alagl + agagl.

Moreover, for every triple a = (a;, az, a3), the multiplicative functions on U, defined
by
P Ya=VYpa YoeW,

are joint eigenfunctions of the Laplace operators which correspond to the eigenvalues
(A1(a), 12(a), 43(a)).

Obviously, a triple (4, 42, 43) satisfying (6.1), or a triple (p1, p2, p3) satisfying
(6.2), determines a homomorphism A of the Hecke algebra FHy(A) onto C
and vice versa. According to Proposition 6.1 and Remark 6.2, for every A€
Hom(H,(A), C), there exists a, such that A = A(a). Later on, we shall refer to A instead
of (/11, /12, /13).

For every A € Hom(Hy(A), C), we denote by S (1) the joint eigenspace of the Hecke
algebra Hy(A) corresponding to A, that is, the joint eigenspace of the Laplace operators
Ly, L, and Lj associated with eigenvalues A; = A(L;) when i =1, 2, 3,

SA={F:Uy—>C:LF=A4F,i=1,2,3}.
ProposiTiON 6.4. For every A € Hom(Hy(A), C), 6 < dim S (1) < 10.

Proor. Since, for every a and A = A(a), the eigenspace S (1) coincides with the space
of the solutions of the system X, of difference equations,

> ToooP) = ( Y daleXD)F VX €T,

aeW, aeW,

Kato [3, Proposition 1.1] states that dim S(4) > 6. Consider the region Ry on A,
pictured in Figure 5.

This region contains 10 vertices of type 0. We can prove that every F € S(A4) is
uniquely determined by its values on the type 0 vertices of Ry, or of any other region
of A obtained by applying any we W to Ry. See [8, Proposition 4.4.2] for more
details. O
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Let Ay be the homomorphism such that
Ao(L1) = =3,  Ao(Lp) = A(L3) = 3.

Let 1, @ and o be the solutions of the equation Z> — 1 = 0. If we consider the triples
@) = (a, @, @) and a, = (a2, @, &%), then it is easy to verify that Ag(L;) = Ai(a;) =
Ai(ap) fori =1, 2, 3. Actually,

Ae) = 4(@)=3@+a®)=-3 and (@) =) =3>=3, i=23.
ProrosiTion 6.5. If A # Ay, then dim S (2) = 6.

Proor. Let A € Hom(Hy(A), C) \ {Ag}. We prove that there exists A € Hom(H(A), C)
such that

@)Y (T10) = ARy, (X)) (To1)=AR3), A (T10)A (To1) = ARy).

Actually, if A # Ay, then A(Ry) # 0 or A(R3) # 0. We treat these two cases separately.
If A(R,) #0, then we define A'(Ty ) = (A(R,))'/? and A'(To,) = AR (A(R))™/3. 1If
A(R3) # 0, then we define A'(Ty ) = (A(R3))'/3 and A'(T o) = A(R;)(A(R3))~"/3. In both
cases, A’ satisfies the required identities.

Now, let F € S(1). We prove that F' can be uniquely extended to a function F’
on S(A"). Here, S(A") denotes the joint eigenspace of the full algebra H(A). First,
we define F’(X) = F(X) for all vertices of type 0 and then we define F’ on all other
vertices, again distinguishing two cases.

On the one hand, if A'(T}) # 0, then we define F’(Y) = A'(T10)"' Ty o(F’)(Y) for
every type 1 vertex Y, and F'(Z) = /l’(TLO)‘1 T, 0(F')(Z) for every type 2 vertex Z. On
the other hand, if (T ;) # 0, we simply replace T ; by T in the above definitions.
We first define F’(Z) for vertices Z of type 2 and then define F’(Y) for vertices Y of
type 1.

Obviously, the function F’ so defined belongs to S(A’). Since dim S(A") =6, as
proved in [6], the existence of the injection from S (Q) into S (A") defined above implies
that dim S'(2") < 6. Proposition 6.4 allows us to finish the proof. O

ProrosiTion 6.6. If A = Ay, then dim S (2) = 10.

Proor. Let A = A4y. In this case, we exhibit 10 linearly independent functions on Uy
which are eigenfunctions of the Laplacians corresponding to eigenvalues A; = =3 and
A=A, =3.

We assign the coordinate (my, ny) defined in Section 2 to every vertex of Uy. We
consider the multiplicative functions on Uy corresponding to the triples a; and a,
respectively:

l//a'] (Xmo,no) =a" a,2no, ¢’a'2 (Xmg,no) = a2mo a™.

We also consider the functions y /o, and yitV,,, where i = 1, 2, 3, 4, given by

Xl (Xmo,no) = m()’ Xz(Xmo,no) = n09
X3Xing o) = mo(mo + 2np),  xa(Xing.ne) = n0(2mg + ng).
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It is easy to verify that the ten functions defined above are linearly independent.
Moreover,

Li(Ya)) = Li(¥a,) = 3(w + 0*) = =3,

Li(ll/dl) = Li(wﬂ’g) = 3LL)3 = 3’
when i = 2, 3. By direct computation, we can prove that the functions y¥,, and xi¥Va,,
where i = 1, 2, 3, 4, also belong to S (dp). m]

Remark 6.7. In [3, Proposition 1.1], Kato states that the stabilizer in Wy of the
multiplicative functions ¥, is a reflection group if and only if dim S (A(a)) is equal to
|[Wo|. Therefore, Proposition 6.6 implies that the stabilizer in W of the multiplicative
functions yr,, and i, on Uy is not a reflection group.

Propositions 6.4, 6.5 and 6.6 easily extend to the triple of generalized Laplace
operators Aﬁ, Ag and Ag defined in Section 4, and also to £, £, and L.

7. Eigenfunctions of the Laplace operators on A

The following lemma shows how the eigenvalues of the Laplace operators on the
building are related to the eigenvalues of the Laplace operators on the fundamental
apartment.

Lemma 7.1. For every triple (11, A2, A3) of complex numbers, let

{1 =c11d1 + ¢,

7.1
Gi=ciidi+ciidr +cip, =23, (7-1)

where the c; ; are defined as in Lemma 5.2. Then (A1, A2, A3) satisfies (6.1) if and only
if ({1, &, §3) satisfies the following identity:
[4%8 + q(q + DQ2q + D1 + (g + DIGPE + g(g + 1)(2q + D& + (g + D]
=¢’(¢" + g+ Dlglg + D& + 17

Moreover, ({1, (2, {3) is a triple of eigenvalues of the operators Ly, L, and L3 if and
only if (11, Az, A3) is a triple of eigenvalues of the operators Ly, L, and L.

Proor. For every function G on Uy, let F be the function defined by
FXyn) = 4" G Xy,

for every (mg, ng) in Z2. If G is a joint eigenfunction of the Laplace operators L;, L,
and L3, corresponding to eigenvalues (4;, Ay, 43), it follows, by Lemma 5.2, that, for
every w € Q, the function F - r;? is a joint eigenfunction of the Laplace operators £,
L, and L3, corresponding to eigenvalues ({1, {2, {3), which are related to (4, A2, 43)
by the identities (7.1). O
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Lemma 7.1 allows us to extend, to the case of one type of vertices, a result which
holds for the Laplace operators on all vertices of the building.

ProposiTioN 7.2. Let a = (ay, az, a3) be a triple of complex numbers such that aya,a; =
1 and let ry be the corresponding multiplicative function on Uy. For every w € Q and
xo € Uy, the function Py (-, w) =Y, - 1y0 is a joint eigenfunction of the operators L,
Ly and L3, associated with the eigenvalues ({1(a), {>(a), {3(a)), which are given by

H@) =dy (a3 +qar + gar + gait + gast + gtaz) + dy o,
5H(@) = dop(aras + gay'ar + ¢°ay' az)
+doi(a3' + qar + gqar + ¢a;t + ¢ayt + gtaz) + day, (7.2)
5(@) = dsz(aay! + garas + qa;'as)
+ d3,1(a;1 +ga; + qay + q3aI1 + q3a§l +qtaz) + ds ),
where d; | = q‘zc,-,l ,dio=cip, fori=1,2,3, and d;; = q‘3ci,,-, fori=2,3.

Proor. Let

FXmyno) = WaXmgny)  a0d GXogng) = 47" "2 Y2 (Xiny o),
for every (my, ng) in Z*. Then G = e, Where

E=(6.6.8)=(q a1, ¢ ar, ¢’ a3).

This implies, by (7.1), that G is a joint eigenfunction of L;, L, and L3, associated with
the eigenvalues

=L@ =&+6E+E+E + 6+ &,
L=LE=68"+E"6+6'E,
=1 =68 +68 +E6.
Hence Lemma 7.1 implies that P’(-, w) =, - roy is a joint eigenfunction of the
operators L, £, and L3, associated with the eigenvalues {; = {;(a) given by (7.2). O

We note that Proposition 7.2 can be proved by using the same argument as in [8,
Proposition 4.2.1].
For every a, we define

£@) = (g a1, ¢ a2, ¢°a3).

Lemma 7.1 and Proposition 7.2 imply that ({;(a), {>(a), {3(a)) is a triple of eigenvalues
for the Laplace operators £, £, and L3 on U, if and only if

(L (&), 11(£(a)), 11(£(a)))

is a triple of eigenvalues for the Laplace operators L, L, and L3 on Hy(A).

Since, for every (A, Ay, A3), there exists a triple ¢ such that 4; = 2;(§) for i=
1,2, 3, every triple of eigenvalues ({1, {», {3) of the Laplace operators on U, can be
parametrized by a triple a = (a1, az, a3), according to (7.2).
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Derinition 7.3. The triples a and a’ are said to be equivalent, and we write a ~ a’ if
fi(@)=g@’) fori=1,2,3.

Consider, for every a, the triple & = £(a). For every o € Wy, we set a’ = o(a) if
CoroLLARY 7.4. The triples a and a’ are equivalent if and only if a' = o(a), for some
o € Wy. Moreover, for every a, the functions

P® (-, w) YoeW,,

o(a)

are joint eigenfunctions of the Laplace operators on Uy, corresponding to the
eigenvalues ({1, {3, {3).

For every triple ({1, {2, {3) we define sets
8(51’52543): {f:(LIO_)C:-Lifzgif’i: 172’3}

and
S, 6, 83) ={F: Uy > C: LiF =4F,i=1,2,3).

For every function f € S(£1, &, £3), the retraction f. of £, with respect to any chamber
¢, belongs to S(¢1, &3, £3). Moreover, as in the case of all vertices, if F € S({1, (, {3),
then the function f such that

fx)=FX) Vxer'(X),

belongs to S(¢1, &2, £3).

Actually, it is easy to prove that for such a function, £;f is constant on the
re-fibers, for i=1,2,3. Then, we can deduce from the identities (L;f)(X)=
{,fc(X), for i=1,2,3, that £;f(x) = ;f(x), for i =1,2,3. We shall prove that there
is a bijection between 3(51,52, £3) and S(A4, Az, A3), if the triples ({1, {3, {3) and
(41, A3, A3) are related by (7.1).

PROPOSITION 7~.5. Let ({1,4,83) and (A1, A2, A3) be related by (7.1). Then the
eigenspaces S({1, (>, {3) and S (11, A2, A3) are isomorphic.

Proor. For every function F, we consider the function G defined in Lemma 5.2 and,
for some c, the function F = (F - r,’).. We know that G belongs to S (1;, A, A3) if and
only if F - r? belongs to S(¢1, &>, £3). Therefore, if G belongs to S (A1, A2, A3), then F

belongs to S(4i, &2, £3).
As we observed in Remark 5.4,

FX)=FX) VXeQ".

We choose the fundamental region Ry in such a way that it lies in QV, at a big enough
distance from its walls. Since each function in S (1;, A3, 43), as well as each function
in S(Z1, &, &), is uniquely determined by its values on the vertices of Ro, we conclude
that the map G — Fisa bijection from S (41, 45, A3) onto S({] , 0, 03). m]

https://doi.org/10.1017/51446788711001406 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788711001406

[23] An eigenspace for a Hecke algebra 51

As an evident consequence of Proposition 7.5, we have the following result.

CoroLLARY 7.6. Let ({4, {2,53) and (A1, Ay, A3) be related byf?rmula (7.1). If 11 =-3
and Ay = A3 = 3, then dim S(gl, 0, 03)=10. Otherwise, dim S({l, 0, 0)= 6.

Remark 7.7. A direct computation shows that (4, 42, 43) = (=3, 3, 3) if and only if

(0. B) = (=g g+ 1) g3, ¢7).

Leta; = (ga, qa, g @) and a; = (ga?, ga?, g 2a?). Since &(a;) = a;, fori = 1, 2, using
the notation of Section 6, it is easy to see that the triples a; and a, are equivalent, as
i(a)) = Li(ap), for i =1, 2, 3. Later on, we shall simply write

0 =da) =Ga), i=1,2,3.

8. Bijectivity of the Poisson transform

Following the notation of [6], we denote by H(Q) the linear space of all locally
constant functions on Q, and by H’(Q) its dual (consisting of all finitely additive
measures defined on the algebra generated by the open sets of Q). Thus, for every
triple a, the function P;’(x, -) belongs to H(Q) for every xg, x € Uo.

For every triple a and xo € U, the Poisson transform (of parameter a and initial
point xj) of any v € H'(Q) is defined, as in [6], by

Pv(x) = f P (x, w) dv.
Q

For ease of notation, when a is fixed, we simply denote this function by £*y. As
a direct consequence of Proposition 7.2, the function P,y belongs to the eigenspace
S(1, &, £3), where ;= ;(a), fori=1, 2, 3.

In order to prove the bijectivity of the Poisson transform between H’(Q) and
S(<1, &, &3), applying the machinery used in [6-8], we investigate whether the
eigenspace S(1, {2, £3) has a basis consisting of functions obtained by retracting, with
respect to a chamber, the Poisson kernel (of parameter a) for a suitable choice of
boundary points.

Fix a chamber c¢( such that xj € ¢y, and denote by 13(-, w), the retraction with respect
to the chamber ¢y of the Poisson kernel P;°(-, w). The following definition is the same
as that given in [6-8].

DeriniTioN 8.1. Let k € Z*. We define the set Q; = Q;(co) to be the set of all boundary
points w such that the base chamber of the sector O, (w) has coordinates (k, 0, 0) with
respect to the sector based at ¢ in any apartment containing both sectors.

The maximal boundary Q splits into the disjoint union of the sets Qi,..., Q.
Moreover, P(-, w) = P(-, '), if w, w’ belong to the same €.
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Ys Yz

Ro \E

Y 20
Yy Ys

Ficure 6. Vertices of a fundamental region.

ProposiTioN 8.2. Leta=a; when j=1,2, and

=) =), i=1,2,3.

The functions PE-, w1), ..., P(-, we) generate a space which is properly contained in
the eigenspace S({IO, 4“20, 530).

Proor. If we choose a point wy in €, for each k, then we have, at most, six linearly
independent functions P(-, wy), . . . , P(-, we) lying in the eigenspace S(/ 10, {20 , 530). On

the other hand,

dim 82/, &7, £3) = dim S(49) = 10,
by Proposition 6.6. Hence, the functions P(-, wy), fork=1,...,6,cannot generate the
eigenspace S, 4), £7). m]

From now on, we assume that ({1, {3, {3) # (4’10, {20, {30) or, equivalently, a # a;
and a#a;. In order to investigate the linear independence of the functions
13(-, w1), ..., 13(-, we), we fix aregion Ry in A as in Figure 5, and denote its vertices of
type O by Y1, ..., Yjo (see Figure 6).

Moreover, we assume that r;) maps Q,, (w) onto the sector Qy, based at the chamber
Cy of coordinates (k, 0,0) (with respect to Q). Then, we construct the 10X 6
matrix P = (Pj;), where P;; = P(Yj, wy), for every j, k. The entries of this matrix
are determined by the following proposition.

Proposition 8.3. Forevery j=1,...,10andk=1,...,6,

- 1

P(Y:,wy) = ————VoM,e. fork+4,5,
RO iy e S

- 1

P(Y;, = — VoM, es,

(Y}, w4) 1) oMy e5

- 1

P(Y;, ws) = ————VoMjy eq4,
! lrel (Yl "

if i is the type of a minimal gallery connecting Co to Y.
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Proor. If k #4, 5, then the chamber Cy has coordinates (k, 0, 0) with respect to Q.
Moreover, Cy has coordinates (5, 0,0) with respect to Q4 and coordinates (4, 0, 0)
with respect to Qs. Applying Theorem 3.1, we complete the proof. O

The following definition extends [7, Definition 3.6.3] and [8, Definition 4.5.5].

Dermniion 8.4. Suppose that a # a; when j =1, 2. The triple a is called singular if the
characteristic of the matrix P is less than six.

In the following propositions, we exhibit the triples different from a;, for i =1, 2,
which are singular. For each of them, we prove that there exists an equivalent triple
which is not singular.

ProposiTioN 8.5. Let a# aj, when j=1,2; ifa=(ai, as, a3), then a is singular in the
following cases:
ai=1 or a=1 or a3=1/q. (8.1

Proor. We consider the 10 X 6 matrix P = (Pj), where Pj = P(X j» wi). It contains
210 submatrices of order six, whose entries are polynomials in the variables
q,ai, ap, as, with ayaxas = 1. We checked, exhaustively, by using the mathematical
software ‘Mathematica’, that all the determinants are equal to zero, if and only if a
satisfies at least one of the equalities in (8.1). O

ProposITION 8.6. For every singular triple a, there exists an equivalent triple a’ which
is nonsingular.

Proor. Setting a; = g&1, a» = g& and as = ¢72&3, then (&), &, &) is singular if and
only if at least one of the following relations is satisfied:

&=1/q, &=1/q, &=q. (8.2)

Let us write, for ease of notation, § =& and n = &; ' Let

F={¢&m: 1<l <&}

Replacing (if necessary) the pair (&, i7) by a pair corresponding to an equivalent triple,
we may assume that (£,7) € . In this set, none of the conditions (8.2) may be
satisfied. So the proposition is proved. O

As in [7, 8] we have the following theorem.

TueoreMm 8.7. Let {; = (i(a), fori=1,2,3.

(1)  For every a, the Poisson transform P’ is injective.

Q) Iféi+ §io, for i=1,2,3, then, for every f € S({1, (s, (3), there exists a unique
v € H'(Q) such that f = Pyv.

3) Ifé= {l.o, fori=1,2,3, then Py"(H'(Q)) is properly contained in S({IO, {20, 4’30).

Proor. Statement (3) follows from Proposition 8.2. We refer to [7] for the proof of
statements (1) and (2). O
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