
THE INJECTIVE E N V E L O P E OF S-SETS 

P . B e r t h i a u m e 

( r e c e i v e d November 2, 1966) 

In t roduc t ion . If S i s a s e m i g r o u p , then an S - s e t A i s 
o 

a s e t A toge the r with a r e p r e s e n t a t i o n of S by m a p p i n g s of A 
into i t se l f . In th is a r t i c l e , the t h e o r y of in jec t ive enve lopes is 
c a r r i e d f r o m R - m o d u l e s to S - s e t s . T h e s e r e s u l t s a r e known to 
hold in e v e r y Gro thend ieck ca t ego ry , but the c a t e g o r y Ens of 

o 
( r ight ) S - s e t s i s not even a d d i t i v e . 

In the f i r s t s ec t i on we show that Ens has enough i n j e c t i v e s ; 

in the second we p r o c e e d to c o n s t r u c t the in jec t ive envelope as a 
m a x i m a l e s s e n t i a l e x t e n s i o n . T h e s e r e s u l t s a r e applied in the 
l a s t s e c t i o n to show that , for i n s t a n c e , the extended s y s t e m of 
r e a l s i s the in jec t ive envelope of the r a t i o n a l s in Ens . 

Th i s a r t i c l e i s e s s e n t i a l l y a g e n e r a l i z a t i o n and s imp l i f i c a ­
t ion of p a r t of m y d o c t o r a l d i s s e r t a t i o n w r i t t e n under the d i r e c t i o n 
of P r o f e s s o r J . L a m b e k . 

1. In jec t iv i ty . 

DEFINITION 1. A r i g h t s e t (A, f) over a s e m i g r o u p S , 
o r a r i g h t S - s e t A , c o n s i s t s of a se t A , and a mapp ing f 

D 

f r o m A X S into A , w r i t t e n f(a, s) = as , such that for any a 
in A , and s , s ! in S , we have : 

(1) a ( s s ' ) = ( a s ) s ' . 

A h o m o m o r p h i s m 0 f r o m A to B , both r igh t S - s e t s , 

i s a mapp ing f r o m A to B such tha t for any a in A and s 
in S , 0 (as ) = (0(a))s . 
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The c a t e g o r y of r i g h t S - s e t s (hence fo r th ca l led S - s e t s ) 
and h o m o m o r p h i s m s wi l l be denoted by E n s . Left S - s e t s a r e 

defined dua l ly (c . f . a l so [6], [3]). 

T h e r e a r e two s u b c a t e g o r i e s of Ens which d e s e r v e a t -

t en t ion . The f i r s t is E n s w , w h e r e M i s a monoid with iden t i ty 
M 

e l e m e n t 1, sa t i s fy ing (1) and 

(2) a • 1 = a for a l l a in A 

with s a m e h o m o m o r p h i s m s as a b o v e . The second is E n s w in 
o 

which A is a pointed s e t with d i s t i ngu i shed e l e m e n t * , M i s 
o 

a monoid with a z e r o e l e m e n t 0 , sa t i s fy ing (1), (2) and: 

(3) * • m = * for a l l m in M , 
o 

(4) a • 0 = * for a l l a in A , 

and e v e r y h o m o m o r p h i s m m a p s d i s t i ngu i shed e l e m e n t on s a m e . 

All the r e s u l t s and def in i t ions in th i s p a p e r a r e s t a ted for 
Ens , bu t they can be t r i v i a l l y extended to the l a t t e r two c a t e -

g o r i e s . 

T h e r e a r e n u m e r o u s e x a m p l e s of S - s e t s , a s e m i g r o u p 
ove r i t se l f and the s e t of a l l m a p s on a s e t be ing the two m o s t 
obvious o n e s . A m o r e i n t e r e s t i n g one i s t r e a t e d in g r e a t e r d e ­
ta i l at the end. 

Now the no t ions of in jec t ion , s u r j e c t i o n , i s o m o r p h i s m , 
sub S-se t , c o n g r u e n c e r e l a t i o n , a s wel l a s the r e l a t i o n s h i p wi th 
s e m i g r o u p r e p r e s e n t a t i o n s , a r e a l l i m m e d i a t e . The d i r e c t p r o ­
duc t of two S - s e t s i s t he i r c a r t e s i a n p r o d u c t with o p e r a t i o n s d e ­
fined c o m p o n e n t - w i s e , whi le t h e i r c o p r o d u c t i s t h e i r d i s jo in t 
union: the two a r e obv ious ly not i s o m o r p h i c , which in i t se l f shows 
tha t E n s i s not a d d i t i v e . 

o 

The p r o o f s of the nex t t h r e e t h e o r e m s a r e e a s y and wi l l 
be o m i t t e d . 

T H E O R E M 1. If 0 i s a h o m o m o r p h i s m f r o m A to 
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B then [0] , defined on A by x[0]y if and only if cj)(x) = §(y) , 
D 

or 

following d i a g r a m : 

for a l l x and y in A , i s a c o n g r u e n c e r e l a t i o n on A and the 

0 
A/[0] 

c o m m u t e s , w h e r e IT and 0 a r e the u s u a l s u r j e c t i o n and in j ec ­
t ion r e s p e c t i v e l y . 

T H E O R E M 2 . If 0 i s a c o n g r u e n c e r e l a t i o n on B , Gb 
o 

the c o n g r u e n c e c l a s s of b for any b in B , then e v e r y sub 
S - s e t of B / 0 i s ( 

a sub S- s e t of B 

S - s e t of B / 9 i s of the f o r m A / 0 = { 0 a | a e A } , w h e r e A i s 

S 

THEOREM 3 . If 0 C 0 1 a r e two c o n g r u e n c e r e l a t i o n s on 
A , then the r e l a t i o n e ' /B , defined on A / 0 by Qx.(Ql/Q)Qy<=#x0'y 

D 

for a l l x and y in A , i s a c o n g r u e n c e r e l a t i o n on A / 0 , and 
e v e r y c o n g r u e n c e r e l a t i o n on A / 0 i s of that f o r m . 

We now p r o c e e d to show tha t Ens ha s enough i n j e c t i v e s , 

but f i r s t : 

DEFINITION 2 . An S-se t I i s in jec t ive if and only if 

for any in jec t ion K:A -> B and h o m o m o r p h i s m 0:A ->I t h e r e 
O O D O 

i s a h o m o m o r p h i s m 0:B -> I such tha t 0K = 0 . 

The next t h e o r e m i s obv ious . 

T H E O R E M 4 . A r e t r a c t of an in jec t ive S - s e t i s i n j e c t i v e . 

F o r the next two t h e o r e m s we need the following concep t . 
We le t S' denote the monoid obtained by adjoining an e l e m e n t 1 
to S , with s • 1 = 1 • s = s for a l l s in S , with the add i t iona l 
convent ion that it be equa l to S if S is a l r e a d y a monoid ( i . e . 
Sl = S) . S' i s then an S - se t extending S . 

DEFINITION 3 . An S - se t A i s weakly in jec t ive if and 
o 

only if for any r i g h t i d e a l K of S ( i . e . KS C K ) and h o m o ­
m o r p h i s m 0:K ->A t h e r e e x i s t s an e l e m e n t a in A such tha t 

263 

https://doi.org/10.4153/CMB-1967-026-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-026-1


for a l l s in K , 0(s) = as . 

Th i s i s a t r a n s c r i p t i o n of the we l l known c r i t e r i o n of in-
j ec t i v i t y for R - m o d u l e s , but a l l we can p r o v e h e r e is 

T H E O R E M 5. If A i s in j ec t ive , then i t i s weak ly in-

j e c t i v e . 

P roo f . Le t 0 be a s in the above def ini t ion, and extend 
i t to 0 :S ' ~> A by the in jec t iv i ty of A . If 0(1) = a then 

for any s in K , 0(s) = 0 ( l s ) = (0( l ) ) s = a s . Q . E . D . 

It wi l l be shown in the l a s t s e c t i o n tha t the c o n v e r s e i s not 
t r u e . Meanwhi l e , we p r o v e the key r e s u l t of th i s s e c t i o n . 

S ! 

T H E O R E M 6. If A d e n o t e s the s e t of a l l m a p p i n g s 
S1 

f r o m S1 to A , then it i s an in jec t ive S - s e t A extending to 
o 

V 
Proof . Defining for any mapp ing f : S!-> A and s in S , 

S1 

fs by (fs)(t) = f(st) for a l l t in S1 t u r n s A into an S - s e t 
S1 

A which ex t ends A for the c a n o n i c a l embedd ing \\t defined 

for each a in A by (4j(a))(s) = a s for a l l s in S and 
(4j(a))(l) = a is an in j ec t ion . If 0 i s a h o m o m o r p h i s m f r o m B 

S1 -
to A and K : B -> C an in jec t ion , then 0 i s defined by 

O D O 

(0(c))(t) = (0 (K" 1 (c t ) ) ) ( l ) if ct i s in K(B) , and to any fixed 
e l e m e n t a of A o t h e r w i s e (in p a r t i c u l a r when t = 1) . 0 is 

- - 1 
the r e q u i r e d e x t e n s i o n of 0 s i n c e (0(cs))(t) = (0(K (cs t ) ) ) ( l ) = 
(0(c))(st) = ((0(c))s)(t) if e s t i s in K(B) with c in C and s 
and t in S . 

COROLLARY 1. E v e r y S - s e t can be embedded into an 
in jec t ive S - s e t . 

COROLLARY 2 . A i s in j ec t ive if and only if it i s a r e -

t r a c t of e v e r y e x t e n s i o n . 

COROLLARY 3 . A i s i n j ec t i ve if and only if i t i s a r e ­
s ' S 

t r a c t of B for s o m e s e t B . 
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These results could also have been obtained by using a 

"transfer" theorem, due to Maranda ([2] and [4]), or by embedding 

A into a product of S* ' s , where S'* is the right S-set of all 

mappings of S into some fixed set X containing at least two 

elements, since that product is injective. 

2. The Injective Envelope. 

DEFINITION 4. A sub S-set A of B is large in B , 

written A <_ B , if and only if any homomorphism 0 from 

B to C , for any S-set C , with restriction to A_ an in-
S S y S S 

jection is itself an injection. If A <C B , then B is also said 

to be an essential extension of A . 

LEMMA 1. If a and a are in A , then the relation 
± Z >b 

[a , a 1 defined on A^ by: L 1 2J S y 

x[a , a ]y < > x = y ; or x = a. , y = a. , with i and j in {1, 2} ; 
1 Ù l j 

or there exists a finite sequence sJf s , . . . , s of elements of S 
^ 1 2 n 

such that x = a. s and a., s t = a s^ and a.f s^ = . . . and 
J l ' J 1 l h 2 J 2 2 

a j ' "i l = a j S i ^ a j ' . S i = - - ' = a j Sn a n d a j . S
n
 = y ' W i t h J'i 

i-1 1 - L i i Jn J n x 

and j 1 . in {1,2} , i = 1, 2, . . . , n, is the smallest congruence 

relation on A relating a to a . 
o 1 2 

Proof. It is easy to verify that it is a congruence relation 
relating a, to a . Now assume 8 is a congruence relation on B 1 2 B 

A such that a 0 a , and suppose that x[a , a ]y , where x and 
D 1 Z 1 Z 

y are in A^ . With the above notation, we have a. s 6 a., s , 
S j . i J . i 

and ultimately xGy in the only non trivial case. 

THEOREM 7. If A is a sub S-set of B , and C is a 
S S S 

sub S-set of B extending A , then the following are all 
S D 

equivalent: 
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(1) A i s l a r g e in B . 

(Z) If 0 i s a c o n g r u e n c e r e l a t i o n on B which is not the 

ident i ty , then i t s r e s t r i c t i o n to A is not the iden t i ty r e l a t i o n . 
D 

(3) F o r any two d i s t i n c t e l e m e n t s b and b in B , 

t h e r e a r e two d i s t i n c t e l e m e n t s a , and a in A such tha t 
1 2 

a \b , b la 
1L 1 2 J 2 

(4) (2) ho lds for any c o n g r u e n c e r e l a t i o n with d o m a i n C • 
o 

(5) Def in i t ion (4) ho lds for any h o m o m o r p h i s m with d o m a i n 

V 
Proof . If 6 i s not the iden t i ty on B , then the c a n o n i c a l 

o 
s u r j e c t i o n of B onto B / 6 i s not an in jec t ion , nor i s i t s r e -

O 
s t r i c t i o n to A by (1), which shows (2). If b ^ b in B , the 

S 1 2 
r e s t r i c t i o n of [b , b ] to A i s not the iden t i ty , and thus (2) i m -

j . £• 

p l i e s (3). If 9 i s a c o n g r u e n c e r e l a t i o n on C , with 

A C C C B , not the iden t i ty , then t h e r e e x i s t two d i s t i n c t b 
D O o 1 

and b in C with b 6 b ^ , and by (3) t h e r e a r e two d i s t i n c t a , 
2 1 2 y 1 

and a in A such tha t a fb , b la , which i m p l i e s tha t a 0 a^ 
2 1L 1 2 J 2 ^ 1 2 

by L e m m a 1. If 0 i s a h o m o m o r p h i s m wi th d o m a i n C , not an 
o 

in jec t ion , then the c o n g r u e n c e r e l a t i o n [0] of T h e o r e m 1 i s not 
the iden t i ty on C and the r e s u l t fol lows by (4). F i n a l l y , (1) i s 

o 
a s p e c i a l c a s e of (5). 

DEFINITION 5. A is s t r i c t l y l a r g e in an e x t e n s i o n B 

if and only if for any b ^ b in B t h e r e is an s in S such y y 1 2 
tha t b s 4 b s and both a r e in A . 

1 2 

It i s obvious tha t s t r i c t l y l a r g e i m p l i e s l a r g e , but the con­
v e r s e i s not t r u e a s wi l l be s e e n in the l a s t s e c t i o n . 

COROLLARY. (1) < i s a t r a n s i t i v e r e l a t i o n . 

(2) If A s < B g and A g C C s Ç B g , 
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then A £ C < B and A is not a proper retract of C . 
o o S b S 

(3) Every essential extension of A is contained 

in every injective extension up to isomorphism over A . 
o 

THEOREM 8 . If A is a sub S-set of B and 0 is a 

congruence relation on B maximal in the set of all congruence 

relations on B with restriction to A the identity, then B/6 
o o 

contains a large sub S-set A/8 isomorphic to A . 

Proof. Using theorems 2 and 3, we see that A is iso-

morphic to A/6 , and if n/6 is a congruence relation on B/G 
with restriction to A/6 the identity, then n is a congruence 
relation on B , containing 6 , and with restriction to A the 

identity; for if a t and â  are in A , then 
1 2 

a i ^ a2 ^ ^ 6 a i ( î 1 / e ) 6 a
2
 <===> 0 a i = 6a2 ^ ^ a i = a2 * 

It follows from the maximality of 0 that 6 = n and thus n/6 is 
the identity relation. 

THEOREM 9. An S-set A is injective if and only if it 
o 

has no proper essential extension. 

Proof. Let us assume that the condition holds and that 
B is a proper extension of A . By Corollary 2 of Theorem 6 

it suffices to show that A is a retract of B . B is not an 

essential extension, by the hypothesis, and thus there is a con­
gruence relation 6 on B with restriction to A the identity. 

Since the union of any chain of such congruence relations still 
has that property, 6 may be assumed to be maximal by Zorn's 
Lemma, By Theorem 8, B/6 is an essential extension of A/6 , 
the latter being isomorphic to A . The hypothesis implies that 

B/6 = A/8 , or that for each b in B there is a unique a in A 
such that 6b = 8a ; this in turn implies the existence of a homo-
morphism from B to A with restriction to A the identity. 

The converse is immediate. 

THEOREM 10. Every S-set A has a maximal essential 
o 
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ex t ens ion which is in jec t ive and unique up to i s o m o r p h i s m over A . 

P roo f . Le t I be an in jec t ive e x t e n s i o n of A , as 
lb o 

g u a r a n t e e d by C o r o l l a r y 1 of T h e o r e m 6. Then the union of any 
cha in of e s s e n t i a l e x t e n s i o n s of A conta ined in I i s an e s s e n -

t ia l ex t ens ion of A , and thus by Z o r n ' s L e m m a , A h a s m a x i -

m a l e s s e n t i a l e x t e n s i o n s in I . If B is any such m a x i m a l 

e s s e n t i a l ex t ens ion in I and C any o the r e s s e n t i a l e x t e n s i o n 

of B then it e a s i l y fol lows tha t B = C , and thus B i s a 
S o o S 

m a x i m a l e s s e n t i a l e x t e n s i o n of A and i s thus in jec t ive by the 

p r e c e d i n g p r o p o s i t i o n . If B and C a r e two m a x i m a l e s s e n t i a l 

e x t e n s i o n s of A , then the embedd ing of A in C can be ex -

tended to an in jec t ion of B into C , the l a t t e r be ing onto by 

the m a x i m a l i t y of B . 

DEFINITION 6. Any m a x i m a l e s s e n t i a l e x t e n s i o n of an 
S - s e t A i s ca l led an in jec t ive enve lope of A . It i s unique up 

to i s o m o r p h i s m over A . 

T H E O R E M 1 1 . I i s the in jec t ive enve lope of A if and 

only if I i s a m i n i m a l in jec t ive e x t e n s i o n of A . 
o o 

Proof . If I is the in jec t ive enve lope of A and I1 i s 
o o o 

in jec t ive b e t w e e n A and I then the iden t i ty m a p of I1 can be 

extended to an in jec t ion of I into I1 s ince A <_ I ' c < . I c by 
O O D o O 

the second p a r t of the c o r o l l a r y of T h e o r e m 7, and thus I1 = I . 
If c o n v e r s e l y V i s the in jec t ive enve lope of A and I a 

o o o 
m i n i m a l in jec t ive e x t e n s i o n of A then i t fo l lows tha t I = I1 . 

COROLLARY. The following a r e a l l equ iva l en t : 

(1) I i s the in jec t ive enve lope of A , 
S o 

(2) I i s both an in jec t ive and an e s s e n t i a l e x t e n s i o n of A , 
o o 

(3) I i s a m i n i m a l in jec t ive e x t e n s i o n of A . 
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3- E x a m p l e . Le t S be a lower s e m i - l a t t i c e , i . e . , a 
p a r t i a l l y o r d e r e d s e t (S,<.) in which any two e l e m e n t s have an 
inf . Then S can be r e g a r d e d as a c o m m u t a t i v e i d e m p o t e n t 
s e m i g r o u p if the p r o d u c t of any two of i t s e l e m e n t s i s defined to 
be t he i r inf , and it i s we l l known that S can be embedded in a 
c o m p l e t e l a t t i ce D in which the o r d e r r e l a t i o n of S i s p r e s e r v e d 
t o g e t h e r with a l l sups and infs a l r e a d y ex i s t ing in S , and 
such tha t m o r e o v e r for any d in D , sup { s € S : s £ d } = d = 
inf { s € S : d < C s } . Th is l a t t i ce D wi l l be r e f e r r e d to a s the 
D e d e k i n d - M a c N e i l l e or DM comple t i on of S , and i t i s of c o u r s e 
an S - s e t D extending S . 

In the s eque l , s e m i - l a t t i c e wi l l m e a n lower s e m i - l a t t i c e , 
but eve ry th ing i s dual ly t r u e for upper s e m i - l a t t i c e s . 

We now show tha t if S i s a chain then i t s DM comple t ion , 
i t se l f a chain , i s i t s in jec t ive envelope , bu t we f i r s t r e c a l l 

T H E O R E M 12. If D is the DM c o m p l e t i o n of the cha in 
S and d and d a r e any two d i s t i n c t e l e m e n t s of D with a t 

m o s t one of t h e m in S , then t h e r e e x i s t s an infini te s equence 
s , s , s . . . . of e l e m e n t s of S such that d < s < s < s < . . . < d 

1 2 3 1 1 2 3 2 
( s t r i c t i n e q u a l i t i e s ) . 

P roo f . Le t us a s s u m e that d < d . If d i s not in S 
1 2 2 

then d < d i m p l i e s that t h e r e e x i s t s an s in S such that 
1 2 ^ 1 

d < s <d . Repea t ing this a r g u m e n t with s , s e t c . y i e lds the 

r e q u i r e d s e q u e n c e . The a r g u m e n t is the s a m e if d i s n o t i n S . Q . E . D . 

Th i s t h e o r e m i s used to p rove the following i m p o r t a n t 

T H E O R E M 1 3 . The DM comple t ion D of a cha in S 

i s an e s s e n t i a l ex t ens ion of i t . 

P roo f . Le t 9 be a cong ruence r e l a t i o n on D not the 
o 

iden t i t y . Then t h e r e ex i s t two d i s t i nc t e l e m e n t s d, and d^ in 
1 2 

D , say d < d , such that d, 6 d . If both a r e in S , t h e r e y 1 2 1 2 
i s nothing to p r o v e . If one of t h e m is not in S , then by the p r e ­
ceding t h e o r e m t h e r e ex i s t two d i s t i nc t e l e m e n t s s and s in 

S such tha t d, < s < s^ < d^ and d4 6 d , i m p l i e s tha t 
1 1 2 2 1 2 
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d = d s 0 d s = s a n d d = d s 0 d s ^ = s . T h u s s 0 s 
1 1 1 2 1 1 1 1 2 2 2 2 1 2 

b y s y m m e t r y a n d t r a n s i t i v i t y of 0 . Q . E . D . 

T h e r e s u l t a l s o f o l l o w s f r o m t h e f a c t t h a t e v e r y c o n g r u e n c e 

r e l a t i o n o n D i s a p a r t i t i o n of D i n t o d i s j o i n t i n t e r v a l s a n d 
o 

t h a t t h e s m a l l e s t c o n g r u e n c e r e l a t i o n l i n k i n g d to d ( t h a t of 

L e m m a 1) i s of t h e f o r m x[d , d ]y if and o n l y if x = y o r x 

and y a r e b o t h i n t h e c l o s e d i n t e r v a l [d , d ] f o r a n y x and y 

i n D . 

I t n o w s u f f i c e s to s h o w t h a t t h e D M c o m p l e t i o n D of a 
c h a i n S i s i n j e c t i v e , and i n t h e s e q u e l 0 and 1 w i l l d e n o t e t h e 
s m a l l e s t and l a r g e s t e l e m e n t s of D r e s p e c t i v e l y . 

D E F I N I T I O N 7 . If f i s a m a p p i n g f r o m S1 to t h e c h a i n 

S t h e n I = s u p { x € S ' : f r e s t r i c t e d to < 0 , x ] (ha l f c l o s e d ) i s 

t h e i d e n t i t y } , a n d 0 if no s u c h x e x i s t s . 

T h e f o l l o w i n g l e m m a i s o b v i o u s . 

L E M M A 2 . If f i s a s a b o v e and s i n S t h e n 

(1) f s = f o n < 0, s ] a n d f s = f ( s ) , a c o n s t a n t m a p o n 
[ s , l ] . 

(2) If f s i s t h e i d e n t i t y m a p p i n g on < 0 , x ] t h e n s o i s f 
f o r a n y x i n S1 . 

S ' 
T H E O R E M 1 4 . 0 d e f i n e d f o r a n y f i n S b y 0(f) = i 

S' 
i s a h o m o m o r p h i s m f r o m S to D . 

P r o o f . 0 i s o b v i o u s l y a m a p p i n g and i t s u f f i c e s t o s h o w 
t h a t i „ = a s f o r a n y s i n S . N o w i t f o l l o w s f r o m t h e s e c o n d 

f s f 
p a r t of t h e a b o v e l e m m a t h a t I „ < i r and t h u s t h e t h e o r e m i s t r u e 

f s ~ f 
f o r I - 0 . I f i ^ O t h e r e a r e t w o p o s s i b i l i t i e s : 

(1) s < I . T h e n f s = f = i d e n t i t y o n < 0, s ] a n d t h u s 

s < i „ . If s < i „ , t h e n t h e r e i s a n x i n S s u c h t h a t 
— f s f s 

s < x < i ,. and f s r e s t r i c t e d to < 0, x 1 i s t h e i d e n t i t y w h i c h 
— f s 

i m p l i e s t h a t x = f s ( x ) = f ( s x ) = f ( s ) = s a c o n t r a d i c t i o n . T h u s 
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i£ = s = i s . 
fs f 

(2) i , < s . If I „ < i . , then t h e r e is an x in S such 
f — f s f 

tha t i r < x < i and f r e s t r i c t e d to < 0, x ] i s the iden t i ty , 
i s *-" f 

which m e a n s tha t fs = f = iden t i ty on < 0, x ] , aga in a c o n t r a d i c ­
t ion, and thus I . = i r = i s . 

fs f f 

S , then D is the in jec t ive enve lope of S . 
T H E O R E M 15 . If D is the DM c o m p l e t i o n of a cha in 

S1 

Proof . It suff ices to show tha t D i s a r e t r a c t of S 
o o 

Sf 

and to th is effect we embed D in S as fo l lows . We define a 
D D 

m a p p i n g K f r o m D to S by (K(d))(x) = dx if dx is in S , 
and to a fixed e l e m e n t k of S o t h e r w i s e , for a l l x in S! . 
K i s obvious ly a h o m o m o r p h i s m and it is a l so an in jec t ion . F o r , 
le t d < d in D . If both a r e in S , then (K(d ))(d ) = d 

and (K(d ))(d ) = d . If only one i s in S , then by T h e o r e m 12 

t h e r e i s a t l e a s t one e l e m e n t x of S d i s t i n c t f r o m k and s u c h 
tha t d < x < d ; then ( K ( d J ) ( x ) = d if d J i s in S and to k 

1 2 1 1 1 
o t h e r w i s e , whi le (K(d ))(x) = x . In e v e r y c a s e , K(d ) ^ K(d ) . 

F i n a l l y it fol lows f r o m t h e o r e m 14 that 0oK(d) = d for a l l d in 
D . 

COROLLARY. The cha in of extended r e a l s i s the in­
j e c t i v e enve lope of the cha in of r a t i o n a l s . 

The r e s t of th i s s e c t i o n i s devoted to p rov ing the s t a t e m e n t s 
m a d e af ter Def ini t ion 5 and T h e o r e m 5 . 

F i r s t l y , we r e m a r k tha t the DM comple t i on D of a non 
o 

c o m p l e t e chain S i s not a s t r i c t l y e s s e n t i a l e x t e n s i o n . F o r if 

d < d^ a r e not in S , then s in S m u s t be be tween d, and 
1 2 1 

d or l a r g e r than d in o r d e r to have d s ^ d s ; bu t then 

d , s = d t i s not in S . 
1 1 

To p r o v e the second a s s e r t i o n , we r e c a l l tha t the i d e a l s , 
o r the sub S- s e t s , of a s e m i - l a t t i c e S a r e the s e m i - f i l t e r s , 
i . e . , s u b s e t s K of S such tha t for any s in S and k in K , 
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s < k i m p l i e s tha t s i s in K . We now have 

T H E O R E M 16. E v e r y p a r t i a l e n d o m o r p h i s m f of a 
s e m i - l a t t i c e S with d o m a i n an i d e a l K i s an inf p r e s e r v i n g 

o 
i d e m p o t e n t c o n t r a c t i o n with f (K) C K . 

P roo f . F o r any k in K , f2(k) = f 2 (k 2 ) = f(f(kk)) = 

f(kf(k)) = (f(k))2 = f(k) . If k» i s a l so in K , then f(k)c f(k') -

f(kf(kf))= f 2 ( k k ' ) = f (kk ' ) . F i n a l l y , f(k) = f(k2) = (f(k))k and thus 
f(k) < k , which i m p l i e s tha t f (K) C K . 

T H E O R E M 17. If f i s a p a r t i a l e n d o m o r p h i s m on the 
s e m i - l a t t i c e S wi th d o m a i n an i d e a l K , then t h e r e i s an e l e ­
m e n t d in the DM c o m p l e t i o n D of S such tha t for any x in 
K , f(x) = dx . 

P roo f . Le t d = sup {k e K : f (k) = k } . Th i s s e t i s not 
empty s ince for any x in K , f(f(x)) = f(x) by the l a s t t h e o r e m . 
Thus f(x) <C d for a l l x in K and f(x) = (f(x))x<C dx . If now 
k in K i s such tha t f(k) = k then for any x in K , k x < f(x) 
and in K which i m p l i e s tha t d < f(x) and dx <_ f(x) . 

T H E O R E M 18 . E v e r y cha in i s weakly i n j e c t i v e . 

P roo f . Le t f be a p a r t i a l e n d o m o r p h i s m on the cha in S 
with d o m a i n an idea l K , and le t d be the e l e m e n t of the DM 
c o m p l e t i o n D of S whose e x i s t e n c e i s g u a r a n t e e d by the p r e ­
ceding t h e o r e m . If x i s in K , then dx m u s t be in K by 
T h e o r e m 16, and t hus , if d i s not in S , x m u s t be l e s s than 
d . But by T h e o r e m 12, t h e r e i s an s in S b e t w e e n d and 1 
with f(x) = dx = x = sx , and th is for a l l x in K . Q. E . D. 

And so , any non c o m p l e t e cha in i s weakly in jec t ive but not 
in j ec t ive , s ince the DM c o m p l e t i o n i s a m i n i m a l in j ec t ive ex­
t e n s i o n . 

REFERENCES 

1. G. Birkhoff, L a t t i c e T h e o r y . A. M . S . , r e v i s e d ed i t ion 
(1948). 

2 . H . K l e i s l i and Y . C . Wu, On In jec t ive S h e a v e s . Can . M a t h . 
B u l l . v o l . 7, n o . 3, July (1964). 

272 

https://doi.org/10.4153/CMB-1967-026-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-026-1


3. J. Lambek, Ring Theory. Waltham (Mass.) , Blaisdell 
Publ. Co. (1966). 

4 . J . M . Maranda, Injective Structures . Trans , of the A. M.S . 
vol. 110, no. 1, pages 98-135, Jan. (1964). 

5. B . Mitchell, Theory of Categories. Academic P r e s s 
(1965). 

6. A . J . Hoenke, Structure of semigroups. Canadian Journal of 
Mathematics, Vol. XVIII, No. 3, 1966, pages 449-491. 

University of Ottawa 

273 

https://doi.org/10.4153/CMB-1967-026-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-026-1

