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Abstract We present methods for the computation of the Hochschild and cyclic continuous cohomology
and homology of some locally convex topological algebras. Let (Aα, Tα,β)(Λ,�) be a reduced projective
system of complete Hausdorff locally convex algebras with jointly continuous multiplications, and let A

be the projective limit algebra A = lim←
α

Aα. We prove that, for the continuous cyclic cohomology HC∗

and continuous periodic cohomology HP ∗ of A and Aα, α ∈ Λ, for all n � 0, HCn(A) = lim→
α

HCn(Aα),
the inductive limit of HCn(Aα), and, for k = 0, 1, HP k(A) = lim→

α
HP k(Aα). For a projective limit

algebra A = lim←
m

Am of a countable reduced projective system (Am, Tm,�)N of Fréchet algebras, we also
establish relations between the cyclic-type continuous homology of A and Am, m ∈ N. For example, we
show the exactness of the following short sequence for all n � 0:

0 → lim←
m

1HCn+1(Am) → HCn(A) → lim←
m

HCn(Am) → 0.

We present a class of Fréchet algebras A for which the continuous periodic cohomology HP k(A), k = 0, 1,
is isomorphic to the continuous cyclic cohomology HC2�+k(A) starting from some integer �. We apply
the above results to calculate the continuous cyclic-type homology and cohomology of some Fréchet
locally m-convex algebras.

Keywords: continuous Hochschild and cyclic (co)homology; projective limits of topological locally
convex algebras; Fréchet locally m-convex algebras
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1. Introduction

In the spectral theory of commuting operators, in K-theory and in non-commutative
differential geometry a prominent role is played by the continuous homology and cohom-
ology groups of various topological algebras (see [9, 14] for references). There are a
number of papers addressing the calculation of the cyclic-type continuous homology
and cohomology groups of some Banach and topological algebras (see, for example,
[6,8–10,21,31,46,48]). In the event that the topology of the algebra is given by a norm
there is a well-developed and long-established homological theory [20,24]. However, it
remains the case that the cyclic-type continuous homology and cohomology groups can
only be computed for a restricted range of topological algebras. In this paper we present a
tool for the computation of several types of continuous homology and cohomology groups
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of topological algebras. For Fréchet algebras, the basis of the method is to reduce the
calculation of homology and cohomology groups of Fréchet algebras to the corresponding
ones for known Banach algebras by a consistent use of projective limits. More generally,
we consider a projective limit A of a reduced projective system (Aα, Tα,β)α∈Λ of complete
Hausdorff locally convex algebras with jointly continuous multiplications, and reduce the
calculation of its homology and cohomology groups to the corresponding ones for Aα.

In § 2 we present relations between Hochschild, cyclic and periodic cyclic homology and
cohomology groups of mixed complexes in the category of locally convex spaces. In § 3
we apply these relations to obtain results on various types of continuous Hochschild
and cyclic homology and cohomology groups of locally convex and Fréchet algebras.
In particular, we show that, for the class of Fréchet algebras A with trivial continuous
Hochschild cohomology groups HHn(A) for n � N , the continuous periodic cohomology
groups HP k(A), k = 0, 1, are isomorphic to the continuous cyclic cohomology groups
HC2�+k(A) starting from an integer � � 1

2N . For example, this statement is true for such
Fréchet algebras as O(U), C∞(M) and S(Rm) (see § 4.2). Applications of the results
from § 3 and some well-known results from the homology of topological algebras to some
classes of Fréchet and Banach algebras are given in § 4. These provide new information
on the continuous periodic cyclic homology and cohomology groups of those algebras.

One can use the Arens–Michael decomposition to reduce the calculation of the homol-
ogy and cohomology groups of Fréchet algebras to the corresponding ones for Banach
algebras. It is known that any Fréchet locally m-convex algebra A is isomorphic to a
projective limit of Banach algebras Am, m ∈ N, that is, A = lim←

m
Am. The main pur-

pose of this paper is to establish relations between the cyclic-type continuous cohom-
ology and homology groups of A and Am, m ∈ N, and to apply them to some natural
classes of algebras. One of the difficulties of the topological case is that the quotient
map from A to Am is not surjective in general, but it has dense range. For example,
for locally C∗-algebras those quotient maps are surjective [22]; the description of con-
tractible locally C∗-algebras can be found in [16]. More generally, let A be a projective
limit of a reduced projective system (Aα, Tα,β)α∈Λ of complete Hausdorff locally convex
algebras with jointly continuous multiplications. In Theorem 5.1 we prove that for the
cyclic continuous cohomology HC∗ and the periodic continuous cohomology HP ∗ of A

and Aα, α ∈ Λ, up to isomorphism of linear spaces, for all n � 0,

HCn(A) = lim→
α

HCn(Aα),

the inductive limit of HCn(Aα), and, for k = 0, 1,

HP k(A) = lim→
α

HP k(Aα).

In Theorem 5.4, for a countable reduced projective system (Am, Tm�)m∈N of Fréchet
algebras, we also establish relations between the cyclic-type continuous homology groups
of A = lim←

m
Am and Am, m ∈ N. For example, we show that, for all n � 0, there exists

a short exact sequence

0 → lim←
m

1HCn+1(Am) → HCn(A) → lim←
m

HCn(Am) → 0,

where lim←
m

1 is the first derived functor of the projective limit.
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There are similar short exact sequences for the following Hochschild homology groups
Hnaive

∗ , Hbar
∗ , HH∗, and for the periodic cyclic homology HP∗; see § 3 for the definitions

of these homology groups. In § 6 we apply the results of §§ 3–5 to Fréchet locally m-
convex algebras. For example, applications show that, for the Fréchet locally C∗-algebra
L(H) of continuous linear operators on an infinite-dimensional locally Hilbert space H,
the continuous cyclic and periodic cyclic homology and cohomology groups of L(H) are
trivial. We also show that, for the Fréchet algebra C(R) of continuous complex-valued
functions on R, the continuous cyclic and periodic cyclic homology and cohomology
groups of C(R) are the following:

HP0(C(R)) = HC2�(C(R)) = C(R), HP1(C(R)) = HC2�+1(C(R)) = {0},

HP 0(C(R)) = HC2�(C(R)) = lim→
k

M([−k, k]) = Mc(R)

the complex linear space of C-valued Radon measures on R with compact supports, and

HP 1(C(R)) = HC2�+1(C(R)) = {0} for all � � 0.

2. Homologies of mixed complexes in the category of locally convex spaces

The category of locally convex spaces and continuous linear operators is denoted by LCS.
A Fréchet space is a metrizable and complete locally convex topological vector space over
C or R. The category of Fréchet spaces and continuous linear operators is denoted by
‘Fr’. Throughout the paper ‘id’ denotes the identity operator.

There is a powerful method based on mixed complexes for the study of the cyclic-type
homology groups (see papers by Kassel [25], Cuntz and Quillen [11] and Cuntz [10]). We
shall present this method for the category LCS of locally convex spaces and continuous
linear operators; see [5] for the category of Fréchet spaces. A mixed complex (M, b, B) in
the category LCS is a family M = {Mn}n�0 of locally convex spaces Mn equipped with
continuous linear operators bn : Mn → Mn−1 and Bn : Mn → Mn+1, which satisfy the
identities b2 = bB + Bb = B2 = 0. We assume that in degree zero the differential b is
identically equal to zero. We arrange the mixed complex (M, b, B) in the double complex

. . .

b

��

. . .

b

��

. . .

b

��

. . .

M2

b

��

M1

b

��

B�� M0
B��

M1

b

��

M0
B��

M0

(2.1)

There are three types of homology theory that can be naturally associated with a mixed
complex. The Hochschild homology Hb

∗(M) of (M, b, B) is the homology of the chain
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complex (M, b), that is,

Hb
n(M) = Hn(M, b) = Ker{bn : Mn → Mn−1}/ Im{bn+1 : Mn+1 → Mn}.

To define the cyclic homology of (M, b, B), let us denote by BcM the total complex of
the above double complex, that is,

· · · −→ (BcM)n
b+B−−−→ (BcM)n−1 −→ · · · b+B−−−→ (BcM)0 −→ 0,

where the spaces

(BcM)0 = M0, . . . , (BcM)2k−1 = M1 ⊕ M3 ⊕ · · · ⊕ M2k−1

and

(BcM)2k = M0 ⊕ M2 ⊕ · · · ⊕ M2k

are equipped with the product topology, and the continuous linear operators b + B are
defined by

(b + B)(y0, . . . , y2k) = (by2 + By0, . . . , by2k + By2k−2)

and

(b + B)(y1, . . . , y2k+1) = (by1, . . . , by2k+1 + By2k−1).

The cyclic homology of (M, b, B) is defined to be H∗(BcM, b + B). It is denoted by
Hc

∗(M, b, B).
The periodic cyclic homology of (M, b, B) is defined in terms of the complex

· · · −→ (BpM)ev
b+B−−−→ (BpM)odd

b+B−−−→ (BpM)ev
b+B−−−→ (BpM)odd −→ · · · ,

where even/odd chains are elements of the product spaces

(BpM)ev =
∏
n�0

M2n and (BpM)odd =
∏
n�0

M2n+1,

respectively. The spaces (BpM)ev/odd are locally convex spaces with respect to the prod-
uct topology [27, § 18.3.(5)]. The continuous differential b + B is defined as an obvious
extension of the above. The periodic cyclic homology of (M, b, B) is Hp

ν (M, b, B) =
Hν(BpM, b + B), where ν ∈ Z/2Z.

There are also three types of cyclic cohomology theory associated with the mixed
complex, obtained when one replaces the chain complex of locally convex spaces by
its dual complex of strong dual spaces. For example, the cyclic cohomology associ-
ated with the mixed complex (M, b, B) is defined to be the cohomology of the dual
complex ((BcM)′, b∗ + B∗) of strong dual spaces and dual operators; it is denoted by
H∗

c (M′, b∗, B∗).
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One of the important homological properties of mixed complexes is the existence of
the Connes–Tsygan long exact sequence associated with (M, b, B). First we define the
Connes periodicity operator

S : (BcM)n → (BcM)n−2

by the formulae

S(y0, . . . , y2n−2, y2n) = (y0, . . . , y2n−2) and S(y1, . . . , y2n+1) = (y1, . . . , y2n−1)

for n � 1. We put SM0 = {0}, SM1 = {0}. It is clear that S is continuous in the product
topology. We then have the following short exact sequence of complexes of locally convex
spaces:

0 → (M, b) I−→ (BcM, b + B) S−→ (BcM[2], (b + B)[2]) → 0, (2.2)

where I is the natural inclusion. Throughout this paper, for a chain complex (K, d), the
complex (K[m], d[m]) is defined by (K[m])q = Kq−m and (d[m])q = (−1)mdq−m. Hence,
there is a long exact sequence

· · · → Hb
n+2(M) → Hc

n+2(M, b, B) → Hc
n(M, b, B) → Hb

n+1(M) → · · · (2.3)

of homology groups. Recall that in the category of Fréchet spaces induced maps of the
sequence (2.3) are continuous [20, Theorem 0.5.7].

It is easy to see that the short sequence of dual complexes:

0 ← (M′, b∗) I′
←− ((BcM)′, b∗ + B∗) S′

←− ((BcM[2])′, (b∗ + B∗)[2]) ← 0 (2.4)

is exact too. Hence, there is a long exact sequence of cohomology groups

· · · → Hn
b (M′) → Hn−1

c (M′, b∗, B∗) → Hn+1
c (M′, b∗, B∗) → Hn+1

b (M′) → · · · . (2.5)

Proposition 2.1. Let (M, b, B) be a mixed complex of locally convex spaces. Then,
for any even integer N , say N = 2K, and the following assertions, we have (i)N ⇒
(ii)N ⇒ (i)N+1 and (i)N ⇒ (iii)N :

(i)N for all n � N, Hb
n(M) = {0};

(ii)N for all k � K, up to isomorphism of linear spaces,

Hc
2k(M, b, B) = Hc

N (M, b, B)

and

Hc
2k+1(M, b, B) = Hc

N−1(M, b, B);

(iii)N up to isomorphism of linear spaces,

Hp
0 (M, b, B) = Hc

N (M, b, B)

and

Hp
1 (M, b, B) = Hc

N−1(M, b, B).
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Proof. (i)N ⇒ (ii)N and (ii)N ⇒ (i)N+1 follow from the exactness of the Connes–
Tsygan long exact sequence for the homology groups (2.3) and [30, Lemma 3.1].

To prove (i)N ⇒ (iii)N we shall use methods from [6, Theorem 3] and [5, Lemma 1].
One can see that there is a short exact sequence of complexes:

0 → (Bp,cM, b + B) → (BpM, b + B) F−→ (BcM, b + B) → 0, (2.6)

where (Bp,cM, b+B) is by definition the sub-complex Ker F of the complex (BpM, b+B)
and F is defined by

F2n : (BpM)ev → (BcM)2n : (y0, . . . , y2k, . . . ) �→ (y0, . . . , y2n),

and

F2n+1 : (BpM)odd → (BcM)2n+1 : (y1, . . . , y2k+1, . . . ) �→ (y1, . . . , y2n+1).

Hence, there is a long exact sequence of homology groups

· · · −→ Hn(Bp,cM, b + B) −→ Hp
n(M, b, B)

H(F )n−−−−→ Hc
n(M, b, B) −→

Hn−1(Bp,cM, b + B) −→ · · · . (2.7)

We claim that, for all n � N , H(F )n is an isomorphism. Therefore, by [30,
Lemma 3.12], it follows from the exactness of the sequence (2.7) that, for all n � N ,
Hn(Bp,cM, b + B) = {0}.

To show that H(F )n is surjective, assume that n = 2k where k � K and let
(m0, . . . , mn) ∈ (BcM)n be a cycle, that is, (bm2 + Bm0, . . . , bm2k + Bm2k−2) = 0 and,
in particular, bm2k = −Bm2k−2. Further, since bB = −Bb and BB = 0, we can see that

bBm2k = −Bbm2k = B2m2k−2 = 0.

Hence −Bm2k ∈ (M2k+1, b) is a cycle. By assumption, for all n � 2K, the homology of
(M, b) vanishes, and so there exists y2k+2 ∈ M2k+2 such that by2k+2 = −Bm2k. By the
inductive hypothesis, there exists y2k+2� ∈ M2k+2� such that by2k+2� = −By2k+2(�−1).
Again, since bB = −Bb and BB = 0, we can see that

bBy2k+2� = −Bby2k+2� = B2y2k+2(�−1) = 0.

Hence, −By2k+2� ∈ (M2k+2�+1, b) is a cycle. By assumption, for all n � 2K, the
homology of (M, b) vanishes, and so there exists y2k+2(�+1) ∈ M2k+2(�+1) such that
by2k+2(�+1) = −By2k+2�. Hence we can construct a chain

(m0, . . . , m2k, y2k+2, y2k+4, . . . ) ∈ (BM)pev

such that
(b + B)(m0, . . . , m2k, y2k+2, y2k+4, . . . ) = 0
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and
H(F )2k(m0, . . . , m2k, y2k+2, y2k+4, . . . ) = (m0, . . . , m2k) + Im(b + B).

To show that H(F )n is injective, assume that n = 2k where k � K and let

(y0, . . . , y2�, . . . ) ∈ (BpM)ev

be a cycle, that is,
(by2 + By0, . . . , by2k + By2k−2, . . . ) = 0.

In particular, by2k+2 + By2k = 0 and

H(F )n(y0, . . . , y2�, . . . ) = (y0, . . . , y2k) + Im(b + B) = 0,

that is, there is a chain (v1, . . . , v2k+1) ∈ (BcM)2k+1 such that

(b + B)(v1, . . . , v2k+1) = (bv1, bv3 + Bv1, . . . , bv2k+1 + Bv2k−1) = (y0, . . . , y2k).

Further, since bB = −Bb and BB = 0, it follows that

b(y2k+2 − Bv2k+1) = by2k+2 + Bbv2k+1

= by2k+2 + B(y2k − Bv2k−1)

= −By2k + By2k − B2v2k−1

= 0.

Hence y2k+2 − Bv2k+1 ∈ (M2k+2, b) is a cycle. By assumption, for all n � 2K, the
homology of (M, b) vanishes, and so there exists v2k+3 ∈ M2k+3 such that bv2k+3 =
y2k+2 − Bv2k+1, that is, y2k+2 = bv2k+3 + Bv2k+1. By the inductive hypothesis, there
exists a chain (v1, . . . , v2k+1, v2k+3, . . . ) ∈ (BpM)odd such that

(b + B)(v1, . . . , v2k+1, v2k+3, . . . ) = (bv1, bv3 + Bv1, . . . , bv2k+1 + Bv2k−1, . . . )

= (y0, . . . , y2k, y2k+1, . . . ).

Thus, H(F )n is injective.
Similar arguments work in the odd case. �

Remark 2.2. If (M, b, B) is a mixed complex of Fréchet spaces, by the previous
proposition and by [20, Lemma 0.5.9] or [2, Lemma 7.1.32], H(F )n is a topological
isomorphism.

The proof of the following statement for dual mixed complexes of locally convex spaces
is similar to that for homology groups of mixed complexes (Proposition 2.1).

Proposition 2.3. Let (M, b, B) be a mixed complex of locally convex spaces and let
(M′, b∗, B∗) be the dual complex of strong dual spaces. Then, for any even integer N , say
N = 2K, and the following assertions, we have (i)N ⇒ (ii)N ⇒ (i)N+1 and (i)N ⇒ (iii)N:

(i)N for all n � N ,
Hn

b (M′, b∗) = {0};
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(ii)N for all k � K, up to isomorphism of linear spaces,

H2k
c (M′, b∗, B∗) = HN

c (M′, b∗, B∗)

and

H2k+1
c (M′, b∗, B∗) = HN−1

c (M′, b∗, B∗);

(iii)N up to isomorphism of linear spaces,

H0
p(M′, b∗, B∗) = HN

c (M′, b∗, B∗)

and

H1
p(M′, b∗, B∗) = HN−1

c (M′, b∗, B∗).

Further we shall need the following technical result for Fréchet spaces, which extends
a result of Johnson for the Banach case [24, Corollary 1.3]; one can also find it in [20,
Proposition II.5.29].

Proposition 2.4. Let (M, b) be a complex of Fréchet spaces and let N ∈ N. Then
the following statements are equivalent:

(i) Hn(M, b) = {0} for all n � N and HN−1(M) is Hausdorff;

(ii) Hn(M′, b∗) = {0} for all n � N .

The proof depends on the open mapping principle and the Hahn–Banach theorem.

3. Relations between cyclic-type homology groups for locally convex
algebras

Let A be a complete locally convex algebra, not necessarily unital. By a locally convex
algebra we shall mean an algebra A, which is a locally convex topological vector space in
such a way that the ring multiplication in A is jointly continuous. One can consult the
books by Loday [29] or Connes [9] on cyclic-type homological theory.

The continuous bar and ‘naive’ Hochschild homology of A are defined respectively as

Hbar
∗ (A) = H∗(C(A), b′) and Hnaive

∗ (A) = H∗(C(A), b),

where Cn(A) = A⊗̂(n+1), ⊗̂ is the completed projective tensor product, and the differen-
tials b, b′ are given by

b′(a0 ⊗ · · · ⊗ an) =
n−1∑
i=0

(−1)i(a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an)

and

b(a0 ⊗ · · · ⊗ an) = b′(a0 ⊗ · · · ⊗ an) + (−1)n(ana0 ⊗ · · · ⊗ an−1).
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Note that Hnaive
∗ (A) is just another way of writing H∗(A, A), the continuous homology

of A with coefficients in A, as described in [20,24].
We denote by A+ the unitization of a complete locally convex algebra A and consider

the mixed complex (Ω̄A+, b̃, B̃) in Fr, where Ω̄nA+ = A⊗̂(n+1) ⊕ A⊗̂n and

b̃ =

(
b 1 − λ

0 −b′

)
; B̃ =

(
0 0
N 0

)
,

where λ(a1 ⊗ · · ·⊗ an) = (−1)n−1(an ⊗ a1 ⊗ · · ·⊗ an−1) and N = id +λ+ · · ·+λn−1 [29,
1.4.5]. The continuous Hochschild homology of A, the continuous cyclic homology of A

and the continuous periodic cyclic homology of A are defined by

HH∗(A) = Hb
∗(Ω̄A+, b̃, B̃), HC∗(A) = Hc

∗(Ω̄A+, b̃, B̃)

and

HP∗(A) = Hp
∗ (Ω̄A+, b̃, B̃).

There is also a cyclic cohomology theory associated with a complete locally convex
algebra A, obtained when one replaces the chain complexes of A by their dual complexes
of strong dual spaces. For example, the continuous bar cohomology Hn

bar(A) of A is the
cohomology of the dual complex (C(A)′, (b′)∗) of (C(A), b′) [9,29].

By extending results of [24] one can prove that, for a Fréchet algebra A with a left-
or right-bounded approximate identity, Hn

bar(A) = {0} for all n � 0, and so, by [5,
Lemma 2], Hbar

n (A) = {0} for all n � 0.
For example, Hn

bar(A) = {0} for all n � 0, for any C∗-algebra A, because C∗-algebras
have bounded approximate identities. It is also true for the Banach algebra K(E) of com-
pact operators on a Banach space E with the bounded compact approximation property.
This algebra K(E) has a left-bounded approximate identity [13]. For more examples
of Banach algebras with a left- or right-bounded approximate identity (see, for exam-
ple, [38, § 5.1]).

We note also the following short exact sequence of complexes of complete locally convex
spaces and continuous linear operators

0 → (C(A), b) → (Ω̄A+, b̃) → (C(A)[1], b′[1]) → 0, (3.1)

which leads to a long exact homology sequence connecting the three homology groups

· · · → Hbar
n (A) → Hnaive

n (A) → HHn(A) → Hbar
n−1(A) → · · · . (3.2)

This shows that Hnaive
n (A) = HHn(A) for all n � 0 if and only if Hbar

n (A) = {0} for all
n � 0. Recall that in the category of Fréchet spaces induced maps of the sequence (3.2)
are continuous [20, Theorem 0.5.7].

It is easy to see that the short sequence of dual complexes

0 ← (C(A)′, b∗) ← ((Ω̄A+)′, b̃∗) ← ((C(A)[1])′, (b′[1])∗) ← 0 (3.3)
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is exact too. Hence, there is a long exact cohomology sequence connecting the three
cohomology groups

· · · → Hn−1
bar (A) → HHn(A) → Hn

naive(A) → Hn
bar(A) → · · · . (3.4)

This shows that Hn
naive(A) = HHn(A) for all n � 0 if and only if Hn

bar(A) = {0} for all
n � 0.

In view of the existence of the long exact sequences (2.3) and (2.5), there are long
exact Connes sequences for complete locally convex algebras:

· · · → HHn(A) → HCn(A) → HCn−2(A) → HHn−1(A) → · · ·

and

· · · → HHn(A) → HCn−1(A) → HCn+1(A) → HHn+1(A) → · · · .

Therefore, by virtue of Proposition 2.4, the five lemmas and the above results, we can
prove the following theorem, which is a generalization of [5, Theorem 1].

Theorem 3.1. Let A be a complete locally convex algebra. Then, for the following
statements, (i) is equivalent to (ii); (iii) is equivalent to (iv); and, for Fréchet algebras A,
(ii) is equivalent to (iii).

(i) There exists a long exact Connes–Tsygan sequence of continuous homology groups

· · · → Hnaive
n (A) → HCn(A) → HCn−2(A) → Hnaive

n−1 (A) → · · · ;

(ii) Hbar
n (A) = {0} for all n � 0;

(iii) Hn
bar(A) = {0} for all n � 0;

(iv) There exists a long exact Connes–Tsygan sequence of continuous cohomology
groups

· · · → Hn
naive(A) → HCn−1(A) → HCn+1(A) → Hn+1

naive(A) → · · · .

The following propositions are about the equivalence between the continuous cyclic
homology of A and the continuous periodic cyclic homology of A when A has trivial
continuous Hochschild homology HHn(A) for all n � N for some integer N . They are
corollaries of Propositions 2.1 and 2.3, and the above results. For Fréchet algebras, one
also needs [20, Lemma 0.5.9] or [2, Lemma 7.1.32].

Proposition 3.2. Let A be a complete locally convex algebra. Then, for any even
integer N , say N = 2K, and the following assertions, we have (i)N ⇒ (ii)N ⇒ (iii)N ⇒
(ii)N+1 and (ii)N ⇒ (iv)N :

(i)N Hnaive
n (A) = {0} for all n � N and Hbar

n (A) = {0} for all n � N − 1;

(ii)N HHn(A) = {0} for all n � N ;
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(iii)N for all k � K, up to isomorphism of linear spaces, HC2k(A) = HCN (A) and
HC2k+1(A) = HCN−1(A);

(iv)N up to isomorphism of linear spaces, HP0(A) = HCN (A) and HP1(A) =
HCN−1(A).

For Fréchet algebras, the above isomorphisms are topological isomorphisms.

Proposition 3.3. Let A be a complete locally convex algebra. Then, for any even
integer N , say N = 2K, and the following assertions, we have (i)N ⇒ (ii)N ⇒ (iii)N ⇒
(ii)N+1 and (ii)N ⇒ (iv)N :

(i)N Hn
naive(A) = {0} for all n � N and Hn

bar(A) = {0} for all n � N − 1;

(ii)N for all n � N , HHn(A) = {0};

(iii)N for all k � K, up to isomorphism of linear spaces, HC2k(A) = HCN (A) and
HC2k+1(A) = HCN−1(A);

(iv)N up to isomorphism of linear spaces, HP 0(A) = HCN (A) and HP 1(A) =
HCN−1(A).

4. Applications to Fréchet and operator algebras

To start with we recall some notation and terminology used in homological theory. These
can be found in any text book on homological algebra (see, for example, MacLane [32]
for the algebraic case and Helemskii [20] for the topological case). Furthermore, we apply
the results of § 3 and some well-known results from the homology of Banach algebras to
calculate continuous cyclic, periodic cyclic and entire cyclic homology and cohomology
groups of some Fréchet, Banach and operator algebras. These results will be used in § 6
for the calculation of cyclic-type homology and cohomology of some locally m-convex
algebras by a consistent use of projective limits of Banach algebras.

4.1. Homology of topological algebras

For any Fréchet algebra A, not necessarily unital, A+ is the Fréchet algebra obtained
by adjoining an identity to A. The linear span of the set {a1a2 : a1, a2 ∈ A} is denoted by
A2, and the closure of A2 is denoted by A2. The space of continuous traces on A is denoted
by Atr, that is, Atr = {f ∈ A′ : f(ab) = f(ba) for all a, b ∈ A}. Here, for a Fréchet space
E, we will denote by E′ the strong dual space of E. The closure in A of the linear span
of elements of the form {ab − ba : a, b ∈ A} is denoted by [A, A].

The algebra Ae = A+⊗̂Aop
+ is called the enveloping algebra of A; Aop

+ is the opposite
algebra of A+ with multiplication a · b = ba, ⊗̂ denotes the completed projective tensor
product. Every Fréchet A-bimodule can be regarded as a unital left Fréchet Ae-module.

Let A be a Fréchet algebra and let X be a Fréchet A-bimodule. One can define the
continuous homology Hn(A, X) of the algebra A with coefficients in X [20, II.5.28],
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and the continuous cohomology group Hn(A, X) of A with coefficients in X [20, Defini-
tion I.3.2]. For definition of the nth derived functor TorA

n (X, Y ) of X⊗̂A· applied to Y ,
see [20, § III.4.4]; here X is a Fréchet right A-module and Y is a Fréchet left A-module.

Recall the definition of Hn(A, X). Let A be a Fréchet algebra and let X be a Fréchet
A-bimodule. We will define the continuous homology Hn(A, X) of the algebra A with
coefficients in X (see, for example, [24] or [20, II.5.28]). We denote by Cn(A, X), n =
0, 1, . . . , the Fréchet space X⊗̂A⊗̂n; we shall call the elements of this space n-chains. We
also set C0(A, X) = X. From the chains we form the standard homology complex

0 ←− C0(A, X) d0←− · · · ←− Cn(A, X) dn←− Cn+1(A, X) ←− · · · , (C∼(A, X))

where the differential dn is given by the formula

dn(x ⊗ a1 ⊗ a2 ⊗ · · · ⊗ an+1) = (x · a1 ⊗ a2 ⊗ · · · ⊗ an+1)

+
n∑

i=1

(−1)i(x ⊗ a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1)

+ (−1)n+1(an+1 · x ⊗ a1 ⊗ · · · ⊗ an).

The nth homology group of (C∼(A, X)), denoted by Hn(A, X), is called the nth contin-
uous homology group of the Fréchet algebra A with coefficients in X.

For Banach algebras there is a well-studied notion of amenability. Recall some defini-
tions. A Banach A-bimodule M = (M∗)′, where M∗ is a Banach A-bimodule, is called
dual. A Banach algebra A such that Hn(A, X ′) = {0} for all n � 1 and for all dual
A-bimodules X ′ is called amenable [24]. A Banach algebra A is called N -amenable if
Hn(A, X ′) = {0} for all n � N for all dual Banach A-bimodule X ′ (see [39,40]). The
weak bidimension of a Banach algebra A is

dbw A = inf{n : Hn+1(A, X ′) = {0} for all Banach A-bimodules X}.

Note that Hn(A, (M∗)′) can be computed as the nth cohomology of the dual complex to
C∼(A, M∗) (see, for example, [24] or [20, II.5.27]). Therefore, in view of Proposition 2.4
presented above, one can extend the notion of amenability to Fréchet algebras. A Fréchet
algebra A such that, for all Fréchet A-bimodules X and for all n � 1, the nth cohom-
ology of the dual complex of (C∼(A, X)), Hn(C∼(A, X)′) = {0} is called amenable. An
equivalent definition is the following. A Fréchet algebra A is amenable if, for all Fréchet
A-bimodules X, Hn(C∼(A, X)) = {0} for all n � 1 and H0(C∼(A, X)) is Hausdorff. A
Fréchet algebra A is called N -amenable if Hn(C∼(A, X)′) = {0} for all n � N for all
Fréchet A-bimodules X. The weak bidimension of a Fréchet algebra A is

dbw A = inf{n : Hn+1(C∼(A, X)′) = {0} for all Fréchet A-bimodules X}.

Recall that the algebra A is said to be biflat if it is flat in the category of Fréchet
A-bimodules [20, Definition 7.2.5]. It is known that any amenable Fréchet algebra is
biflat [20].
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4.2. Applications to Fréchet algebras of finite weak bidimension

The entire cyclic cohomology HEk(A) of A for k = 1, 2 is defined in [9, § IV.7].

Corollary 4.1. Let A be a Fréchet algebra. Suppose that dbw A = m and m = 2L

is an even integer. Then,

(i) for all � � L, HC2�+2(A) = HCm(A) and HC2�+3(A) = HCm+1(A);

(ii) HP0(A) = HCm(A) and HP1(A) = HCm+1(A);

(iii) for all � � L, HC2�+2(A) = HCm(A) and HC2�+3(A) = HCm+1(A);

(iv) HP 0(A) = HCm(A) and HP 1(A) = HCm+1(A);

(v) if, furthermore, A is a Banach algebra, HE0(A) = HP 0(A) = HCm(A) and
HE1(A) = HP 1(A) = HCm+1(A).

There are similar formulae for odd m.

Proof. Since dbw A = m, the cohomology groups Hn
naive(A) = Hn(C∼(A, A)′) = {0}

for all n � m + 1 and Hn
bar(A) = Hn+1(C∼(A, C)′) = {0} for all n � m; here C is the

trivial A-bimodule. Therefore, HHn(A) = {0} for all n � m + 1. By Proposition 2.4,
the homology groups HHn(A) = {0} for all n � m + 1. One can apply Propositions 3.2
and 3.3 for N = m+1 to get relations (i)–(iv) between the continuous cyclic and periodic
cyclic homology and cohomology groups for the Fréchet algebra A. Regarding (v), by [26,
Theorem 5.2], for a Banach algebra A of a finite weak bidimension dbw A, we have
HEk(A) = HP k(A) for k = 0, 1. �

Remark 4.2. It is obvious that, for amenable Fréchet algebras A, dbw A = 0 and,
for N -amenable Fréchet algebras A, dbw A � N − 1. It is known that, for a biflat
Banach algebra A, dbw A � 2 [42, Theorem 6]. Examples of amenable and biflat Banach
algebras are presented below in § 4.3. One can also find examples of Banach algebras
with dbw A � 2 in [40].

Remark 4.3. Recall that the homological dimension of A+ in the category of Fréchet
A-bimodules is called the homological bidimension of A. It is denoted by db A (see [44]
or [20, Definition 3.5.9]). If db A = m, by [44] or by [20, Theorem 3.4.25], for any Fréchet
A-bimodule X, the homology groups Hn(A, X) = TorAe

n (X, A+) = {0} for all n � m + 1
and Hm(A, X) = TorAe

m (X, A+) is Hausdorff. Hence dbw A � dbA = m and one can
apply Corollary 4.1.

Example 4.4 (Fréchet algebras of finite homological bidimension).

(i) Let O(U) be the Fréchet algebra of holomorphic functions on a polydomain U =
U1 × U2 × · · ·Um ⊆ C

m. Then db O(U) = m [45].

(ii) Let M be any infinitely smooth manifold of topological dimension m, and let
C∞(M) be the Fréchet algebra of all infinitely smooth functions on M . Then
db C∞(M) = m [35]. For relations between the continuous cyclic cohomology
of C∞(M) and de Rham homology of M , see [9, Theorem III.2.α.2].
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(iii) Let S(Rm) be the Fréchet algebra of rapidly decreasing infinitely smooth functions
on R

m. Then db S(Rm) = m [36].

Hence, for these Fréchet algebras: O(U), C∞(M) and S(Rm), the conditions of Corol-
lary 4.1 are satisfied. For example, by Corollary 4.1 and [46, § VII], for an even m,
HP 0(S(Rm)) = HCm(S(Rm)), the one-dimensional linear space generated by the fun-
damental m-trace

φ(f0, f1, . . . , fm) =
∫

Rm

f0 df1 ∧ · · · ∧ dfm,

and HP 1(S(Rm)) = HCm+1(S(Rm)) = {0}.

4.3. Applications to biflat Fréchet and Banach algebras

Let A be a biflat Fréchet algebra. By [20, Proposition 7.1.2 and Theorem 3.4.25], the
homology groups Hnaive

n (A) = Hn(A, A) = TorAe

n (A, A+) = {0} for all n � 1. Note that,
for the trivial A-bimodule C, there is a flat resolution

0 ← C ← A+ ← A ← 0

in the category of left or right Fréchet A-modules. Therefore, by [20, Proposition 7.1.2 and
Theorem 3.4.26], the homology groups Hbar

n (A) = Hn+1(A, C) = TorA
n+1(C, C) = {0} for

all n � 1. Hence HHn(A) = {0} for all n � 2. One can apply Propositions 3.2 and 3.3
for N = 2 to get relations between continuous cyclic and periodic cyclic homology and
cohomology groups for biflat Fréchet algebras.

In the Banach case it is also known that A = A2 and therefore Hbar
0 (A) = {0}. Hence,

one obtains the following result.

Corollary 4.5. Let A be a biflat Banach algebra. Then, up to topological isomor-
phism:

(i) for all � � 0, HC2�(A) = A/[A, A] and HC2�+1(A) = {0};

(ii) HP0(A) = A/[A, A] and HP1(A) = {0};

(iii) for all � � 0, HC2�(A) = Atr and HC2�+1(A) = {0};

(iv) HE0(A) = HP 0(A) = Atr and HE1(A) = HP 1(A) = {0}.

Proof. Statements (i) and (iii) are shown in [21, Theorem 25 and § 5]. Statements (ii)
and (iv) on continuous periodic cyclic homology and cohomology follow from (i), (iii)
and Propositions 3.2 and 3.3 for N = 1. Statement (iv), on entire cyclic cohomology,
follows from [26, Theorem 5.2] and [42, Theorem 6]. Recall that, for a biflat Banach
algebra A, dbw A � 2 [42, Theorem 6]. By [26, Theorem 5.2], for a Banach algebra A

of a finite weak bidimension dbw A, we have HEk(A) = HP k(A) for k = 0, 1. In view
of [20, Lemma 0.5.9] or [2, Lemma 7.1.32], one can deduce that these isomorphisms are
topological isomorphisms. �
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Example 4.6 (biflat Banach algebras).

(i) Amenable Banach algebras. Each nuclear C∗-algebra is amenable [18]. Some exam-
ples of amenable C∗-algebras are: (a) GCR C∗-algebras (in particular, commutative
C∗-algebras and the C∗-algebra of compact operators K(H) on a Hilbert space H);
(b) uniformly hyperfinite algebras [34, Remark 6.2.4].

Let G be a locally compact group with a left-invariant Haar measure ds. The group
algebra L1(G) of Haar integrable functions on an amenable locally compact group G with
convolution product is also amenable [24]. Therefore, by Corollary 4.5, for the continuous
cyclic and periodic cyclic cohomology groups and the entire cyclic cohomology of L1(G),
we have the following. For all � � 0,

HE0(L1(G)) = HP 0(L1(G)) = HC2�(L1(G)) = L1(G)tr,

where L1(G)tr = {f ∈ L∞(G) : f(ab) = f(ba) for all a, b ∈ L1(G)} and

HE1(L1(G)) = HP 1(L1(G)) = HC2�+1(L1(G)) = {0}.

It is shown in [17] that the Banach algebra K(E) of compact operators on a Banach
space E with property (A) which was defined in [17] is amenable. Property (A) implies
that K(E) contains a bounded sequence of projections of unbounded finite rank, and
from this it is easy to show (via embedding of matrix algebras) that there is no non-zero
bounded trace on K(E). Therefore, by Corollary 4.5, the continuous cyclic and periodic
cyclic homology and cohomology groups and the entire cyclic cohomology of K(E) are
trivial, that is, for all n � 0,

HCn(K(E)) = {0}, HCn(K(E)) = {0},

and, for k = 0, 1,

HPk(K(E)) = {0}, HEk(K(E)) = HP k(K(E)) = {0}.

Further examples of amenable Banach algebras can be found in [17].

(ii) Biprojective Banach algebras. The definition and examples of biprojective Banach
algebras are given in [20, § IV.5]. One example is the Banach algebra �1 of summable
complex sequences (ξn) with coordinatewise operations. By Corollary 4.5, for all k � 0,

HP0(�1) = HC2k(�1) = �1, HP1(�1) = HC2k+1(�1) = {0},

HE0(�1) = HP 0(�1) = HC2k(�1) = �∞,

where �∞ is the Banach space of bounded sequences, and

HE1(�1) = HP 1(�1) = HC2k+1(�1) = {0}.

(iii) The algebra K(�2⊗̂�2) of all compact operators on the Banach space �2⊗̂�2 provides
an example of a non-amenable, biflat semisimple Banach algebra with a left-bounded
approximate identity [43].
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4.4. Applications to Fréchet and operator algebras with trivial HHn(A)
for all n � 0

Corollary 4.7. Let A be a Fréchet algebra. Suppose that HHn(A) = {0} for all n � 0.
Then

HHn(A) = HCn(A) = HCn(A) = {0} for all n � 0,

and

HPk(A) = HP k(A) = {0} for k = 0, 1.

Proof. By [5, Lemma 2], HHn(A) = {0} for all n � 0 if and only if HHn(A) = {0}
for all n � 0. Hence, by [5, Lemmas 1 and 2], HCn(A) = HCn(A) = {0} for all n � 0
and HPk(A) = HP k(A) = {0} for k = 0, 1. �

Corollary 4.8. Let A be a C∗-algebra without non-zero bounded traces. Then

HHn(A) = HHn(A) = HCn(A) = HCn(A) = {0} for all n � 0,

and

HPk(A) = HP k(A) = {0} for k = 0, 1.

Proof. By [12, Proposition 1.7.3], any C∗-algebra has a bounded approximate iden-
tity and so Hn

bar(A) = {0} for all n � 0 [24]. By [8, Theorem 4.1 and Corollary 3.3], for
every C∗-algebras without non-zero bounded traces, the simplicial cohomology groups
Hn

naive(A) = Hn(A, A∗) = {0} for all n � 0. Therefore, HHn(A) = {0} for all n � 0.
By [5, Lemma 2], HHn(A) = {0} for all n � 0. Hence, Corollary 4.7 shows that
HCn(A) = HCn(A) = {0} for all n � 0 and HPk(A) = HP k(A) = {0} for k = 0, 1. �

Example 4.9 (C∗-algebras without non-zero bounded traces).

(i) The C∗-algebra K(H) of compact operators on an infinite-dimensional Hilbert space
H [1, Theorem 2]. We can also show that C(Ω, K(H))tr = {0}, where Ω is a compact
space.

(ii) Properly infinite von Neumann algebras U . By [41, Proposition 2.2.4] in U there
exists a sequence (pm) of mutually orthogonal, equivalent projections with pm ∼ e.
Thus, by [15, Theorem 2.1], each Hermitian element of U is the sum of five commutators.
Hence, there are no non-zero traces on U . This class includes the C∗-algebra B(H) of
all bounded operators on an infinite-dimensional Hilbert space H; see also [19] for the
statement B(H)tr = {0}.

One can see that, for these C∗-algebras: K(H), C(Ω, K(H)), B(H), where H is an
infinite-dimensional Hilbert space and properly infinite von Neumann algebras U , the
conditions of Corollary 4.8 are satisfied. Therefore, for these algebras, the following con-
tinuous homology and cohomology groups are trivial: HH, HC and HP .
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5. Cohomology of projective limits of locally convex algebras

In the first part of this section we recall some notation and terminology used in locally
convex spaces and in topological algebras, and we give some necessary explanations. One
can consult the books by Mallios [33] on topological algebras and by Jarchow [23] or
Köthe [27,28] on locally convex spaces. In the second part of this section we prove the
main results of the paper on cohomology and homology of projective limits of locally
convex and Fréchet algebras.

5.1. Inductive and projective limits: definitions, notation and explanations

We say that an index set (Λ, �) is directed if it is a partially ordered set with respect
to � such that for any indices α, β in Λ there exists an index γ ∈ Λ with α � γ and
β � γ. A subset Λ0 of Λ is called cofinal if for every β in Λ there is α in Λ0 such that
β � α. The definition of an inductive system (Eα, Sα,β)(Λ,�) of topological vector spaces
can be found in [23, § 4.5]. Let Iα : Eα →

⊕
β∈Λ Eβ , α ∈ Λ, be the canonical injections.

Let L be the linear span of the union of all Im(Iα − Iβ ◦ Sβ,α), where α, β ∈ Λ such that
α � β. Then the quotient space (

⊕
β∈Λ Eβ)/L, endowed with the quotient topology, is

called the topological inductive limit of (Eα, Sα,β)(Λ,�). We denote the inductive limit by
lim→

α
Eα or indα∈Λ Eα (see, for example, [23, § 4.5]). Note that on ignoring the topology

in lim→
α

Eα we obtain the algebraic inductive limit.
Let Q :

⊕
β∈Λ Eβ → lim→

α
Eα be the quotient map corresponding to our construction

and let, by definition, Sβ = Q◦Iβ , β ∈ Λ. Recall that an inductive system (Eα, Sα,β)(Λ,�)

of topological vector spaces, as well as the corresponding inductive limit, is said to be
reduced if the maps

Sβ : Eβ → lim→
α

Eα

are injective for every β ∈ Λ. For a reduced inductive system (Eα, Sα,β)(Λ,�), as a linear
space, lim→

α
Eα is just the union

⋃
α∈Λ Eα [23, § 4.5].

In the case where (Λ, �) is N with its natural order, a reduced inductive system
(Em, Sm,n)N of topological vector spaces, and the corresponding inductive limit, are said
to be strict if the topological vector space En is a subspace of Em and Sm,n is the embed-
ding of En into Em for n � m in N and the topology of En is equal to the one induced
by Em.

The definition of a projective system (Eα, Tα,β)(Λ,�) of topological vector spaces can
be found in [23, § 2.6]. The subspace F of

∏
α∈Λ Eα which consists of all (xα) ∈

∏
α∈Λ Eα

such that Tα,βxβ = xα holds for α � β in Λ is called the projective limit of the projective
system. We always consider F as a topological vector space with respect to the relative
topology of the product. We denote the projective limit by lim←

α
Eα or Projα∈Λ Eα (see,

for example, [23, § 2.6]). On ignoring the topology in lim←
α

Eα, we obtain the algebraic
projective limit.

Define Tβ as the restrictions of the projection Prβ :
∏

α∈ΛEα → Eβ , β ∈ Λ, on lim←
α

Eα.
Note that Tα = Tα,β ◦ Tβ if α � β. Recall that a projective system (Eα, Tα,β)(Λ,�) of
topological vector spaces, as well as the corresponding projective limit, is said to be
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reduced if the maps
Tβ : lim←

α
Eα → Eβ

have dense range for every β ∈ Λ [23, § 2.6].
One can find the definition of the topological derived functors

lim
←
j

n, n � 0,

of lim←
j

in [37] or [14, § 3.2]. Recall that one possible construction of the derived functor
lim1

←
j

is as follows (see [37, § 5] or [14, § 3.2]). Firstly, every projective system of Fréchet
spaces (Ej , Tj,k)(N,�) possesses a free resolution of the form

0 → (Ej)j∈N

u−→ (Lj)j∈N

v−→ (Lj−1)j∈N → 0, (5.1)

where L0 = {0} and, for all j � 1, Lj =
∏j

k=1 Ek is the free projective system with
generators E1, . . . , Ek, . . . , and the morphisms u = (uj) and v = (vj) of projective
systems are defined by the formulae

uj : Ej → Lj : x �→ (T1,jx, . . . , Tj,jx)

and

vj : Lj → Lj−1 : (x1, . . . , xj) �→ (x1 − T1,2x2, . . . , xj−1 − Tj−1,jxj) (xj ∈ Ej).

Since the projective limit is a left-exact functor, the short exact sequence (5.1) induces
a sequence of Fréchet spaces and continuous operators

0 −→ lim
←
j

Ej
Proj(u)−−−−−→

∏
j∈N

Ej
Proj(v)−−−−−→

∏
j∈N

Ej ,

which is left exact. Then one can deduce that

lim
←
j

1Ej = Coker Proj(v) and lim
←
j

nEj = {0} for n � 2.

Therefore, on ignoring the topology in lim1
←
j
Ej , we obtain the algebraic lim1

←
j
Ej

(see [47, § 3.5] for a similar construction in the algebraic case).
Recall that a projective system (Ej , Tj,k)(N,�) with the property that all structural

maps Tj,k : Ek → Ej , j � k, have dense range is called a Mittag–Leffler system [14,
Definition 3.2.10]. One should be careful not to confuse this definition with the purely
algebraic version [47, Definition 3.5.6].

A projective system (Ej , Tj,k)(N,�) of Fréchet spaces is a Mittag–Leffler system if and
only if it is reduced (see, for example, [3, Chapitre II, § 3, Théorème 1]). Therefore,
by [14, Theorem 3.2.4 and Lemma 3.2.3], for a reduced projective system (Ej , Tj,k)(N,�),
lim1

←
j
Ej = {0}.

A projective system of topological algebras is, by definition, a projective system

(Aα, Tα,β)(Λ,�)
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such that Aα, α ∈ Λ, are topological algebras and Tα,β , with α � β in Λ, are continuous
morphisms of algebras [33, Definition III.2.1]. The projective limit A = lim←

α
Aα is a

closed subalgebra of the Cartesian product topological algebra
∏

α∈Λ Aα. In particular,
A is complete if each Aα, α ∈ Λ, is complete; A is Hausdorff if each Aα, α ∈ Λ, is
Hausdorff. The projective limit A = lim←

α
Aα of locally convex algebras with jointly

continuous multiplications is a topological algebra of the same type [33, §§ III.1, 2].

5.2. Main results on cohomology of projective limits of locally convex
algebras

Theorem 5.1. Let (Aα, Tα,β)(Λ,�) be a reduced projective system of complete Haus-
dorff locally convex algebras with jointly continuous multiplications, and let A be the
projective limit algebra A = lim←

α
Aα. Then, up to isomorphism of linear spaces, for all

n � 0,

HCn(A) = lim→
α

HCn(Aα)

and, for k = 0, 1,

HP k(A) = lim→
α

HP k(Aα).

The same is true for the following cohomology groups: Hnaive, Hbar and HH.

Proof. We deduce the theorem from a sequence of lemmas.

Lemma 5.2. Let (Aα, Tα,β)(Λ,�) be a reduced projective system of complete Hausdorff
locally convex algebras with jointly continuous multiplications and let A = lim←

α
Aα.

Then

(i) for all n � 1, (A⊗̂n
α , T ⊗̂n

α,β)(Λ,�) is a reduced projective system of complete Hausdorff
locally convex algebras,

(ii) for all n � 0, up to topological isomorphism,

Cn(A) def= A⊗̂(n+1) = lim←
α

A⊗̂(n+1)
α ,

where the isomorphism is the linear continuous extension of

(a(1)
α1

)α1 ⊗ (a(2)
α2

)α2 ⊗ · · · ⊗ (a(n+1)
αn+1

)αn+1 �→ (a(1)
α ⊗ a(2)

α ⊗ · · · ⊗ a(n+1)
α )α,

(iii) for all n � 1, the dual system

((A⊗̂n
α )′, (T ⊗̂n

α,β)∗)(Λ,�)

is a reduced inductive system and, up to isomorphism of linear spaces,

Cn(A) def= (A⊗̂(n+1))′ = lim→
α

(A⊗̂(n+1)
α )′.

https://doi.org/10.1017/S0013091504000410 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091504000410


192 Z. A. Lykova

Proof. (i), (ii) By virtue of properties of the projective tensor product of Hausdorff
locally convex spaces [23, §§ III.15.1, 2] and by [33, Lemma X.3.1], for any β, α ∈ Λ,
Bβ⊗̂Aα is a complete Hausdorff locally convex algebra. In view of [28, § 41.6] or [23,
§ 15.4], the projective system (Bα⊗̂Aα, Fα,β ⊗ Tα,β)(Λ,�) is reduced and, up to topological
isomorphism,

B⊗̂A = lim←
(β, α)

Bβ⊗̂Aα,

where (β, α) ∈ (Λ×Λ, �) and (Λ×Λ, �) is directed by the order relation: (β, α) � (β′, α′)
if and only if β � β′ and α � α′. Note that the directed subset {(α, α) | α ∈ (Λ, �)} is
cofinal in the directed set (Λ × Λ, �). Therefore, up to topological isomorphism,

lim←
(β, γ)

Bβ⊗̂Aγ = lim←
α

Bα⊗̂Aα,

where the isomorphism is given by

(w(β,γ))(β,γ) �→ (w(α,α))α.

By induction on n, one can see that, for all n � 1, (A⊗̂n
α , T ⊗̂n

α,β)(Λ,�) is a reduced
projective system of complete Hausdorff locally convex algebras and, for all n � 0,

Cn(A) = A⊗̂(n+1) = A⊗̂n⊗̂A =
(

lim←
β

A⊗̂n
β

)
⊗̂

(
lim←

γ
Aγ

)
= lim←

α
A⊗̂(n+1)

α .

(iii) By [23, Proposition 8.8.7], the dual system of

(A⊗̂n
α , T ⊗̂n

α,β)(Λ,�),

that is,
((A⊗̂n

α )′, (T ⊗̂n
α,β)∗)(Λ,�)

is a reduced inductive system, and the dual of lim←
α

A
⊗̂(n+1)
α can be identified as a linear

space with the inductive limit lim→
α

(A⊗̂(n+1)
α )′. Therefore, by part (ii), up to isomorphism

of linear spaces,
Cn(A) def= (A⊗̂(n+1))′ = lim→

α
(A⊗̂(n+1)

α )′.

Since ((A⊗̂n
α )′, (T ⊗̂n

α,β)∗)(Λ,�) is a reduced inductive system, as a linear space,

lim→
α

(A⊗̂(n+1)
α )′ =

⋃
α∈Λ

(A⊗̂(n+1)
α )′

(see [23, § 4.5]). Note that the isomorphism⋃
α∈Λ

(A⊗̂(n+1)
α )′ → (A⊗̂(n+1))′

is given by the following map: for each α ∈ Λ,

(A⊗̂(n+1)
α )′ → (A⊗̂(n+1))′ : f �→ f ◦ T ⊗̂(n+1)

α .

�
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Lemma 5.3. Let (Aα, Tα,β)(Λ,�) be a reduced projective system of complete Hausdorff
locally convex spaces. Then, up to topological isomorphism,

N⊕
�=1

lim←
α

A⊗̂(k�)
α = lim←

α

N⊕
�=1

A⊗̂(k�)
α ,

∏
��1

lim←
α

A⊗̂(k�)
α = lim←

α

∏
��1

A⊗̂(k�)
α ,

and (
∏

��1 A
⊗̂(k�)
α , (T ⊗̂(k�)

α,β )�)(Λ,�) is a reduced projective system of complete Hausdorff
locally convex spaces.

Proof. By Lemma 5.2 and by virtue of properties of topological products [27, §§ 1.8
and 18.3], (∏

��1

A⊗̂(k�)
α , (T ⊗̂(k�)

α,β )�

)
(Λ,�)

is a reduced projective system of complete Hausdorff locally convex spaces.
The isomorphism ∏

��1

lim←
α

A⊗̂(k�)
α = lim←

α

∏
��1

A⊗̂(k�)
α

is given by the following map. Let (vα)α ∈ lim←
α

∏
��1 A

⊗̂(k�)
α , that is,

vα = (v1
α, v2

α, . . . , v�
α, . . . ),

where v�
α ∈ A

⊗̂(k�)
α and for all � � 0 we have T

⊗̂(k�)
α,β v�

β = v�
α whenever α, β ∈ Λ are such

that α � β. It is clear that, for every � � 0, (v�
α)α belongs to lim←

α
A

⊗̂(k�)
α . Therefore, the

isomorphism can be given by

((v�
α)∞

�=1)α �→ ((v�
α)α)∞

�=1.

The proof for the direct sum is still simpler. �

Conclusion of the proof of Theorem 5.1. Let us prove the result for HC∗. By
definition, HCn(A) = Hn((BcΩ̄A+)′, b̃∗ + B̃∗), where

(BcΩ̄A+)0 = A, . . . ,

(BcΩ̄A+)2k−1 = (A⊗̂2 ⊕ A) ⊕ (A⊗̂4 ⊕ A⊗̂3) ⊕ · · · ⊕ (A⊗̂(2k) ⊕ A⊗̂(2k−1))

and

(BcΩ̄A+)2k = A ⊕ (A⊗̂3 ⊕ A⊗̂2) ⊕ · · · ⊕ (A⊗̂(2k+1) ⊕ A⊗̂(2k)).

By Lemma 5.3, one can see that

(BcΩ̄A+)2k−1 = lim←
α

((A⊗̂2
α ⊕ Aα) ⊕ (A⊗̂4

α ⊕ A⊗̂3
α ) ⊕ · · · ⊕ (A⊗̂(2k)

α ⊕ A⊗̂(2k−1)
α ))

and

(BcΩ̄A+)2k = lim←
α

(Aα ⊕ (A⊗̂3
α ⊕ A⊗̂2

α ) ⊕ · · · ⊕ (A⊗̂(2k+1)
α ⊕ A⊗̂(2k)

α )).
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In view of Lemma 5.2, the cochain complex ((BcΩ̄A+)′, b̃∗ + B̃∗) is an inductive limit
of the reduced inductive system of cochain complexes ((BcΩ̄(Aα)+)′, b̃∗ + B̃∗). Using
the fact that cohomology commutes with inductive limits (see [4, Proposition 1, p. 28]
or [7, Proposition V.9.3]), we have

HCn(A) = lim→
α

HCn(Aα).

The same method works for the cohomology groups H∗
naive, H∗

bar, HH∗ and HP ∗. �

Theorem 5.4. Let (Aj , Tj,k)(J,�) be a countable reduced projective system of Fréchet
algebras, and let A be the projective limit of (Aj , Tj,k)(J,�), A = lim←

i
Ai. Then, for all

n � 0, the following short sequences

0 → lim←
i

1HCn+1(Ai) → HCn(A) → lim←
i

HCn(Ai) → 0,

and

0 → lim←
i

1HPk+1(Ai) → HPk(A) → lim←
i

HPk(Ai) → 0, for k = 0, 1,

are exact. The same statement is true for the following homology groups: Hnaive, Hbar

and HH.

Proof. By Lemmas 5.2 and 5.3, the chain complex (BpΩ̄A+, b̃ + B̃) is the projective
limit of a reduced projective system of chain complexes (BpΩ̄(Ai)+, b̃ + B̃). Since the
system is reduced, and therefore is a Mittag–Leffler system of topological spaces, by [14,
Theorems 3.2.8 and 3.2.4] and [37, § 5], we find that

lim←
i

1(BpΩ̄(Ai)+)ev = {0} and lim←
i

1(BpΩ̄(Ai)+)odd = {0};

see § 5.1 for a more detailed explanation. By [47, Theorem 3.5.8], for any tower of chain
complexes {Ci} and for C = lim←

i
Ci such that lim1

←
i
Ci = {0}, there is an exact sequence

for each n:
0 → lim←

i

1Hn+1(Ci) → Hn(C) → lim←
i

Hn(Ci) → 0.

Therefore, for the tower of chain complexes {BpΩ̄(Ai)+, b̃ + B̃} and for

(BpΩ̄A+, b̃ + B̃) = lim←
i

(BpΩ̄(Ai)+, b̃ + B̃),

the short sequence

0 → lim←
i

1HPn+1(Ai) → HPn(A) → lim←
i

HPn(Ai) → 0

is exact for each n. The same method works for the homology groups Hnaive
∗ , Hbar

∗ , HH∗
and HC∗. �
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6. Fréchet algebras as projective limits of Banach algebras

Let A be a Fréchet locally m-convex algebra. We may assume that the sequence of
submultiplicative semi-norms Γ = (pi)i∈N on A is increasing; that is, for every a ∈ A,

p1(a) � p2(a) � · · · pn(a) � pn+1(a) � · · · .

[33, § I.3]
The Arens–Michael decomposition asserts that, up to topological isomorphism of alge-

bras, A = lim←
i
Ai, the projective limit of a sequence of Banach algebras Ai (see,

for example, [33, Corollary III.3.2]). Here Ai is the completion of the normed algebra
(A/p−1

i (0), pi). We shall denote the closed two-sided ideal

p−1
i (0) = Ker pi = {a ∈ A | pi(a) = {0}}

of A by Ni. For any n, the quotient map

ρn : A → A/Nn

is a continuous surjective algebra morphism. Consider also the mapping ρ̄n : A → An

obtained by composing ρn with the natural embedding in : A/Nn → An. Recall that, in
view of [33, § III.3], for any n and m, with n � m, the mapping

fnm : A/Nm → A/Nn : fnm(a + Nm) �→ a + Nn

is a continuous surjective algebra morphism and one has the relation

ρn = fnm ◦ ρm

for any n, m, with n � m. Furthermore, by considering the continuous extensions f̄nm

of the maps fnm ◦ in, one can see that the family {(An, f̄nm)N} is a reduced count-
able projective system of Banach algebras. Therefore, the following result follows from
Theorems 5.4 and 5.1.

Theorem 6.1. Let A be a Fréchet locally m-convex algebra and A = lim←
i
Ai. Then,

for the cohomology groups H = Hnaive, Hbar, HH and HC, up to isomorphism of linear
spaces, for all n � 0,

Hn(A) = lim→
i

Hn(Ai)

and, for k = 0, 1,

HP k(A) = lim→
i

HP k(Ai);

and, for homology groups H = Hnaive, Hbar, HH, HC, HP , the short sequence

0 → lim←
i

1Hn+1(Ai) → Hn(A) → lim←
i

Hn(Ai) → 0

is exact.
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Recall that b0 : A⊗̂A → A is uniquely determined by a ⊗ b �→ ab − ba.

Theorem 6.2. Let A be a Fréchet locally m-convex algebra and A = lim←
i
Ai. Suppose

that each Banach algebra Ai is biflat. Then:

(i) for all � � 0, HC2�(A) = A/[A, A] and HC2�+1(A) = {0};

(ii) HP0(A) = A/[A, A] and HP1(A) = {0};

(iii) for all � � 0, HC2�(A) = Atr and HC2�+1(A) = {0};

(iv) HP 0(A) = Atr and HP 1(A) = {0}.

Proof. As mentioned in § 4.3, for any biflat Banach algebra Ai, it is known that
Hbar

n (Ai) = {0} for all n � 0 and hence, by [5, Lemma 2], that Hn
bar(Ai) = {0} for

all n � 0. Therefore, by Theorem 6.1, Hn
bar(A) = {0} for all n � 0, and so, by [5,

Lemma 2], Hbar
n (A) = {0} for all n � 0. By [5, § 3], for all n � 0, Hnaive

n (A) = HHn(A)
and Hn

naive(A) = HHn(A).
By [21, Theorem 25], for any biflat Banach algebra Ai, it is known that Hn

naive(Ai) =
Hn(Ai, A

′
i) = {0} for all n � 1. Hence, by Theorem 6.1,

HHn(A) = Hn
naive(A) = lim→

i

Hn
naive(Ai) = {0} for all n � 1.

By Proposition 2.4, HHn(A) = {0} for all n � 1. Note that, by definition, Hnaive
0 (A) =

A/ Im b0 and H0
naive(A) = Atr. By Proposition 2.4, the fact that

Hn
naive(A) = {0} for all n � 1

implies that Hnaive
0 (A) is Hausdorff and therefore that Hnaive

0 (A) = A/[A, A]. State-
ments (i) and (iii) follow from the exactness of the long Connes–Tsygan sequences of
continuous homology and cohomology groups; see Theorem 3.1. Statements (ii) and (iv)
follow from Propositions 3.2 and 3.3 for N = 1. In view of [20, Lemma 0.5.9] or [2,
Lemma 7.1.32], one can deduce that, for homology groups, these isomorphisms are topo-
logical isomorphisms. �

Example 6.3. Let C(R) be the Fréchet locally m-convex algebra of continuous
complex-valued functions on R. Here an Arens–Michael decomposition is C(R) =
lim←

k
C[−k, k]. Each C∗-algebra C[−k, k] is amenable and therefore biflat. By Theo-

rem 6.2, since C(R) is commutative, for all � � 0,

HP0(C(R)) = HC2�(C(R)) = C(R),

HP1(C(R)) = HC2�+1(C(R)) = {0},

HP 0(C(R)) = HC2�(C(R)) = C(R)′ = lim→
k

M([−k, k]) = Mc(R),

the complex linear space of C-valued Radon measures on R with compact support, and
HP 1(C(R)) = HC2�+1(C(R)) = {0}.
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Corollary 6.4. Let A be a Fréchet locally m-convex algebra and A = lim←
i
Ai. Sup-

pose that, for each Banach algebra Ai, Hn
bar(Ai) = Hn

naive(Ai) = {0} for all n � 0. Then,
for all n � 0, HHn(A) = HHn(A) = {0}, HCn(A) = HCn(A) = {0}, and, for k = 0, 1,
HPk(A) = HP k(A) = {0}.

Corollary 6.5. Let A be a Fréchet locally C∗-algebra and A = lim←
i
Ai. Suppose

that each C∗-algebra Ai has no non-zero bounded trace. Then, for all n � 0, HHn(A) =
HHn(A) = {0}, HCn(A) = HCn(A) = {0}, and, for k = 0, 1, HPk(A) = HP k(A) = {0}.

Proof. It is known that for a C∗-algebra Ai without non-zero bounded traces
Hn

bar(Ai) = Hn
naive(Ai) = {0} for all n � 0 (see § 4.4). The result follows from Corol-

lary 6.4. �

In the next example we shall consider cyclic homology and cohomology of locally
C∗-algebras L(H), which play a similar role in the theory of locally C∗-algebras to that
of the C∗-algebra of all bounded linear operators on a Hilbert space in the theory of
C∗-algebras [22, § 5].

Example 6.6. Let H = lim→
i

Hi be a strict inductive limit of Hilbert spaces, that is,

H =
∞⋃

m=1

Hm,

where (Hm, 〈· , ·〉m)∞
m=1 is an increasing sequence of Hilbert spaces

H1 ⊂ H2 ⊂ · · · ⊂ Hm ⊂ Hm+1 ⊂ · · ·

such that 〈· , ·〉i = 〈· , ·〉j on Hi for all i < j. We endow H with the LF -topology. Suppose
that H1 and Hm+1/Hm, m = 1, 2, . . . , are infinite-dimensional spaces. Consider the
Fréchet locally C∗-algebra L(H) of continuous linear operators T on H that leave each
Hi invariant and satisfy TjPij = PijTj for all i < j, where Tj = T | Hj : Tj(η) = T (η) for
η ∈ Hj and Pij is the projection from Hj onto Hi. By the Arens–Michael decomposition,
up to topological isomorphism of algebras,

L(H) = lim←
m

L(Hm)

the projective limit of a sequence of C∗-algebras L(Hm) where, for each m, L(Hm) is
isomorphic to the C∗-direct sum

B(H1) ⊕ B(H2 � H1) · · · ⊕ B(Hm � Hm−1).

Here B(K) is the C∗-algebra of all bounded linear operators on the Hilbert space K and,
as we mentioned in Example 4.9, B(K) has no bounded trace when K is infinite dimen-
sional. Therefore, by Corollary 6.5, for all n � 0, HHn(L(H)) = HHn(L(H)) = {0},
HCn(L(H)) = HCn(L(H)) = {0} and, for k = 0, 1, HPk(L(H)) = HP k(L(H)) = {0}.
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