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Abstract  We introduce two measures of weak non-compactness Jag and Ja that quantify, via distances,
the idea of boundary that lies behind James’s Compactness Theorem. These measures tell us, for a
bounded subset C' of a Banach space E and for given z* € E*, how far from E or C one needs to go

to find z** € v’ C E** with «**(z*) = supz™(C). A quantitative version of James’s Compactness
Theorem is proved using Jag and Ja, and in particular it yields the following result. Let C' be a closed
convez bounded subset of a Banach space E and r > 0. If there is an element z§* in C"  whose
distance to C is greater than r, then there is * € E* such that each ** € C* at which supz*(C)

is attained has distance to E greater than %r. We indeed establish that Jag and Ja are equivalent to

other measures of weak non-compactness studied in the literature. We also collect particular cases and
examples showing when the inequalities between the different measures of weak non-compactness can
be equalities and when the inequalities are sharp.
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1. Introduction

The celebrated James Compactness Theorem says that a closed convex subset C' of
a Banach space F is weakly compact whenever each x* € E* attains its supremum on
C [11]. In particular, E is reflexive whenever each x* € E* attains its norm at some point
of the closed unit ball Bg of E. In the present paper we prove a quantitative version of
this theorem. Such a result not only fits into the recent research on quantitative versions
of various famous theorems on compactness presented in, for example, [2,5,7-10], to
which we relate our results here, but also yields a strengthening of James’s Theorem
itself. In particular, we get the following result.

Theorem 1.1. Let E' be a Banach space and let C C E be a closed convex bounded
set that is not weakly compact. Let 0 < ¢ < %d(éw ,C) be arbitrary. Then there is
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some xz* € E* such that for any x** € C' satisfying z**(z*) = supz*(C) we have
dist(z**, E) > c.

We use the following notation: if A and B are non-empty subsets of a Banach space F,
then d(A, B) denotes the usual inf distance between A and B, and the Hausdorff non-
symmetrized distance from A to B is defined by

d(A, B) = sup{d(a, B): a € A}.

Notice that d(A, B) can be different from d(B, A) and that max{d(A, B),d(B, A)} is the
Hausdorff distance between A and B. Notice further that d(A, B) = 0 if and only if
A C B and that

d(A,B) =inf{e > 0: AC B+eBg}.

Let us remark that we consider the space E canonically embedded into its bidual E**
and that by C" we mean the weak* closure of C' in the bidual E**.

When applying Theorem 1.1 for ¢ = 0, we obtain the classical James Compactness
Theorem. Our results in this paper go beyond Theorem 1.1. We should stress that what
we really do in this paper is introduce several measures of weak non-compactness in
Banach spaces related to distances to boundaries and then study their relationship with
other well-known measures of weak non-compactness previously studied. Our main result
is Theorem 3.1. Combination with known or easy results gives Corollary 3.5. Theorem 1.1
is then an immediate consequence.

The quantities that we introduce are the following.

Definition 1.2. Given a bounded subset H of a Banach space E we define

*

Jap(H) = inf{e > 0: for every 2* € E*, there is 2™ € H
such that **(z*) = supz™(H) and d(z**, E) < ¢}

and

Ja(H) = inf{e > 0: for every #* € E*, there is 2" € "
such that ™" (2*) = supz*(H) and d(z**, H) < €}.

Note that the definition of Ja(H) is clearly inspired by the notion of a boundary that is
hidden in James’s Theorem. Recall that if Y is a Banach space and K C Y* is a convex
weak*-compact set, then a subset B C K is called a boundary of K if, for each y € Y,
there is b* € B such that

b*(y) = sup k*(y).
k*eK

James’s Compactness Theorem can now be rephrased in the following way.

Theorem. Let E be a Banach space and let C C E be a bounded closed convex set.
If C is a boundary of c’ , then C' is weakly compact.
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We will study the relationship of Jag(C) and Ja(C) to other quantities measuring
weak non-compactness of C. The two most obvious quantities of this kind are &(61” ,C)
and d(C" | E). We stress that these two quantities can be different (see the examples
in §5). The first one can be called ‘measure of weak non-compactness’ of C; the other
one can be called ‘measure of relative weak non-compactness’ of C'. .

Using the notation introduced above, Theorem 1.1 says that Jag(C) > %ci(éw ,C)
holds for any closed convex bounded subset C' of a Banach space FE.

In the following section we introduce several other quantities measuring weak non-
compactness and summarize easy inequalities among them. In § 3 we formulate and prove
our main result. As a corollary we obtain that all considered quantities measuring weak
non-compactness are equivalent.

In §4 we discuss the relationship to the quantitative version of Krein’s Theorem.
Section 5 contains examples showing that most of the inequalities are sharp. In the
final section we study some particular cases in which some of the inequalities become
equalities.

2. Measures of weak non-compactness

In this section we define and relate several quantities measuring weak non-compactness
of a bounded set in a Banach space. Such quantities are called measures of weak
non-compactness. Measures of non-compactness or weak non-compactness have been
successfully applied to the study of compactness in operator theory, differential equations
and integral equations (see, for example, [2,3,5-10,12,13]). An axiomatic approach to
measures of weak non-compactness may be found in [4,13]. But many of the natural
quantities do not satisfy all the axioms, so we will not adopt this approach. Anyway,
there is one property which should be pointed out: a measure of weak non-compactness
should have value zero if and only if the respective set is relatively weakly compact.

Let (x,) be a bounded sequence in a Banach space E. We define clust g+« ((x,)) to be
the set of all cluster points of this sequence in (E**, w*), i.e.

clust g« ((zy,)) = ﬂ {Zm:m > n}w )
neN

Given a bounded subset H of a Banach space E we define

v(H) =Sup{

limlimz} (x,) — limlim 2, (x,,)

: (€3,) € Bpe, (wa) C HJ,
assuming the limits involved exist:

ckg(H) = sup d(clustgs((z,)), E), ck(H) = sup d(clustg«((xy)), H).
("L'n)CH (‘Tn)CH

Properties of v can be found in [2,3,5,7,13], whereas ckg can be found in [2] (note
that ckg is denoted as ck in that paper; do not mistake it for ck above).
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So for a bounded set H C E we have the following quantities measuring weak non-
compactness:

dHE" H), dAE".B), &(H), cp(H), ~(H), Ja(H), Jap(H).

Let us stress the different nature of these quantities.

First, the quantities d(H ' ,H), ck(H), v(H) and Ja(H) do not depend directly on
the space F. More exactly, if F' is a Banach space and H C E C F, where F is a closed
linear subspace of F' and H a bounded subset of E, then these quantities are the same,
no matter whether we consider H as a subset of E or as a subset of F. This is trivial for
cZ(ﬁw ,H), and ck(H) and follows from the Hahn—Banach Extension Theorem for v(H)
and Ja(H). .

On the other hand, the quantities d(H ' ,E), ckg(H) and Jap(H) may decrease if
the space £ is enlarged. More exactly, if H C E C F are as above, then it may be that
d(H" ,F) <d(H" ,E) and similarly for the other quantities (see examples in §5).

Since we are interested in James’s Compactness Theorem, the most important case for
us is the case of a closed convex bounded set H. Nonetheless, we define the quantities for
an arbitrary bounded set and formulate results as generally as possible. Anyway, such

generalizations do not yield new results in view of the following proposition.

Proposition 2.1. Let E be a Banach space and let H C E be a bounded subset.

(i) All the above defined quantities have the same value for H and for H.

(ii) The quantities d(ﬁw*,E), Jag(H) and v(H) have the same value for H and for
the weak closure of H.

(iii) Jag(co H) < Jag(H) and y(co H) = ~(H).

Proof. Assertion (i) is obvious.
Let us proceed with assertion (iii). The first inequality is trivial. The second equality
is not easy at all; it is proved in [7, Theorem 13] (see [5, Theorem 3.3] for a different

proof).
Finally, let us show (ii). The case of y(H) follows from (i) and (iii). The other cases
are trivial. O

As for the quantities not covered by this proposition, it does not seem to be clear
whether ckg(H) has the same value for H and for the weak closure of H. The quantities
ckp(H) and d(H" | E) may increase when passing to co H: this follows from the results
of [8,10] (see Example 5.6).

We do not know whether the quantity Jag(H) may really decrease when passing to
co H. This question seems not to be easy. Indeed, in view of the obvious inequalities
Jap(coH) < Jag(H), ckg(H) < ckg(co H) and taking into account Jag(H) < ckg(H)
(see Proposition 2.2), if we had Jag(coH) < Jag(H), then we would conclude that
Jag(co H) < ckg(co H). The only example of a convex set C' satisfying Jag(C) < ckg(C)
known to us is given in Example 5.6 and it seems that it cannot easily be improved.
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As for the quantities d(H" ,H), ck(H) and Ja(H), they are natural in the case of a
convex set H. If H is not convex, they are not measures of weak non-compactness in the
above sense, since they may be strictly positive even if H is relatively weakly compact.
This is demonstrated by Example 2.3.

The following proposition summarizes the easy inequalities.

Proposition 2.2. Let E be a Banach space.

(i) Let H C E be a bounded set. Then the following inequalities hold true:

Jap(H) < ckp(H) < dH" | E) <~(H).
(ii) Let C C E be a convex bounded set. Then the following inequalities hold true:

ckp(C) < d(C",E)
\y \y
Jap(C) < Ja(C) < k(C) < 4@ ,0) < 2(C)

\n

Proof. Let us start with (i). The inequality ckg(H) < d(H" ,E) is trivial. The
inequality d(H" ,E) < ~(H) is proved in [7, Proposition 8(ii)] (see also [5, Corol-
lary 4.3]). Let us show that Jag(H) < ckp(H).

Note first that if Jag(H) = 0, then inequality 0 < ckg(H) trivially holds. Assume that
0 < Jap(H) and take an arbitrary 0 < ¢ < Jag(H). By definition there exists 2* € E*
such that for any z** € H' with #**(2*) = sup #*(H) we have that ¢ < d(z**, E). Fix
a sequence (x,) in H satisfying sup *(H) = lim,, 2*(x,). Then each weak* cluster point
x** of (x,) satisfies 2**(z*) = supa™(H); hence ¢ < d(clustg«((x,,)), E) and therefore
¢ < ckg(H). This finishes the proof for Jag(H) < ckg(H).

Now let us proceed with part (ii). All inequalities are obvious except Jag(C) < ckg(C),
Ja(C) < ck(C) and d(C” ,C) < ~(C). The former follows from (i). The latter can be
proved in the same way. i

Now we prove that d(C" ,C) < ~(C). Suppose that r > 0 is such that d(C" ,C) > r.
Fix 2** € C" such that d(z**,C) > r. By the Hahn—Banach Separation Theorem there
exist z*** € X*** with ||#***|| = 1 and s € R such that

(™) > s+ 1> s> sup ™(z). (2.1)
zeC

We will construct by induction two sequences (x,) in C and (z) in Bg- such that the
following conditions are satisfied for each n € N:

—
—

=
8

Hay) > s+
(i) (xm) < s for m < mn;

(zn) > s+ 71 for m < n.

https://doi.org/10.1017/50013091510000842 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091510000842

374 B. Cascales, O. F. K. Kalenda and J. Spurniyj

By (2.1) and the Goldstine Theorem we can choose z7 satisfying (i). Now suppose
that n € N is such that 7, for m < n and z,, for m < n satisfy (i)—(iii). Using that (i)
holds for z¥,...,z} and that ** € C"", we can choose z, € C satisfying (iii). Further,
by (2.1) and the Goldstine Theorem we can find x| € Bp- satisfying (i) and (ii). This
completes the construction.

By passing to subsequences we may assume that lim,, « (z,,,) exists for all m € N and
that lim,, 2% (z,,) exists for all n € N and (ii) and (iii) are satisfied. By taking further
subsequences we may assume also that the limits lim,, lim,,, ¥ (z,,) and lim,, lim,, 2% (z,)
exist and that again (ii) and (iii) are satisfied. By the construction we get

limlimz) () 2 s+r and limlima) (z,,) < s,
n m m n

hence v(C) > r. This completes the proof. O

We note that in the second part of the proposition above we only have to use the
convexity of C' to prove the inequality (Z(éw ,C) < v(C); the rest of the inequalities hold
for an arbitrary bounded set. But for non-convex sets only the first part is interesting.
This is witnessed by the following example which shows in particular the failure of the
inequality d(C" ,C) < ~(C) if C is not convex.

Example 2.3. Let £ = ¢y or E = {,, for some p € (1,00). Let H = {e,: n € N},
where e, is the canonical nth basic vector. Then H is relatively weakly compact; hence,

dH" ,E) = ckg(H) = Jap(H) = y(H) = 0. However,
Ja(H) = ck(H) = d(H" ,H) = 1.

Proof. As the sequence (e,) weakly converges to 0, H is relatively weakly compact.
This finishes the proof of the first part. Moreover, Hw* is in fact the weak closure of
H in E and is equal to H U {0}. Thus, clearly d(H" ,H) = ck(H) = 1. Finally, to
show Ja(H) > 1, consider 2* € E* represented by the sequence (—1/2")7°, in the
respective sequence space. Then sup *(H) = 0 and the only point in H" at which the
supremum is attained is 0. The observation that d(0, H) = 1 completes the proof. O

We_remark that for non-convex H it is more natural to consider the quantity
d(H" ,coH) instead of using d(H ,H) (see §4). Similar versions of other quantities
can be studied as well.

3. Quantitative versions of James’s Theorem

This section is devoted to the proof of the main results of this paper. In the course of
the proof we use a proof of James’s Compactness Theorem due to Pryce in [14].

Theorem 3.1. Let E be a Banach space and H C E a bounded subset. Then

37(H) < Jap(H).
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Proof. Assume that v(H) > r for some r > 0. We denote by

(i) F the space of all norm continuous positive homogenous real-valued functions on
E, i.e. continuous functions f: E — R satisfying f(ax) = af(z),« > 0and x € E,

(i) p(f) = sup f(H), f € F,
(iii) P(f) = sup|fI(H), f € F.

Then p is a sublinear functional and P is a seminorm on F'.
Let (f;) C Bg- and (z;) C H be sequences such that

limlim f;(z;) — limlim f;(z;) > r
i i J i

and all the limits involved exist. By omitting finitely many elements of (f;) we may
assume that
lim f;(z;) — limlim f;(2;) >r, ¢€N. (3.1)
J jod

Hence, for every i € N there exists jo € N such that
filzj) =lim fi(z;) > 7, j = jo.

Let X stand for the linear span of { f;: i € N}. As X is separable in the seminorm P and
the functionals f; are equicontinuous for the norm on F, it follows from [14, Lemma 2]
that we can suppose without loss of generality that

p(f - limiinf fz) = p(f — lim sup fl) for all f € X. (3.2)

We denote
K, =conv{f;:i>n}, neN,

and thus we obtain
FOE*DXDKI DKyD---.

By the proof of [14, Lemma 3] and bearing in mind the inequality (3.1), we obtain
p(f _ liminf fi) >, feKi. (3.3)

Next we quote [14, Lemma 4].

Claim 3.2. Let Y be a linear space, let p, 3, 3’ be strictly positive numbers, let p be
a sublinear functional on Y, let A C'Y be a convex set and let u € Y satisfy

inf p(u + fa) > Bp + p(u).
Then there exists ag € A such that

inf p(u + fag + B'a) > B'p+p(u+ Bag).
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This claim will be used to prove the following one, which is a mild strengthening
of [14, Lemma 5]. Let us fix an arbitrary r’ € (0,r).

Claim 3.3. Let (8,) be a sequence of strictly positive numbers. Then there exists a
sequence (g,,) in F' such that g, € K,, for n € N and

" n—1
p<;6i (gi ~ it fj)) > o +p< ; & (gi ~ lim inf fj))’ neN.  (3.4)

Proof. The construction proceeds by induction. Let fy = liminf; f;.
If n =1, we use Claim 3.2 foru =0, 8 = 61, 3 = B2, p =7 and A = Ky — fo.
By (3.3),

;22 p(u+ Bg) = glrelg Bp(9)

=0 flenlglp(f — hmjmffj)
> 617“/
= ﬁﬂ“’—’—p(’d%

and hence Claim 3.2 gives the existence of g; € K7 satisfying
fienif; p(Bi(g1 — fo) + B2(f — fo)) > Bor’ + p(Bi(91 — fo))-
1

This finishes the first step of the construction.
Assume now that we have found ¢g; € K;,i =1,...,n—1, for some n € N, n > 2, such

that »
fEK 1 (ZIBZ 9i fO +ﬁnf) >ﬁn7‘/—‘y—p(z,61(gl—fo)>
n—1—fo P

We use Claim 3.2 with u = 377" 8;(gi — fo), 8= B> B = Bus1, p =1 and A = K,,— fo.
Since K,, C K, _1, inductive hypothesis gives

whplutpf)> b plutBf) > B’ + p(u).

By Claim 3.2, there exists g, € K, such that

n—1

lnfp(26z gi fO +ﬁn+1f) >ﬁn+1r +p(25z gi f0)+ﬁn(gn_f0)>~

i=1

This completes the inductive construction.
We have obtained elements g, € K,, n € N, such that

gler}g p(Zﬂz gi — fo) + Bnt1(9 — fo)) >5n+17“’+p<25i(9i—fo)>-

=1
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Since gn4+1 € K41 C Ky, this yields

(Z@ 9i — fo) + Bns+1(gns1 — fo))>5n+17“/+p<25i(9i—f0)>-

i=1

This finishes the proof. O

Let 8; > 0, i € N, be chosen such that

Let (g,) be a sequence provided by Claim 3.3. Since for every n € N we have that
gn € K,, C Bg~, we can select a weak*-cluster point gy € Bg+ of (g, ). By [14, Lemma 6],
we have the following observation.

Claim 3.4. For any f € X, p(f — go) = p(f — liminf, f,).
By Claim 3.4, we can replace liminf; f; by go in (3.4) and get the following inequalities

n—1

(Z@ i >>ﬁnr +p<2ﬁz 9i )), n € N. (3.5)

We set M = sup{||z|: ¢ € H} and remark that ||g; — go|| < 2,7 € N.

We set g = >, Bi(gi — go). Let u € H" be an arbitrary point satisfying g(u) =
sup g(H). Then, for any n € N, from (3.5) we get

Zﬁi(gi — go)(u) = g(u) — Z Bi(gi — go)(u)

1=n—+1

9)—2M > 5

1=n+1

>p(zn:ﬂi(gi ) (Zﬁl 9i — 90) g) —-2M Z Bi
i=1 i=nt1
>P(§;5i(gi—go)) —4M Z Bi

1=n+1

n—1 s}
> o 4o X Ao o)) -1 3
i=1

1=n—+1
n—1 [e)
> B’ + Y Bilgi — go)(u) —4M D B
=1 i=n+1

Hence,

(9n = g0)(u) > 1" —4Mf Z Bi, meN,

ni n+1
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which gives

lim inf (g, — go) (u) > 7'

(3.6)
Let v € E be arbitrary. Then go(v) > liminf,, g, (v), which along with (3.6) gives
r’ < liminf g, (u) — liminf g, (v) + go(v — u)
< - limninf(gn(v) — gn(uw)) + go(v —u) < 2||v —ull.

By the definition of Jag(H) it follows that Jag(H) > 4r'. Since r satisfying v(H) > r
and r’ € (0,7) are arbitrary, we conclude that Jag(H) > 3v(H). O

As a consequence of Theorem 3.1 we obtain that all measures of non-compactness that
we have considered in this paper are equivalent. In other words, all classical approaches
used to study weak compactness in Banach spaces (Tychonoff’s Theorem, Eberlein’s The-

orem, Grothendieck’s Theorem and James’s Theorem) are qualitatively and quantitatively
equivalent.

Corollary 3.5. Let ¥ be a Banach space.

(i) Let H C E be a bounded set. Then the following inequalities hold true:

1 Pag—

Ly (H) < Jap(H) < ckp(H) < dH", E) < y(H).
(ii) Let C C E be a bounded convex set. Then the following inequalities hold true:

ckp(C) < 4", E)
1(0) < Jap(0) < J(C) < &(O) < dT o) < AO)
Proof. This result follows from Proposition 2.2 and Theorem 3.1. (I

The fact that the measures of weak non-compactness H J(ﬁw ,E), v and ckg are
equivalent can be found in [2,7] with very different approaches.

In § 5 we offer several examples showing that in the corollary above any of the inequal-
ities may become equalities and that most of them may become strict.

Corollary 3.6. Let E be a Banach space and let C' C E be a closed convex bounded

subset. Then C' is weakly compact provided Jag(C) = 0 (i.e. if for every € > 0 and every
x* € X* there is 2** € C' such that z**(z*) = sup2*(C) and d(z**, E) < €).
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4. Relationship to the quantitative version of Krein’s Theorem

Let E be a Banach space and let C' C I be a bounded convex set. Then ext c’ , the set
of extreme points of C* | is a boundary for C" . Therefore, the following inequalities
are obvious:

*
w

dext T .C) > d(ext T".C) > Ja(C), 1)

d(extC” L E) > d(extT",E) = Jap(C).
These inequalities enable us to prove the following statement.

Corollary 4.1. Let E be a Banach space and let H C E be a bounded set. Then the
following inequalities hold:

(i) dcoH" ,E) <2d(H" ,E);
(ii) ci(con*,coH) < Qd(ﬁw*,COH).

Proof. Set C' = co H. Then ext 0" C Fw*, so the inequalities follow from (4.1) and
Corollary 3.5. ]

We remark that assertion (i) was proved in [7] and independently in [8] and [5].
In [8,10] some examples are given which show that the inequality is optimal, i.e. the
equality can take place if the quantities are non-zero. However, these examples do not
work for assertion (ii). Hence, the following problem seems to be natural.

Question 4.2. Let E be a Banach space and let H C E be a bounded set. Is it true
that . .

d(coH" coH) =d(H" ,coH)?

In [7], Corollary 4.1 (i) is called a quantitative version of Krein’s Theorem. Krein’s
Theorem asserts that a closed convex hull of a weakly compact set is again weakly
compact. This is the case when the quantities are 0. In view of this assertion (ii) may
also be called a quantitative version of Krein’s Theorem. An interesting phenomenon
is that there are examples showing that the inequality (i) is sharp but we do not know
whether the inequality (ii) is sharp. Both examples showing sharpness of (i) are of similar
nature: a set H is constructed in a space Ey such that

cZ(con*,coH) = J(Fw*,coH) =1.

Then the space Ej is enlarged in a clever way to E such that cZ(co H" ,E) equals 1

but ci(H* , E) decreases to % If the space FE is enlarged even further, the quantity
dA(ﬁw , E) will also decrease to % and it will no longer be a counter-example. Hence, a
possible counter-example showing sharpness of (ii) should be of a quite different nature.

Moreover, one can show (although it is not obvious) that the answer to the above
question is positive if H is norm-separable. This is another indication of a great difference

between (i) and (ii) as the example from [10] is norm-separable (see Example 5.6).
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5. Examples

In this section we collect examples showing the sharpness of some of the inequalities that
are collected in Corollary 3.5. We remark that unless all the quantities are zero, at least
one of the inequalities must be strict. We stress again that the examples in this section
show in particular that any of the inequalities may become equalities and that most of
them may become strict.

Example 5.1. Let £ = ¢g and C = Bg. Then v(C) = 1 and Jag(C) = 1. Hence, all
other quantities are also equal to 1.

Proof. The equality v(C) = 1 follows from [13, Example 2.7 and Theorem 2.8].
To show that Jap(C) > 1, take z* € E* represented by the sequence (1/2")72, in
{1. The only element of c = By, at which z* attains its supremum on C' is the
constant sequence (1)22; whose distance from E is clearly 1. The rest now follows from
Corollary 3.5. (]

Example 5.2. Let £ =/; and C = Bg. Then y(C) = 2 and J(éw*,C) = 1. Hence,
all other quantities are equal to 1.

Proof. It is clear that d(C" , C) < 1. Further, the inequality v(C) > 2 is witnessed by
sequences (x,) and (z7), where x,, is the nth canonical basic vector of ¢; and =} € By__

is defined by
1 <,

m > n.

The rest follows from Corollary 3.5. O

z < 1 and z(w) = 0}. Then
1 and ck(C) = d(C" ,C) =

d(C" E) = % and Ja(C) = 1. Hence, Jag(C) = ckg(C)
Y(C) =1

Example 5.3. Let £ = C([0,w]) and C = {z € E: 0 <

Proof. Note that £* is canonically identified with £, ([0,w]) and E** with £ ([0,w]).

To show that &(6” ,E) < % we observe that the constant function % belongs to E
and that C C % + %BE. Thus, cY c % + %BEM.

Further, consider the element z* € E* = {,([0,w]) given by z*(n) = 1/2" for n < w
and z*(w) = 0. Then the only element of C" at which z* attains its supremum on C' is
X[o,w), Whose distance to C'is clearly equal to 1. Thus, Ja(C) > 1.

The rest follows from Corollary 3.5. ]

Example 5.4. Let £ = Cy([0,w1)) and C = {x € E: 0 < 2 < 1}. Then dc" E)=1
and ck(C) = 1. Hence, Jag(C) = Ja(C) = ckg(C) = 3 and d(C" ,0) =~(C) =1.

Proof. First note that the dual E* can be identified with ¢;(]0,w1)) and the second
dual E** with {5 ([0,w1)). i

To show that d(éw ,E) > 1 we note that the constant function 1 belongs to C" and
its distance to E is 1.
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Next we will show that ck(C) < 1. Let (z,,) be any sequence in C. There is some
a < wy such that ,|(q,.,) = 0 for each n € N. As the interval [0, a] is countable, there
is a subsequence (z,,) which converges pointwise on [0,w;). The limit is an element of
£ ([0,w1)) = E**. Denote the limit by 2**. Then the sequence (z,,) weak* converges

to z**. Thus, in particular, z** € clustg((z,)). Set © = %x[g. Then z € C and
[2** — 2| < 3 (as 0 < ™ < 1 and 2**|(4,,) = 0). The inequality ck(C) < 1 now
follows.

The rest follows from Corollary 3.5. O

Example 5.5. Let £ = C([0,w1]) and C = {z € E: 0 < z < 1 and z(w1) = 0}.
Then d(C" ,E) = ck(C) = L and d(C” ,C) = 1. Hence, Jag(C) = Ja(C) = ckp(C) =
and y(C) = 1.

1
2

Proof. We start similarly to the proof of Example 5.3; note that E* is canonically
identified with £1([0,w1]), and E** with £ ([0, w1]).

To show that dA(éw ,E) < *%, notice that the constant function % belongs to E and
that C' C % + %BE. Thus, cY c % + %BE

The inequality ck(C) < % can be proved in the same way as in Example 5.4. In fact,
it follows from that example, since Cy([0,w1)) is isometric to {x € E: z(w1) = 0}, and
hence our set C' coincides with the set C' from Example 5.4.

Finally, d(C" ,C) > 1 as x[g.,) € C and its distance from C is equal to 1.

The rest follows from Corollary 3.5. g

Example 5.6. There is a Banach space F and a closed convex bounded subset C C F
such that Jap(C) = £ and ckg(C) = Ja(C) = 1. Hence,

k(C) = d(C" E) = d(C",C) = 4(C) = 1.

Proof. We use the example from [10]. Therein a set Ky C [0, 1]N and a free ultrafilter
u over N are constructed such that (in particular) the following assertions are satisfied:

(a) K consists of finitely supported vectors and is closed in the topology of uniform
convergence on N but not in the pointwise convergence topology;

(b) for each z € Ky (the closure taken in the pointwise convergence topology) we have
lim,, z(n) = 0;

(c) for each x € K \ Ky there are infinitely many n € N such that z(n) = 1.

Let E = {z € C(ON): z(u) = 0}. We remark that SN is canonically identified with the
space of ultrafilters over N, and hence we have u € ON. Let us consider the embedding
k: Ko — E defined by

k(z)(p) = 1i;nac(n)7 p €PN, z € K.

By (b) it is a well-defined mapping with values in E. Let B = k(Kj). Then B is a
bounded norm-closed subset of E. Set C' = conv B.
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5

A —w* —w . . —w*
L As B contains extreme points of C

It is proved in [10] that d(B  ,FE) < 3.
by (4.1) we get Jag(C) < 1.

In [10] it is proved that d(C" , E) > 1. We will show that even ckz(C) > 1. To do
this it is enough to observe that C' C {z € E: x|gmn = 0} (this follows from (a)). The
latter space is isometric to cg. As cjj is separable, each element of C" is a weak* limit

of a sequence from C. It follows that ckp(C) = d(C" ,E) > 1.

By Corollary 3.5 it remains to prove that Ja(C) > 1. To do that let us first recall that
the dual to E can be canonically identified with the space of all signed Radon measures
on BN\ {u}. This space can be decomposed as

E* =ty &1 M(BN\ (NU {u})).
The second dual is then represented as
E* =lo ®oo M(BN\ (NU{u}))".

Denote by j the canonical embedding of F into E** and by p the embedding p: o, — E**
given by p(x) = (z,0) using the above representation. Now,

ples) = {z™ € E*: 2™ (u) = 0 whenever u € M(ON\ {u}) is such that u|y = 0}.

So p(fs) is weak® closed and, moreover, p is a weak*-to-weak® homeomorphism (foo
being considered as the dual to ¢7). X

Finally, p|x, = (j © £)|k, and hence B" = p(Ky). Fix some z € Ko\ Ky and let A ¢ N
be infinite such that 2|4 = 1. Such a set A exists due to (c¢). Enumerate A = {a,,: n € N}
and define an element u € {1 by

b
U(k): 271-‘,—17
0, ke N\ A.

k=ay,,

Furthermore, define the element z* € E* by z* = (u,0) (using the above representation).
Then ||z*|| =_1, so supz*(C) < 1. Moreover, p(z)(z*) = 1; hence, supz*(C) = 1.
Let 2** € C" be such that z**(2*) = 1. Then z** = (p(y),0) for some y € lo. As
llyll < 1, we get y|a = 1. But then d(y,cy) = 1; hence, d(z**,C) > 1. So Ja(C) > 1 and
the proof is completed. (Il

The above examples show that any of the inequalities from Corollary 3.5 can be strict,
with one possible exception which is described in the following problem.

Question 5.7. Let E be a Banach space and let C' C E be a bounded convex set. Is
Ja(C') then equal to ck(C)?

6. The case of a weak™ angelic dual unit ball

In this section we collect several results saying that under some additional conditions
some of the inequalities from Corollary 3.5 become equalities. The basic assumption
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will be that the dual unit ball Bg« is weak® angelic, i.e. that whenever A C Bg- and
e AY , there is a sequence in A which weak* converges to z*. Inspired by [7] we
introduce the following quantity. If £ is a Banach space and H C F is a bounded subset,
we set

Yo(H) = Sup{

lim lim 27 (z;)|: (z;) C H, (z}) C Bp-, 2} “ 0},
L

assuming the limits involved exist. It is clear that vo(H) < v(H). In general 7 is not
an equivalent quantity to the others. Indeed, if F = ¢, and C = Bpg, then ~,(C) =0
by the Grothendieck property of E. But, in the case when Bp- is angelic, we have the
following.

Theorem 6.1. Let E be a Banach space such that Bg~ is weak™ angelic.

(i) Let H C E be any bounded subset. Then we have

*

IV(H) < yo(H) = Jap(H) = ckp(H) = d(H" | E) < y(H).

(ii) Let C C E be any bounded convex subset. Then the following inequalities hold
true:

19(0) < 70(0) = Jap(C) = ckp(C) = d([C", E)
< Ja(C) < k(C) < d(C",C) < A(O).

Proof. Part (ii) follows from (i) and Corollary 3.5. As for part (i), in view of Corol-
lary 3.5 it is enough to prove that Jag(H) > vo(H) and d(H" , E) < vo(H). The second
inequality follows from [7, Proposition 14 (ii)].

The first inequality follows from the proof of Theorem 3.1. In fact, the angelicity
assumption is not needed here. Let us indicate the necessary changes, as follows.

Suppose that vo(H) > r. The space F is not needed, but we define the sublinear
functional p on E* by p(f) = sup f(H) for f € E*. Fix a sequence (z;) in H and (f;) in
Bpg- such that f; weak® converge to 0 and lim, lim; f;(z;) > r and all the limits involved
exist. Without loss of generality suppose that for every i € N, there exists jo € N such
that for all j > jo we have f;(z;) > r.

As limsup, f; = liminf; f; = 0, we get the assertion (3.2) without any calculation. We
define K,, for n € N in the same way. The assertion (3.3) then says that p(f) > r for all
f € K;. Fix any ' < r and a sequence (f3,,) of strictly positive numbers. Claim 3.3 now
yields a sequence (g,,) with g, € K,, such that

n n—1
p(z@gi) > amp(zmgi).
=1 =1

As the f,, weak™ converge to 0, g, weak® converge to 0 as well. Thus, gy = 0. Now, if the
sequence (f3,,) quickly converges to 0 (i.e. satisfies the same condition as in the original
proof), we set g = > oo, 3;g;. Let u € H" be an arbitrary point with g(u) = sup g(H).
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By the final calculation we get liminf,, g, (u) > r'. If v € E is arbitrary, then g, (v) — 0,
and thus
r’ < liminf g, (u) — lim g, (v) = liminf g, (u — v) < |Ju — v|.

Thus, Jag(H) > 1/, so Jag(H) > vo(H). O

We remark that the spaces from Examples 5.1-5.3 are separable and therefore they have
weak™ angelic unit ball. It follows that in Theorem 6.1 all the inequalities, with a possible
exception of Ja(C) < ck(C), may be strict. Note also that, under the weaker assumption
of the Banach space E having Corson property C, it has been proved in [2, Proposition 2.6]
that for any bounded set H C E we have ckg(H) = d(H" ,E).

The following theorem shows that all the quantities are equal in the very special case
E= Co(F).

Theorem 6.2. Let I' be an arbitrary set and let E = co(I").

(i) Let H C E be a bounded set. Then we have

Yo(H) = Jag(H) = ckp(H) = d(H" , E) = (H).

(ii) Let C C E be a convex bounded subset. Then we have

*

10(C) = Jap(C) = kg (C) = d([C", E) = Ja(C) = k(C) = d([C",C) = ~(C).

Proof. It is enough to prove yo(H) > v(H). If v(H) = 0, this inequality is trivial. So,
suppose that v(H) > 0. Fix an arbitrary r > 0 such that v(H) > 0. We find sequences
(z;) C H, (x}) C Bg~ and 1 > 0 such that

limlim 27 (2;) — lim lim 27 (;) > r(1 +17),
i J J i
where all the limits involved exist. As Bg~ is weak* sequentially compact, by passing to a
subsequence we may suppose that the sequence (x;) weak* converges to some x* € Bp-.

Then

limlim(z] — 2*)(z;) > r(1 +n).
i

We claim that

limsup ||z} — z*| < 1.
Suppose this is not the case. Then, up to passing to a subsequence, we may suppose that
there is 6 > 0 such that ||z} —z*|| > 1+ 6 for each i € N. To continue the proof we recall
that E* is canonically identified with ¢;(I") and that the weak* topology on bounded

sets coincides with the pointwise convergence topology. Using this identification we can
find a finite set I C I" such that

Y ()l < 36

YEI\F
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Further, as «} weak® converges to z*, there is ig € N such that for each ¢ > iy we have

o lai() = a ()] < L6

yeEF

Fix any ¢ > i9. Then we have

(e = St GOl

yEI'\F
> > fry) -t l= D ()
YEDM\F YEM\F
= llap =2 =D lai () =2 (W = D [e" ()]
YEF YEI\F
>1+6—36—30
=1+ 3.

This is a contradiction.
So, omitting a finite number of elements, we can suppose that ||zf — z*|| < 1+ 7 for
all i € N. Set yf = (zf —2*)/(1+n). Then y} € Bg~, the sequence (y;) weak* converges

to 0 and
lim lim y; (z;) > 7.
i
Thus, vo(H) > r and the proof is completed. O

The equalities ckg(H) = d(ﬁﬂ,E) = ~(H) in the case when E =cyand H C F'is a
bounded subset also follow easily from [13, Theorem 2.8] (see also [1, Corollary 3.4.3]).
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