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Seasonality in Multiple Maternities
Johan Fellman
Hanken School of Economics, Helsinki, Finland

In the 19th century, a series of international statistical congresses introduced common rules for the national
demographic registers. This activity contributed to the genesis of statistical research. During the history
of twin research, Hellin’s law has played a central role because it is an approximately correct association
between the rates of multiple maternities. However, it has been mathematically proven that Hellin’s law
cannot hold exactly. The majority of all studies of Hellin’s law are based on empirical rates of multiple
maternities. Such studies can never confirm the law, but only identify errors too large to be characterized
as random. It is of particular interest to examine why the rates of higher multiple maternities are sometimes
too high or too low when Hellin’s law is used as a benchmark. However, divergences from the law are often
difficult to explain and/or eliminate. Different improvements to the law have been proposed. In this article,
we study the seasonality of multiple maternities. We apply Hellin’s law to compare the seasonality of twin
and triplet rates.

� Keywords: dizygotic, monozygotic, Hellin’s law, seasonality, sinusoidal models, trigonometric regression
models, variable transformation, history of twin research

In the 19th century, a series of statistical congresses un-
derlaid demographic studies, including twin research. Levi
(1854) gave a detailed presentation of the suggestions con-
cerning the annual registry of populations proposed in 1853
at the Brussels congress. According to Brown (1872), at the
congress held in 1872 in St. Petersburg, the principal dis-
cussionwas related to themovements of the population and
the mode in which they should be registered. Later, Wester-
gaard (1932) devoted an entire chapter to the presentation
of the statistical congresses of the 19th century.

Hellin’s (1895) paper can be considered a milestone in
the history of twin research, and one can divide the research
into studies before and after Hellin. Spengler (1848) pre-
sented birth data, including data concerningmultiple births
for Mecklenburg-Schwerin for the period 1777–1847. Veit
(1855) published a data set from Prussia (1826–1849), but
in these studies there were no discussions concerning the
relation between the number of twin and triplet materni-
ties. Bertillion (1898) considered multiple maternity data
from different countries in Europe. He foreboded Hellin’s
law because he presented the number of twin maternities
in relation to one tripletmaternity. In 1877, Neefe published
his classical work (Neefe, 1877). He focused on the impor-
tance of the standardization of the demographic registers in
different countries and used the new possibilities that the
improved birth registers offered. Although other contem-
poraneous studies were published, our view is that the his-
tory of twin research starts from his publication because he

analyzed a long series of problems connected to twinning.
These have been shown to be central in later studies. It is
important to note that Neefe did not anticipate Hellin’s law.

Strassmann (1889) analyzed data published by Veit
(1855) concerning single and higher maternities. Strass-
mann noted that there is one twinmaternity per 89 and one
triplet maternity per (89)2 total maternities. Drejer (1895)
was apparently not aware of Hellin (1895), but referred to
Strassmann (1889) and stated that Strassmann had noted
the relation between the rates of twin and triplet materni-
ties (Fellman & Eriksson, 2009).

Hellin (1895) observed an empirical relationship be-
tween the rates of twins and triplets. He stated that among
human beings there is on average one twinmaternity per 89
singleton maternities, one triplet maternity per (89)2 sin-
gleton maternities, and in general, within the range of the
possibility, one x-tuplet maternity per (89)χ-1 singletonma-
ternities. Strassmann related the number of multiple mater-
nities to the number of all maternities, while Hellin related
the number of multiple maternities to the number of single
maternities. However, both used the same relation: 1:89.
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Different studies of the seasonality of multiple materni-
ties have been presented. James (1980) compared the sea-
sonality of twin and triplet maternities. Bonnelykke et al.
(1987) constructed seasonal models for twin maternities
and included both temporal and seasonal components in
the models. They included the temporal component be-
cause the twinning rate (TWR) showed strong temporal
variations. In addition, they made use of the fact that the
gestation for twin maternities is on average shorter than
for singleton maternities. Elster and Bleyl (1991) stud-
ied the seasonality of triplet maternities. They published
1,050 triplet maternities for the period 1985–1988. These
triplet data were compared with the natality statistics for
the United States during the overlapping 4-year period in
1983–1986. Statistics for the exact comparison period were
not published when Elster and Bleyl performed their study,
so the closest complete overlapping 4-year period (1983–
1986) was used instead of the exact one. Elster and Bleyl
ignored the difference between the two periods and gave
arguments for this. Furthermore, they did not present twin-
ning data.

Methods and Materials
A problem that aggravates the discussion of Hellin’s law is
that the law is a mathematical rule concerning the theoret-
ical rates, but all checks of the law are based on empirically
obtained rates, and no exact proof to support the law can
be obtained. In fact, one can only check whether observed
inconsistencies are too large to be explained as random er-
rors. In other studies, we have evaluated the association
between the TWR, the triplet rate (TRR), and the Hellin-
transformed triplet rate (HRR) when the data are grouped
according to time (Fellman, 2017b).

In this study, we split the data according to season.When
the seasonality is studied, one must distinguish between
two alternative problems: (a) the general significant hetero-
geneity — for example, tested by the χ2 test given below;
or (b) the application of specific seasonal models discussed
later.

Seasonality Tests

Eriksson and Fellman (2000) stressed that if one intends
to identify the seasonality of multiple maternities, one
must consider the seasonality of the corresponding rates.
Doing this, the seasonality of the total maternities is
eliminated.

Fellman (2017a) tested the seasonality of births by χ2

tests. Let Ni be the observed number of births in month
number i and let ki be the length of the month in days. Fur-

thermore, let N =
12∑
i=1

Ni be the total number of births and

let k =
12∑
i=1

ki be the length of the year. The expected num-

ber of births per day for the whole year is N
k and in month

number i it is N̂i = ki Nk . The χ2 test is

χ2 =
12∑
i=1

(Ni − N̂i)
2

N̂i
(1)

with 11 degrees of freedom.
For twin and othermultiplematernities, wemustmodify

the test. For instance, for twin sets, let ni be the number of
twin maternities in month number I, and let N be the total
number of twin maternities. The total TWR is r = n

N . The
observedTWR formonth i is ri = ni

Ni
. The expected number

of twin maternities in month number i is n̂i = rNi. Hence,
the χ2 test for the twin data is

χ2 =
12∑
i=1

(ni − n̂i)2

n̂i
, (2)

with 11 degrees of freedom. A similar formula holds for
higher multiple maternities and especially in this study for
TRR. The critical values forχ2 tests with 11 degrees of free-
dom are χ2 = 19.68 for p< .05, χ2 = 24.73 for p< .01, and
χ2 = 31.26 for p < .001.

Seasonality Models

If one intends to obtain a seasonal model, the simplest
model could be the sinusoidal one:

R(ti) = K + R sin(ti + α) + εi

= K + A cos(ti) + B sin(ti) + εi, (3)

where A = R sin α, B = R cos α, and the error terms εi are
assumed to be independent and homoscedastic. However,
it will be seen in many situations that although there are
marked seasonal variations, the simple sine curve does not
fit the data. For example, this is the case when the data show
more than one marked peak. Data showing one peak and
one trough may also differ markedly from the sine curve.
The trough or the peakmay be too long or the time between
them may not be 6 months.

If one intends to obtain an improved seasonal model, it
could be the trigonometric regression model (Fellman &
Eriksson, 2002):

R(ti) = K +
M∑

m=1
Rm sin(mti + αm) + εi

= K +
M∑

m=1
(Am cos(mti) + Bm sin(mti)) + εi, (4)

where M is the number of pairs of trigonometric terms,
Am = Rm sin αm and Bm = Rm cos αm (m = 1, …, M).
The error terms εi are assumed to be independent and ho-
moscedastic. With monthly data, one has to introduce the
restrictionM ≤ 5.

The parameters Am and Bm (m = 1, …, M) and K
are estimated by ordinary least squares for the monthly
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data and the initial parameters αm and the amplitudes
Rm = √

A2
m + B2

m (m = 1, ...,M) can be estimated by the
equations:

tan(α̂m) = Âm

B̂m
(5)

and

R̂m =
√
Â2
m + B̂2

m. (6)

The angleαm and the amplitudesRm have to be estimated
from formulae (5) and (6) irrespective of the significance of
the parameter estimates. Therefore, Fellman and Eriksson
(2002) recommended full pairs of trigonometric terms. The
argument for this is that R̂m may differ significantly from
zero, but the angle αm may be such that Âm or B̂m is close to
zero and consequently non-significant. From this, it follows
that the tests of parameter significance should be applied to
αm and R̂m (m = 1, ...,M), but not to Âm or B̂m.

Fellman and Eriksson (2002) assumed that the model is
optimal when the adjusted coefficient of determination, R̄2,
attains itsmaximum. If R̄2 increasedmonotonically with in-
creasing M, they chose M = 4. In doing so, they left three
degrees of freedom for the testing. The multiple trigono-
metric regressionmodels and the corresponding tests of the
estimates are discussed in detail in Fellman and Eriksson
(2000) and in some of the references given in that article.

In this study, we perform an alternative attempt, that is,
we pursue optimal seasonal models before we compare the
obtained models for the different rates, and therefore, we
concentrate on the individual parameters {Am} and {Bm}.
Hence, we include in the models all significant parameters
and ignore the insignificant ones.

The triplet sets are very rare and consequently suitable
data containing sufficiently large sets for statistical analy-
ses of monthly triplet births are difficult to obtain. James
(1980) had the opportunity to perform his studies based
on data from England and Wales (1952–1975). He com-
pared the seasonality of opposite-sex twin sets, monozy-
gotic twin sets, and triplet sets. His findings are presented
in the Discussion section. In this study, we base our analy-
ses on James’ data and our central topic is to compare the
seasonality of TWR, TRR, and HRR.

Elster and Bleyl (1991) published data about 1,050 triplet
maternities for the period 1985–1988. These triplet data
were compared with the natality statistics for the United
States during the overlapping 4-year period in 1983–1986.
They ignored the difference between the two periods and
gave arguments for this. In our analyses, we accept the data
and rules proposed by Elster and Bleyl.

Results
Seasonal Heterogeneity

We start with the tests of the seasonality. For James’ data,
we obtain χ2 = 30632.24 for the total births, χ2 = 53.17 for

TWR, and χ2 = 16.31 for TRR. Hence, for the total num-
ber of births and the TWR the test values are significant
(p < .001), but for the TRR it is non-significant (p > .05).
Although the TRR shows marked variations, the data set is
too small for significance.

The available data in Elster and Bleyl yield only approx-
imate triplet rates. We accept the assumptions of Elster and
Bleyl and approximate the TRR by assuming that the data
are constant during the whole period in 1983–1988. For the
Elster and Bleyl data, we obtain χ2 = 19472.94 for the total
births and χ2 = 7.94 for TRR. Hence, for the total number
of births the test value is significant (p < .001), but for the
TRR, showing marked variations, it is non-significant (p >

.05) because the triplet data set is too small.
To compare the seasonality in more detail, we standard-

ized the total number of births, TWR, TRR, and HRR into
monthly indices having means of 100 (Eriksson & Fellman
1999, 2000; Fellman & Eriksson, 1999). Statistical compar-
isons using standard deviations (SDs) are applicable when
indices are studied. If one tests seasonal variations in the in-
dices, one obtains the SDs 4.590 for total births, 10.067 for
TRR, 5.062 for HRR, and 1.802 for TWR. The analyses of
James’ data that reveal obvious discrepancies betweenTWR
and HRR are obvious. If one tests seasonal variations in the
indices for the Elster and Bleyl data, one obtains 3.78 for to-
tal births, 9.16 for TRR, and 4.508 for HRR.When we com-
bine these findings, our conclusion is that all rates show sea-
sonality. Furthermore, the results indicate the strongest sea-
sonality in TRR, strong seasonality in the births and HRR,
and only slight seasonality in TWR.

Trigonometric Regression Models

Whenwe perform the proposed regression analyses, we ob-
tain regression models for births, TWR, TRR, and HRR
based on James’ data for England andWales. The goodness
of fit is strongest for the birth data, medium for TWR and
TRR and slight forHRR (Table 1). For theU.S. data given by
Elster and Bleyl, we consider births, TRR, and HRR. Twin-
ning data were not available in the U.S. data. The best fit is
observed for births, but slight goodness of fit is observed for
TRR and HRR (Table 1).

In Figure 1, we present the seasonality of TWR, TRR,
and HRR based on James’ data for England and Wales
(1952–1975). One observes that the seasonal fluctuations
are strongest for TRR, and for TWR and HRR the sea-
sonality is of similar strength. The discrepancies between
the seasonality pattern of TWR, TRR, and HRR are
obvious.

In Figure 2, we present the seasonality of births, TRR,
and HRR based on U.S. data (1983–1988). The births dis-
play the best goodness of fit (Table 1). One observes that
the seasonal fluctuations are strongest for TRR. For births
andHRR, the seasonality is of similar strength. The discrep-
ancies between the seasonality pattern of births, TRR, and
HRR are obvious.
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TABLE 1
Trigonometric Regression Models Including the Adjusted Coefficients of Determination, R̄2 as Goodness of Fit Measure

Variables Models R̄2 Data set

Birth Births = 99.977 – 1.985 cos(t) + 5.163 sin(t) – 1.607 cos(2t) + 1.600 sin(2t) 0.885 James (1980)
TWR TWR = 100.054 + 1.936 cos(t) – 0.848 sin(t) 0.691 James (1980)
TRR TRR = 99.978 + 9.007 cos(t) + 4.094 sin(t)

4.271 sin(2t) – 4.165 sin(3t) – 3.869 sin(4t) + 5.193 cos(5t)
0.871 James (1980)

HRR HRR = 99.854 + 4.508 cos(t) 0.375 James (1980)
Births Births = 100.002 – 3.205 cos(t) – 3.038 sin(t) – 0.919 cos(2t) + 2.148 sin(2t) – 0.749 sin (4t) –0.696 sin(5t) 0.973 Elster and Bleyl (1991)
TRR TRR = 100.072 + 6.489 sin(t) – 6.864 sin(2t) 0.484 Elster and Bleyl (1991)
HRR HRR = 99.942 + 3.165 sin(t) – 3.366 sin(t) 0.475 Elster and Bleyl (1991)
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FIGURE 1
(Colour online) Comparison of the seasonality of twinning rate (TWR), triplet rate (TRR), and Hellin-transformed TRR (HRR) based on
James’ data for England andWales (1952–1975). The analysis is based on transformed indices with means of 100. The obtained regression
models are given in Table 1, and the seasonal variations are discussed in the text.
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FIGURE 2
(Colour online) Comparison of the seasonality of total births (Births), TRR, and HRR for the United States (1983–1988). The analysis is
based on the Elster and Bleyl data transformed to indices with means of 100. The obtained regression models are given in Table 1, and
the seasonal variations are discussed in the text.
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Discussion
It is commonly agreed that the main argument for Hellin’s
law is that the probabilities of additional ovulations and
the fissions of fertilized eggs can be explained by stochas-
tic models (see, e.g., Allen & Firschein, 1957; Fellman &
Eriksson, 2009; Jenkins, 1927; 1929; Jenkins & Gwin, 1940;
Zeleny, 1921).Hence, in large data sets the averages could be
stable and formulated by a mathematical relation (Hellin’s
law).

Zeleny (1921) discussed in a short note Hellin’s law. He
stated that from the statistical relations it would appear that
triplets are produced by the coincidence of two indepen-
dent processes occurring with equal frequencies. One of
these processes by itself gives rise to twin pairs. This relation
would apply to any mode of origin of multiple births or to
different combinations of these provided that each followed
the rule. In fact, Zeleny considered the Strassmann version
that the rates are related to the total number of maternities.
He also referred to theVeit (1855) data and found startlingly
good agreement with the law. Zeleny’s analyses yielded him
the honor that some authors later renamed as the Hellin–
Zeleny law. In addition, the arguments for the discrepan-
cies are that after the fertilizations there is a long process in-
fluenced by disturbing factors. For example, Jenkins (1927)
and Komai and Fukuoka (1936) assumed that differential
mortality of twins and triplets in utero could be a disturb-
ing factor. Consequently, the final result shows only a weak
resemblance with the outcome of a stochastic process. This
seems to be one main cause of the discrepancies between
Hellin’s law and the empirical findings. Among other issues
the proposed model may be too simple.

Already, Jenkins (1927) noted that Hellin’s law can be
assumed only for maternal age-specific disaggregated data
and that the discrepancy between Hellin’s law and the ob-
served aggregated data demands the use of the formula:

TRR = 1
n

∑
i

(TWRi)2ni.

Fellman and Eriksson (1993) gave a mathematical proof
that Hellin’s law cannot hold exactly. If one aggregates het-
erogeneous data, the fluctuations are smoothed out, but the
relation between the TWR and the TRR is not linear, and
consequently, the aggregated and disaggregated data cannot
simultaneously satisfy Hellin’s law. In fact, Jenkins’ argu-
ments coincide mathematically with the integral proposed
by Fellman and Eriksson (1993). However, Jenkins did not
explain the disagreement between Hellin’s law for aggre-
gated and disaggregated data.

James (1980) observed that the TRR had a stronger sea-
sonality than the TWR s (both the opposite-sex TWR and
the monozygotic TWR). He found that there was good ev-
idence that the incidence of opposite-sex twin births was
seasonal. Triplet births seemed to show a seasonal varia-
tion at the same location and with double the amplitude.

He stated that this seasonal variation of polyzygotic ma-
ternities was due to seasonal variation in the rates of mul-
tiple ovulations. Of importance is James’ remark that the
monozygotic rate (MZR) and the dizygotic rate (DZR) are
not observed rates, but estimated ones. Hence, the vari-
ance formulae given for observed rates are incorrect for
these estimated rates. Following a different route, Fellman
(2013) later found similar results and presented exact al-
ternative formulae for the SDs of the MZR and DZR. El-
ster and Bleyl (1991) noted seasonality in the number of
triplet births and that its pattern differed markedly from
the seasonality of the births of the entire U.S. population
(cf. Figure 2).

The history of the studies of Hellin’s law shows a long
series of attempts to reduce the discrepancies between the
observed data andHellin’s law. Some studies based onMZR
and DZR give improved results, but cannot eliminate the
obtained discrepancies in the data (Allen, 1960; Bulmer,
1970; Fellman & Eriksson, 2004). In conclusion, one can
note that every ‘improved’ model has the same weakness as
Hellin’s law. The models are mathematically exact, but the
analyses are based on empirical data. Hence, the question
remains of whether the improvements are general or spe-
cific to the data considered.
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