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ABSTRACT. The granular nature of the Arctic pack ice, and the plastic nature of 
the deformation of the pack due to ridging, has long been recognised. However, 
because of a lack of experimental data, assumptions must be made to define the shape 
of the yield curve and the associated flow rule which characterize the aggregate 
rheology of the ice pack. In this work, the results of numerical experiments with a 
simulated granular viscous-plastic material are presented. The experiments model the 
granular texture of the ice pack as a dense assembly of non-uniform diameter disks in a 
rectangular control area. Deformation of the control area is driven by constant strain 
rates. In the experiments, the ratio of the principal strain rates is varied from isotropic 
convergence through uniaxial divergence. The stresses computed in the experiments, 
at the various strain-rate ratios, define a yield curve in principal-stress space. The 
effects of different coefficients of friction and viscous damping on the shape of the yield 
curve are explored. 

INTRODUCTION 

The aggregate rheology of sea ice depends ultimately on 
the geometry and the failure strength of the interactions 

between individual ice floes. Attempts to estimate the 
aggregate rheology have either made use of treatments of 
the sea-ice ridging process (Coon, 1974; Rothrock, 1975) 
or made use of deformation-induced collision theory for 
rapid granular flow (Shen and others, 1987; Bratchie, 
1984). Both of these methods have their limitations, In the 
ridging approach, whereas the ice strength may be 
deduced from the nature of the ridging process, assump
tions must be made to define the shape of the yield curve 
and the plastic flow rule. In the collision theory, the failure 
stresses arise from consistent calculations, but the theory 
cannot treat a very dense collection of floes, where the 
contacts between floes are relatively continuous. 

As a first step toward modeling a very compact system 
of ice floes, a series of numerical experiments is performed 
using an explicit particle simulation. In the simulation, a 
large number of random-diameter interacting disks 
represent the floes. The idea behind the experiments is 
to determine the large-scale aggregate failure stresses as a 
function of the ratio of the strain-rate invariants for a 
dense system, in which the interactions between floes in 
contact are viscous-plastic. 

THE PARTICLE SIMULATION 

A particle simulation is a computer program which models 
the Newtonian dynamics of a large system of discrete 
particles which are confined to a domain or control 
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volume. The simulation stores the instantaneous position 
and velocity of each particle. The particles which overlap 
at any given moment are considered to be in contact. In 
the present model, the forces between contacting pairs of 

disks are related to the relative velocity between the disks 
at their point of contact (including rotational compo
nents). 

The two-dimensional control area (CA) used in these 
experiments is rectangular and periodic. It contains N 
disk-shaped particles of non-uniform diameter. As a disk 
crosses a boundary of the CA, it simultaneously re-enters 
the CA through the opposite boundary. A disk near one 
boundary may interact with disks near the opposite 
boundary. In order to model the inter-particle contact 
forces, a list of neighboring pairs of disks is compiled 
periodically. The strategy used to compile the list begins 
by overlaying the CA with a square grid. Each cell of the 
grid is small enough that, at most, one disk center may lie 
in a cell at a time. An array is dimensioned to correspond 
with the grid and the index of each disk is assigned to the 
array element corresponding to the cell in which its center 
lies. In addition, two inverse address arrays are defined. 
One holds the i location of a disk and the other j location, 
where i denotes a column and j a row in the grid. These 
arrays enable the program to find the disk located at (i,J) 
in the CA and the (i,J) address of a given disk. With this 
information, it is a straightfoward matter to find the close 
neighbors of each of the N disks. The pairs of disks which 
are discovered less than some arbitrarily small distance 
apart are placed in an array of near neighbors, which is 
refreshed periodically. At each time step, each pair of disks 
in the array of near neighbors is checked for contact . 

Deformation of the CA is accomplished by distorting 
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space in a manner analogous (at least in the case of 
isotropic compression) to the deflation of a balloon with 
the disks constrained to its surface. This type of simulation 
technique was developed by Cundall and Strack (1979) to 
create a mean deformation field in a material, without the 
use of boundaries which create inhomogeneities in the 
material. The equations of motion which define disk 
motions in the deformed space are standard difference 
equations, with an additional term which models the 
uniform deformation of the CA. 

At each time step, /).t, the change in the position, x, of 
each disk has a component due to the velocity of the disk, 
u, and to the simultaneous deformation of space 

n + I n + A n + 1/2 A· (s) n x· = X· titu · + tite· · X · z z z Z) ). (I) 

In Equation (I) the subscripts i andj denote directions in 
Cartesian space~ the superscript n denotes the current time 
step, and ey<S) is the strain rate of space, which is 
independent of position. The change in the disk velocity, u, 
as a function of contact forces is 

(2) 

where F is the resultant of the contact forces on the disk 
and m is the mass of the disk. The relative velocity between 
two disks, designated disk I and disk 2, is a function of 
their velocities and the strain rate of space 

U (2/ I ) i = u (2)i - u(I )i + ;ij(s) (X(2lj - X(llj)' (3) 

Contact between a pair of disks exists when the disks 
overlap. If a pair of disks is found to overlap, a local 
orthogonal coordinate system (n,t) is established with its 
origin at the point of contact. The normal axis, n, is 
perpendicular and the tangential axis, t, is tangent:al to 
the surface of the disks. The normal component of the 
inter-particle force is linear viscous 

(4) 

where kv is the viscous damping coefficient. The 
magnitude of the viscous normal force has a plastic limit, 
P*, such that 

(5) 

Tensile forces are not allowed. The tangential, frictional 
component of the inter-particle force, which opposes the 
relative velocity at the contact point, is 

F n - F n- I k A ( n-I /2 ) t - t - sut U(2/l ) . n , (6) 

where ks is a spring constant and J.l is the coefficient of 
friction. The magnitude of the frictional force also has a 
limit 

(7) 

A sample experimental configuration is shown in Figure I. 
Each short bar in the figure, centered at a point of contact, 
represents the instantaneous value of the contact force 
between that pair of disks. The width of the bar 
corresponds to the magnitude of the force and its 
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Fig. 1. The periodic control area with contact force vectors. 

orientation shows the relative magnitudes of the normal 
and tangential components. This method of illustrating 
the lines of force is taken from Cundall and Strack (1979). 
The instantaneous value of the stress tensor in the CA is 
computed using the equation given by Cundall (1988) 

(8) 

where A is the area of the CA, LR is the summation over 
all particles, r p is the radius of particle p, Lc is the 
summation over all contacts on particle p, and ni is the 
unit normal and Fj the force vector at contact c. The 
instantaneous value of the stress tensor in the CA is 
averaged over successive time steps in a given interval to 
determine the average stress tensor. 

DESCRIPTION OF THE EXPERIMENT 

Experimental samples or collections of disks were 
generated by loosely filling the CA with disks. The 
diameter d of each disk was randomly chosen according 
to the formula 

d = < d > (1.5 - R) 1/2, (9) 

where < d> is the average diameter and R is a random 
number between 0 and 1. The disks are placed loosely in 
the CA, given a random velocity, and the CA is slowly and 
isotropically contracted. A linear elastic normal contact 
force is used in this phase of sample preparation. As the 
sample reaches maximum concentration, the stresses rise 
rapidly. At maximum concentration, the convergence is 
stopped, the elastic normal force is turned off, the viscous
plastic force (Equation 4) is turned on, and the system is 
allowed to relax. Three different samples were prepared in 
this manner for each coefficient of friction . 

A series of experiments, with a given value of J.l and kv ' 
were performed on each sample, in which the convergent 
(e > 0) principal strain rate Cl was held constant while e2 

'.2.7 
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was varied from isotropic convergence (e2 = ;1) through 
pure shear (e2 = -el). The roles of the principal strain 
rates were then exchanged and the experiments were 
repeated. All of the results obtained with a given ratio of 
principal strain rates were averaged to eliminate bias in 
the initial samples. Experiments with strain rates between 
isotropic convergence and pure shear create no net 
divergence and are essentially deformation independent 
because the network of contacts among the disks remains 
constant. The results of these experiments define an 
equilibrium yield curve, which is incomplete, because it 
does not specify the stress state for all possible strain rates. 
In order to close the yield curve, additional experiments 
with strain rates which create net divergence were 
performed. With net divergence, the results are deforma
tion dependent because of the increasing void area in the 
material and the accompanying reduction in the number 
of contacts between disks. The complete yield curve is 
valid for small incremental deformations from a very dense 
initial state. 

DISCUSSION OF THE RESULTS 

Experimen ts were performed to assess the effects of 
different coefficients of friction and viscous damping on 
the shape of the yield curve in principal-stress space. The 
values of the following parameters were held constant 
throughout the experiments: 

<d> 
p* 
e(constant) 
e(variable) 

ks 
p (disk density) 

0.05 m, 
0.00625N, 
0.02 S-I (convergence positive), 
0.02,0.01,0.005,0, -G.Ol, - 0.02s-1, 
2.5 x 105Nm-\ 
1.0 kg m-3. 

The values of the coefficients of friction and VISCOUS 

damping which were used in the experiments are 

0.1,0.5, 1.0, 
25, 100, 2000 N srn-I. 

The time step used in the experiments, which is derived 
from the equation for damped linear oscillation, is given 
by 

( 10) 

The duration of experiments with k = 25 and 100 N srn-I 
was 0.1 s, with stress averages calculated over sub-intervals 
of 0.02 s. The duration of experiments with kv = 

2000 N s m-I was 0.03 s, with stress averages calculated 
over sub-intervals of 0.002 s. Each experiment at kv = 

2000 required 5 h on an Alliant FX-40. In the figures, 
posi tive values of stress and strain denote compression and 
convergence, respectively. The dimensions of the plotted 
stresses are force (in units of P*) per unit area. 

Figure 2 shows the results of experiments with 
different values of the coefficient of friction, J.I.. The 
strain-rate vectors associated with the principal stresses 
for J.I. = 1.0 are shown with their tails at the data points. 
The first points on the curves for J.I. = 0.1 and J.I. = 0.5 
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Fig. 2. Yield curves in principal-stress space Jor different 
values of the friction coefficient J.I.( kv = 100 N s m-I). 
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have the same values of the principal strain rates as the 
first point on the J1. = 1.0 curve, and so on. As the strain
rate vectors are not perpendicular to the yield curves, the 
results violate the normal flow rule. 

Whereas the shapes of the yield curves for the three 
values of J1. are similar, the size, especially the breadth, 
increases with friction. The breadth of the yield curve 
(perpendicular to the axis of symmetry) is a function of the 
deviatoric stress. The components of the deviatoric 
principal stress, 0"1', due to the normal and tangential 
components of the contact force, are shown in Table 1. 
The values correspond to the state of pure shear (the 
points nearest the origin on the yield curves in Figure 2). 
It is interesting to note that the normal component, as well 
as the tangential component, increases with friction. 

Dimensional analysis yields the non-dimensional 
parameter, K = < d> ekv/P*, where e is the constant 
principal strain rate. If a creeping contact is defined as one 
in which the magnitude of the normal force F n is less than 
P*, and a failing contact as one in which IF n l equals P*, 
then the fraction of contacts which fail will increase as K 
increases. As the fraction of failing contacts increases, the 

Table 1. Normal, tangential and total deviatoric stresses in 
pure shear (el = - e2 = 0.02). Numbers are given in units 
of P* . 

0.1 
0.5 
1.0 

cr' ln 

5.98 
6.05 
6.60 

0.27 
0.84 
U8 

cr'l 

6.25 
6.90 
7.78 
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Fig. 3. Changes in the yield curves caused by increasing values 
of the viscous damping coifficient kv (J-l = 0.5). 
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shape of the yield surface changes. In Figure 3 the results 
of experiments with a viscous coefficient kv = 25 
(triangles), lOO (squares), and 2000 (diamonds) are 
compared. A friction coefficient, J-l, of 0.5 was used in 
the experiments. An inspection of Figure 3 shows that the 
increase in the viscous coefficient produces a migration of 
points with a given ratio of strain rates along the yield 
curve in the direction of increasing convergence. The most 
noticeable shift occurs at the point corresponding to 
unixial convergence. This shift is a result of the increase in 
the value of the minor principal stress, whereas the major 
principal stress remains relatively constant. This implies 
that the increase in the fraction of failing contacts occurs 
primarily in the direction of the minor principal strain 
rate. A comparison between the yield curves for the two 
highest values of kv suggests that the yield curve for kv = 

2000 is approaching the limit for infinite viscosity. Again, 
as the strain-rate vectors are not perpendicular to the yield 
curves, the results violate the normal flow rule. 

EXPERIMENTS WITH NET DIVERGENCE 

In a granular material, experiments with strain rates 
which create net divergence in the system are deformation 
dependent because of the increasing void area in the 
material and the accompanying reduction in the number 
of contacts between disks. In such deformation states, 
there is no equilibrium yield curve. However, experiments 
were performed with varying amounts of net divergence to 
obtain closed yield curves valid for small increments of 
deformation. The strain rates used in these experiments (in 
addition to those listed above) were 

e (constant) 
e (variable) 

0.02 S-I (convergence positive), 
-0.03, -0.04, -0.05, -0.076, -0.10 S-I. 
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Fig. 4. A complete diformation-dependent yield curve for 
small incremental deformation (J-l = 0.5, kv = 2000 
Nsm-' ). 
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The viscous damping coefficient kv = 2000 N s m-I and 
the duration of the experiments was 0.03 s with stress 
averages calculated in sub-intervals of 0.002 s. The results 
are presented in Figure 4. The three curves plotted in the 
figure show the yield curve at intervals of 0.0 I s from the 
start of the experiment. (Note: for the first and third 
intervals only half of the yield curve is plotted. ) The 
differences between stresses at given strain rates measured 
at the three times vary qualitatively with the amount of 
net divergence in the system. The stresses associated with 
strain rates approaching uniaxial divergence (the points 
nearest the origin) show rapid initial convergence toward 
the zero stress state where all three curves appear to be 
headed. 

A final series of experiments was performed to test the 
effects of the size of the periodic CA on the results. In these 
experiments, the area of the CA and the number of disks 
were doubled, whereas all other parameters remained 
constant. The results were within the range of variation of 
the experiments performed in the smaller CA. 

CONCLUSIONS 

The numerical experiments described in this work provide 
the first estimate of the shape of the yield curve for a 
granular viscous-plastic material based on experimental 
data. Qualitatively, the shape of the yield curves described 
by the experiments lies somewhere between the tear drop 
and the lenticular yield curves (suggested by Rothrock 
(1975)) and is remarkably close to the 2:1 aspect ratio 
ellipse used by Hibler (1979) . 

The effects of the coefficients of friction and viscous 
damping on the shape of the yield curves were discussed. 
Increasing values of the friction coefficient increase the 
breadth of the yield curve (Fig. 2). This increase in 
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breadth, which is equivalent to an increase in the shear 
strength of the material, is the result of an increase in the 
parts of the deviatoric stress due to both the normal and 
tangential components of the inter-particle contact force. 
Increases in the viscous damping coefficient affect the 
shape of the yield curve (Fig. 3), probably by increasing 
the fraction of failing contacts, that is, the contacts with 
normal forces at the plastic limit. It was also observed that 
the strain-rate vectors associated with points on the yield 
curve in principal-stress space are not exactly perpendi
cular to the yield curves, violating the normal flow rule. 

In granular systems, combinations of principal strain 
rates which produce net divergence weaken the material 
by increasing the open area and reducing the number of 
contacts between disks. Weakening of the material with 
increased divergence is manifest in the progressive 
reduction of the principal stresses for a given ratio of 
principal strain rates. In these deformation states there is 
no equilibrium yield surface. In the experiments with net 
divergence reported here, for small incremental deforma
tion from an initially dense state, the yield curves (Fig. 4) 
appear to terminate at the origin in principal-stress space. 
This result is significant because, for the formation of an 
arch at a point where flow is constricted, a material must 
be capable of supporting a uniaxial-stress state. The yield 
curve for such a material would terminate on (or cross) the 
principal-stress axes. The fact that the yield curves 
terminate at the origin without crossing the stress axes 
suggests that the disk-shaped granular material used in the 
experiments is not capable of forming arches. 
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