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THE MOMENT SPACES OF NORMED LINEAR SPACES

Fowzi AHMAD SEJEENI AND MATOOQ AHMAD BADRI

For a linearly independent sequence in a normed linear space the moment space
is defined. Basic properties of moment spaces are discussed as well as a necessary
and sufficient condition for the moment space to be a closed subspace of £*°.

1. INTRODUCTION

There is a whole variety of classical problems of moments, variously known as the
Hausdorff moment problem (the little moment problem) and the Hamburger moment
problem (see [1, p.349] and (3, p.197]). The last one can be stated as follows. Let pu
be a positive Borel measure on R such that [|t|"du(t) = an < o0 for n > 1. The
sequence {an} is called the moment sequence of . The moment problem here is to
characterise those sequences of numbers that are moment sequences.

In this paper, we define moment spaces in the more general setting of normed linear
spaces and study their basic properties.

First, we establish our notations and definitions.

For a normed linear space E we shall denote by E* its dual, the space of all
bounded linear functionals on E. For a sequence {xn} in E we shall denote by [xn]
the closed linear span of {xn}; that is, [xn] = span{xn}. The sequence {xn} is
called fundamental if [xn,] = E. A sequence {xn} in a Banach space E is called a
(Schauder) basis if, for any x € E, there exists a unique sequence {an} of scalars such

that x = Y anxn. The sequence {xa} is a basic sequence in E if {xn} is a basis
n=1

for [xn]. Let {xn} be a basis for a Banach space E and let f,: E — C be defined by
0

f,,<z a;,,.x,,) =a, forn=1,2,3,.... Theneach f, € E* and {fn}22, is called the
k=1

sequence of coefficient functionals associated with the basis {x,} (see [2], p.32). For

normed linear spaces E and Y, f: E — Y is alinear isomorphism if f is a vector-space

isomorphism and a homeomorphism onto Y. As usual £*° is the Banach space of all

bounded complex sequences a = {an} with ||a||,, = sup|an|, c denotes the space of
n

all convergent sequences with |||, and ¢co = {{as} : lima, = 0}. Note that ¢ and
n
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co are closed subspaces of £%°. For 1 < p < 00, £;° denotes the space of all sequences

o0
{an} such that ) |an|’ < oo with the norm |||

n=1

oo and £, denotes the same space

oo 1/p
with the usual norm [laf|, = (Z |a,,|p) . We say that the sequences {xn} in E
n=1

and {y,} in Y are equivalent if there exists a linear isomorphism T of E onto Y such
that T'x,, = y, for all n.

Now, we are ready to define moment spaces.

DEFINITION 1.1: Let E be a normed linear space and {x»} a linearly independent
sequence in E. We define M(E, {x,}) (the moment space of E with respect to {xn})
by M(E, {xn}) = {{f(xn)}>, : f € E*}. Each element of M(E, {xn}) is called a

moment sequence.

Clearly, M(E, {x»}) is a non-trivial vector space. Suppose {xn}32, is bounded;
that is, sup||xa|| < c0. Let a = {an,} € M(E, {xxn}) and f € E* be such that

f(xn) = an. Then sup|an| = sup|f(xn)| < (sup |]xn||) [Ifll < oo. Thus a € £ and

hence if {xa} is bounded, we will regard M(FE, {xn}) as a subspace of £=°.

In the next section, we start by showing that M(E, {xa}) is a continuous linear
image of E* (Theorem 2.1). In Theorem 2.3, we prove a simple but useful fact that
M(E, {xn}) = M([xn], {xrn}). We then compute some moment spaces. In Theorem
2.6, we study the relation between equivalent sequences of Banach spaces and their
moment spaces. In Theorem 2.8, we prove the following: Let E be a Banach space
with a bounded basis {x,} and let {f,} be the associated sequence of coefficient

functionals, then M(E, {xn}) is closed in £ if and only if 2 |fn(x)} < oo for each

x € E. The last two theorems present different sets of condltlons that ensure that the
moment spaces are ¢, £;, or £*°.

2. RESULTS

THEOREM 2.1. Let E be a normed linear space and {Xxn} a bounded linearly
independent sequence in E. Define T': E* — £ by T'(f)(n) = f(xn) for all n; then
T is a continuous linear map onto M(E, {xn}).

PROOF: Let f,g € E* and a € C. Then I'(af +g)(n) = (af +g)(xa) =
af(xn)+9(xn) = al(f)(r)+I(g)(n). Alsofor f € E* wehave ||[[(f)|| = sup|f(xn)| <
(sup, lIxnll) Ifll. Hence T is a continuous linear map onto M(E, {xa}). 1]

COROLLARY 2.2. Assume the hypothesis of Theorem 2.1. If {x,} is funda-
mental, then T' is an injection.
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PRrOOF: Let f € Ker T, then I'(f)(n) = f(xa) = 0 for all n € N. Hence, we
have f(x) =0 for each x € E; thatis f = 0. 0

Before proceeding further, we prove a simple but useful result.

THEOREM 2.3. Let E be a normed linear space and {x»} a linearly independent
sequence in E. Then M(E, {xn}) = M([xn), {xn})-

PROOF: Let a € M(E, {xn}) and f € E* be such that f(xn) = an. But then
J lixn]€ [Xn]*, implies that a € M([xn), {Xxn}). The converse follows by the Hahn-

Banach extension theorem. 1]

REMARK. It follows from the last theorem that, in order to study M(E, {xn}), we
may assume that {x,} is fundamental.

DEFINITION 2.4: A squence {x5} in normed linear space is called regular if it is
bounded, linearly independent and fundamental. Note that a bounded basis is always
regular.

Let e, = {énr}i2, for n =1,2,3,.... It is known that {e,} is a regular basis
for ¢o and for £, (1 < p < ).

PROPOSITION 2.5. We have

(a) Mlco, {en}) = £5°;
(b) M(&y, {en}) = £=;
(c) M(£2, {en}) = M(c, {ea}) = £°;
(d) M4, {en}) = e‘q’o:
(where 1 < p < o0 and q its conjugate exponent).

ProoF: (a) From Riesz representation theorem we have ¢j = ¢;. Now apply
Corollary 2.2 to get M(co, {en}) = £€§° (since {e,} is regular).

(b) Similar.

(c) Since co is a closed subspace of € and of ¢ and [e,] = ¢o, we have
M€=, {en}) = M(c, {en}) = M(co, {en}) = £°, by Theorem 2.3.

(d) Similar to part (a). 0

The following theorem links up the moment spaces with the equivalence of se-
quences in Banach spaces.

THEOREM 2.6. Let E and Y be Banach spaces and {xn}, {yn} regular se-

quences in E, Y respectively. If the two sequences are equivalent, then M(E, {x»}) =
M(Y, {yn}). Conversely, if M is a closed subspace of £° and M(E, {xa}) =
M(Y, {yn}) = M then {xn}, {yn} are equivalent.

PROOF: Suppose T': E — Y is an isomorphism such that T(xn) = yn for all n.
Let a = {an} € M(Y, {yn}) and g € Y* such that g(y,) = a,. Then goT € E*
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and (goT)(xn) = an, for all n. Hence, a € M(E, {xn}) and so M(Y, {yn}) C
M(E, {xn}). The reverse inclusion follows similarly.

Conversely, let T'y: E* > M, and I';: Y* — M be the linear isomorphisms that
follow from Corollary 2.2 and the fact that M is closed. Let T = (I‘;'1 o I‘z)‘ (where
* denotes the Banach space adjoint). Then T is a linear isomorphism of E** onto
Y**. We will show that T restricted to E is a linear isomorphism of E onto Y with
T(xn) = Yn, n € N (where E, Y are regarded as closed subspaces of their second duals

via the canonical embeddings). Now, T(x5) = (I‘; o(Iy 1)') xn = F3(xnoT7?) =
(xnoTy"oT,). Hence, forall g € Y*,

T(xn)(g) = (xn o T7' 0 T2)(g) = (xn o T7 ) {g(vr)}52,
= (xn o TT M (x0)}221 = Xn(f) = f(Xn) = 9(¥n)

for some f € E* (since M(E, {xa}) = M(Y, {yn})). Thus T(xn)(g9) = yn(g) for all
g € Y*; that is, T(xn) = yn. Next, T is linear, so T(span{xn}) = span{y.} and
T([xn]) = T(span{xn}) (since T is a homeomorphism). Hence, T(E) = T([xn]) =
T(span{xn}) =span{ya} =Y.

The closeness assumption in Theorem 2.6 is essential as we can see in the following:
Let E = £, Y = c; then M(£>°, {en}) = M(c, {es}) = £;° while {e,} in E is not
equivalent to {e,} in Y.

The next important and known result will be used in the sequel.

THEOREM 2.7. (See [2, p.44]). The following statements (regarding a formal

oo
series Y zp in a Banach space E ) are equivalent:
k=1

(i) X |f(z)l < oo forall f€E";
k=1
(ii) there is a constant K > 0 such that for each a € £=,

n
E Ak 2
k=1

< Klla||;

sup
n

oo
(i) forany c € co, 3, crzr converges.
k=1

THEOREM 2.8. Let E be a Banach space, {xn} a bounded basis for E and {fn}
the associated sequence of coeflicient functionals. Then the following are equivalent:

(1) X |fa(x)| < oo for each x € E;
n=1
(i) M(E, {xn}) is a closed subspace of £* (in the ||:|  norm).
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PROOF: (i) implies (ii):

Let {a™}%_, be a sequence in M(E, {xn}) converging to @ in £*° (where a™
{al}, and a = {an},) and {gm} the corresponding element of E* such that
gm(Xn) = a7’

For x = Z Fa(x)xn define f(x) = Y. anfn(x). The series Y anfa(x) con-

n=1 n=1

verges absolutely (since E an |fa(x)| € el X |fa(x)] < o©). Hence f is a linear
n=1
functional on E and f(x,.) a,, for all n. Also for all x € E, we have

lgm(x) = F(x)I =

Z (a;n - an)fn(X)

< (”a:' — anlleo Z Ifn(Xm)l) - 0.
n=1

Thus by Banach-Steinhaus theorem, f € E*, and then a € M(E, {xa}).
(ii) implies (i): The operator I': E* — M(E, {xn}), defined in Theorem 2.1 is a lin-
ear isomorphism, so by the inverse mapping theorem there exists a constant K > 0 such

that [|f]| < K |IT(f)ll- For a = {an} € £°, we have || 3 arfaf| < K H Y T(fe)|| =
k=1 k=1 oo
K|(a1, a2, ...,n,0,...)|l < Klall,,. Hence, sup|| " arfil| < K ||af,, and the
. n k=1
conclusion follows by Theorem 2.7. 0

COROLLARY 2.9. Let E and Y be Banach spaces. If {xn} and {yn} are
equivalent basic sequences in E and Y respectively and {fn}, {gn} their respective

o0 o0
coefficient functionals, then Y |fi(x)| < oo forall x € E if and only if Y, |gi(y)| < o0
k=1 k=1
forallye€Y.
PRrooOF: Combine Theorem 2.6 with Theorem 2.8. 0

PROPOSITION 2.10. Let E denote any of the following Banach spaces ¢, ¢,
or £, (1 <p<oo) andlet {e,} be the standard unit vector basis. Then M(E, {en})
is closed in €*° if and only if E = ¢; .

PROOF: First, if E denotes ¢, ¢ or £, then M(E, {e,}) = £{°, which is not
closed in £°. Next, if E denotes £, (1 < p < o), then E |fi(x)] < oo for each

X = E fe(x)ex € E (where {fi} is the associated sequence of coefficient functionals)

if and only if E =4¢. Hence, M(E, {en}) is closed in € if and only if E = ¢,
(Theorem 2.8). 1]
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THEOREM 2.11. Let E be a Banach space, {xn} a bounded basis for E and
{fn} the associated sequence of coefficient functionals. If {f,} is a basis for E* and

> 19(fa)l < oo for all ¢ € E**, then
n=1

(i) M(E, {xn}) =co;
(u) M(E‘a {.fn}) = eloo.

PROOF: (i) Let a € M(E, {xn}) and f € E* be such that f(xn) = an
for all n. Write f = io: dnfn (since {fn} is a basis for E*). Then f(xx) =
n=1

§ dnfn(Xn) = di for all k. Now by Theorem 2.7 we have |a,| || fnll = | F(xn)fnll =
n=1

b n—1
El F(xx) e — kgl F(xe)fe
| fall lIxnll), 80 @n — 0; that is, a € ¢o.

— 0. Also, inf|fa|| > 0 (since 1 = |fa(xn)| <

0
Conversely, let ¢ € co; the series Y ¢nfn convergesin E* by Theorem 2.7 (since
n=1
o0

ijl [¢(fa)] < oo for all ¢ € E**). Write f = i cnfn; then f(xx) = Y cnfalxe) =

n= =1
ckx. Thus c € M(E, {xn}).
(ii) First, observe that the hypothesis above implies that {f,} is bounded. Now,
let a € M(E*, {fz}) and ¢ € E** be such that ¢(fn) = an. To show a € £, it

o0
suffices to show Y brar converges for all b € ¢q. For, let b € ¢q; then by Theorem 2.7,
k=1

oo (> ] oo [ ]
3" b fr converges to an element of E*. Now ¢( b,,fk) = Y d(fr) = 3 bra,
k=1 k=1 k=1 k=1

oo
so that ) bgaj converges.
k=1

For the other inclusion, let a € £5°. Define ¢: E* — C by ¢(f) = f arf(xr).
k=1

Now, WA < £ lasl170)l < (suplbeal ) (£ tost) 11 = (sup ) el 151
hence ¢ € E**, and ¢(fn) = an. Thus a € M(E*, {f.}). 1]

THEOREM 2.12. Let E be a Banach space, {xn} a bounded basis for E and
{fn} the associated sequence of coefficient functionals. If there exists a constant M > O

such that Y |fi(x)| < M ||x||, for all x € E, then M(E, {xn}) = £=.
k=1

PROOF: Let a € £°. Define f(x) = 5° anfa(x); then f € X*. Indeed |f]| <

n=1

M |la||o, - Also f(xn) = an for all n. Hence, a € M(E, {xa})- 0
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