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Abstract

We consider a birth—death process {X (¢), t+ > 0} on the positive integers for which the
origin is an absorbing state with birth coefficients A,, n > 0, and death coefficients
fn, n = 0. wedefine A = Y12 | 1/Amy and S = Y02 (1/An7n) D52, i» Where
{m,, n > 1} are the potential coefficients, it is a well-known fact (see van Doorn (1991))
that if A = oo and § < oo, then Ac > 0 and there is precisely one quasistationary
distribution, namely, {a; (A¢)}, where A is the decay parameter of {X (¢), t > 0}inC =
{1,2,...}anda;(x) = Mflnijj(x), j =1,2,.... Inthis paper we prove that there is
aunique quasistationary distribution that attracts all initial distributions supported in C, if
and only if the birth—death process { X (¢), t > 0} satisfies both A = coand S < oco. That
is, for any probability measure M = {m;, i = 1,2, ...}, we have lim;_, oo Py (X (¢) =
JIT>t=aj(c), j=1,2,...,where T =inf{t > 0: X(¢) = 0} is the extinction
time of {X (¢), ¢+ > 0} if and only if the birth—death process {X (¢), ¢ > 0} satisfies both
A =o0and § < oo.
Keywords: Domain of attraction; quasistationary distribution; birth-and-death process;
orthogonal polynomial; duality
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1. Introduction

Quasistationary distributions (QSDs) for continuous-time Markov chains have recently
attracted much attention because of their theoretical and practical interest. A complete treatment
of the QSD problem for a given family of processes should accomplish two things (see [9]):

(i) determination of all QSDs; and

(ii) solve the domain of attraction problem, namely, characterize all laws v such that a given
QSD M is a v-limiting conditional distribution.

Although (i) has been addressed for several cases, details about (ii) are known only for finite
Markov processes, and for subcritical Markov branching processes. Determination of all QSDs
for birth—death processes has been studied by Cavender [2] and van Doorn [11]; a complete
answer is as follows (see [11]).

LIFA=Y 12 1/hm, =0c0and S =302 (1/Aums) D io, 4 Wi = 00, either Ac = 0
and there is no QSD, or A¢ > 0 and there is a one-parameter family of QSDs, namely,
{aj(x), 0 <x < Ac}, wherea;(x) = Ml_lnijj(x), j=12,...
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2. fA=307  1/hymy =00and S = Y02 (1/An7,) D i, i < 00, thenic > Oand
there is precisely one QSD, namely, {a;(Ac)}.

In the literature, there are two works directly related to problem (ii), i.e. the domain of
attraction problem for birth—death processes. The first work is that of van Doorn [11], who
solved the QSD problem when the initial distribution has finite support; in particular, when it
concentrates all mass at a single state. The other related work is due to Zhang et al. [13], who
proved that if Zf’il m; Qi(Ac) < oo then any initial distribution M = {m;, i = 1,2,...}isin
the domain of attraction of {a; (Ac)}.

In this paper we prove that there is aunique QSD that attracts all initial distributions supported
in C = {1, 2, ...} if and only if the birth—-death process {X (¢), t > 0} satisfies both A = oo
and S < oo. That is, for any probability measure M = {m;, i = 1,2, ...}, we have

lim Py (X(0) = j | T >0 =a;0¢) =y "2 Qhe),  j =120,

where T = inf{r > 0: X () = 0} is the extinction time of {X (), ¢ > 0} if and only if the
birth—death process {X (¢), t > 0} satisfies both A = oo and § < co. As is well known, there
are four classifications of birth—death processes, due to Feller [4]. In the case of a regular
boundary and an exit boundary, there is no QSD. When oo is a natural boundary, there is a
one-parameter family of QSDs if A¢ > 0; we will discuss the domain of attraction of QSDs
for this classification in another paper. However, for an entrance boundary, which is equivalent
to both R = oo and S < oo, there exists a unique QSD. In this paper we give a necessary
and sufficient condition for the existence of a unique QSD that attracts any initial distribution
supported in C = {1, 2, ...}.

Our basic tools in this paper are Karlin and McGregor’s [6] spectral representation for the
transition probabilities of a birth—death process, and a duality concept for birth—death processes.

The remainder of the paper is organized as follows. After introducing the concepts and
collecting some preliminary results in the next section, we will present results on some particular
properties of birth—death processes in Section 3. Using some previous results, we obtain our
main results in Section 4. Finally, we conclude in Section 5 with an example.

2. Preliminaries

In this paper we focus on a continuous-time Markov chain {X (¢), # > 0} on a state space
E = {0} U C, where C = {1, 2, ...} is an irreducible transient class and 0 is an absorbing
state. A continuous-time Markov chain {X (¢), + > 0} having state space E and g-matrix

Q = (gij, i, j € E) given by

Ai ifj=i+1,i>0,
Y-+ ifj=ii >0, ‘
0 otherwise,

is called a birth-and-death process on E, with birth coefficients A, > 0, n > 0, and death
coefficients w, > 0, n > 0. Suppose that Ag = po =0, A, > 0,and u,, > 0, n > 1. Then Q
will be conservative, 0 is an absorbing state, and C = {1, 2, ...} is irreducible for the minimal
Q-function, F, and, hence, for any Q-function.
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We will use Anderson’s notion [1, pp. 103, 261]: define the potential coefficients 7 =
{mp, n € C}by m; = 1 and, forn > 2,

MA2 -+ Ay
T, = 1A2 n—1 ’ 2.2)
H23 -+ M
and let
00 1 oo 1 n oo 1 oo
A= — R = i, S = ;.
2 DT D L
n=1 n=1 i=1 n=1 i=n+1

Write P;(-) = P(- | X(0) = i). We say that extinction occurs when the process reaches
state 0. Furthermore, denote by

T =inf{r > 0: X(t) =0}

the hitting time of O or the extinction time of the process. Absorption at 0 is called certain
if P;(T < 4o00) = 1. Certain absorption is necessary for the existence of the QSD; therefore,
before turning our attention to the QSD we have to assume that eventual absorption at state 0 is
certain under the following condition (see [7]):

o0
A=

n=1

= 0. (2.3)

Imposing (2.3) implies that the condition

o0 1 n
R= ; py Zm =00 2.4)

i=1

is satisfied. Also, imposing (2.3) (and, hence, (2.4)) implies that the process {X (¢), t > 0}
is nonexplosive (Q is regular) and, therefore, honest, in which case the transition probability
function P(¢) = (P;j(t), i € C, j € E), where

Pijt) =P(X®) =j| X(©0) =i, i=1,2,...,j=0,1,...,t>0,
is the unique solution of the system of Kolmogorov backward equations
P'(t)y=QP(), 120, 2.5)

with initial conditions P(0) = I, where [ is the identity matrix and
o0
ZP,-,-(r):l, i=1,...,t>0. (2.6)
j=0

We know that each Q-function, P;;(t), satisfies (2.5) since Q is conservative.
The state probabilities P;(t) = P(X () = j) are determined by the transition probabilities
P;(¢) and the distribution of X (0) through

o0
Pj(l)=ZmiPij(t), j=0,1,2,...,

i=0
where m; = P(X(0) =i) > 0and ) ;2,m; = 1 (so that Z‘;’;O Pj(t) = 1).
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Itis well known (see, for example, [1, Theorem 5.1.9]) that, under our assumptions regarding
the Markov chain, there exist a strictly positive constant ¢;; (with ¢;; = 1) and a parameter
Ac > 0 such that

Pij(l‘) < Cije_kct, i,jeC,t>0,

and |
Ac = — lim —log P;;(1), i,jecC.
t—oo t

The parameter Ac is known as the decay parameter of the Markov chain in C.
Karlin and McGregor [6] showed that the transition probabilities P;;(¢), i, j € C, can be
represented by

Py(t) =7 /O e 01 (1) 0 (x) dr (x), 27

which is the spectral representation referred to in the introduction. Here {Q,(x), n > 1} isa
system of polynomials defined recursively by

An Qn+1(x) =An+pn —x)0u(x) — 1y On-1(x), n=23,...,

2.8)
A Q2(x) = A1 + 1 — x, 01(x) =1,

and ¢ is the unique (in our setting), positive measure on the nonnegative real axis of total mass 1
with respect to which {Q, (x)} constitutes an orthogonal polynomial sequence.
It is well known that Q,(x) has n — 1 positive, simple zeros, x,;, i = 1,2,...,n — 1,
which satisfy the ‘interlacing’ property
O<xn+l,i <xl’l,i <xl‘l+1,i+1’ i:1’27"'9n_11n227 (2'9)
from which it follows that the limits

g = lim x,;, Q> 1,
n—oo

exist and satisfy 0 < & < &;41 < oo. Actually, note that §; = Ac.
It is easy to see from (2.9) that

x<§ <= 0Oux)>0 (2.10)
for all n. It also follows that 0 < &; < &;41 < 00, so that
o= lim &
i—00
exists, and 0 < o < oo. Furthermore, we have
& =& = o=§, i=1,2,....

Now defining the (possibly finite) set & = {&1, &, ...}, we obtain from the following lemma
(see [11]), which links the zeros of the polynomials Q(x) to the support

SW)={x|¢¥((x —¢ex+¢)) >0forall e > 0}

of the measure 1.
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Lemma 2.1. Ifo = oo then S(¥) = B. Ifo < oo then S(Y)N[0,0] = E (a bar denotes
closure) and o is the smallest limit point of S({r).

Following Karlin and McGregor [7], we define the dual process to be a birth—death process
on E with birth rates {A?, n > 0} and death rates {/LZ, n > 0} given by

n’
)\,Z:Mn’ pff:O, V'Z—H:)‘"’ n=12....

Replacing A, by Az, Un by uf,’ ,and Q,(x) by Qﬁ in (2.8), we obtain a recurrence relation for

the dual polynomials Qg, n =1, 2, ..., which constitutes an orthogonal polynomial sequence

with respect to a (unique) positive measure ¥ on the nonnegative real axis of total mass 1.
This measure satisfies

pion =0,  dyd0) =puxTdy(x), x>0, 2.11)

and so, with

S = S, (2.12)
since, in view of [6],

o0
i / Ty =1,

0

Y cannot have positive mass at 0. It is not difficult to conclude from (2.12) that

gl.dzgi, i=1,2,..., and o%=o0.

We will use Chapter 5 of [1] to make the following classifications. Note thataset {x;, j € C}
of strictly positive numbers such that

Z%‘jxj < —uxi, ieC, (2.13)
jeC

is called a p-subinvariant vector for Q on C. If the equality holds in (2.13) then {x;, j € C}
is called a p-invariant vector for Q on C. A set {x;, i € C} of strictly positive numbers such
that

Z Pij()x; <e My (2.14)
jeC
forallt > O and all i € C is called a pu-subinvariant vector for P;;(z) on C. If the equality
holds in (2.14) then {x;, i € C} is called a u-invariant vector for P;;(¢) on C.

Proposition 2.1. Let{x;, j € C}beasetofstrictly positive numbers. The following statements
are equivalent.

(a) {x;, j € C}is a w-subinvariant vector for Q on C.

(b) {x;, j € C}isa u-subinvariant vector for P;;(t) on C.

3. Related functions

A QSD on C is a proper probability distribution v = {v;, j € C} such that, for all t > 0,

vi=P,(X(®)=j|T>1), jecC.
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In other words, a QSD is an initial distribution on C so that the conditional probability of the
process being in state j at time ¢, given that no absorption has taken place by that time, is
independent of ¢ for all j. We note that
. Py(X (1) =)
P,(X (@) = T>t)= ——,
v X =jIT>1) P, (T > 1)
while P, (X (t) = j) — 0 ast — oo for all j € C and any initial distribution v. So v can
be a QSD only if P,(T > t) — 0 ast — oo, that is, if absorption is certain, which is our
assumption throughout this section.
We call v = {v;} the limiting condition distribution (LCD) on C if, for some initial
distribution M on C, it satisfies

vy = lim Py(X()=j | T>1, jeC. @3.1)
11— 00

If we wish to describe the LCD corresponding to a particular initial distribution M, then we
usually speak of the M-LCD (if it exists). If (3.1) holds, we also say that M is attracted to v,
or is in the domain of attraction of v.

Obviously, every QSD is an LCD. Definition (3.1) only becomes interesting if it is satisfied
with M # v. For the above concepts on LCD and QSD, we refer the reader to [5], [9], and
[11].

The following series plays a crucial role in QSDs for birth—death processes:

00
E ;.

i=n+1

1

o0
S:ZAnn

n=1

n
In this paper, under the conditions A = oo and § < oo, we study the behavior of

Y2 miP(t)
Y ore mi(1 = Pro(0))’

ast — oo, where {m;}7°, is some initial distribution.
For notational convenience, we introduce the functions

Vi) =PuX@) =jI|T>1)= JjeC,

aj(x)Euflnijj(x), ji=12,...,

where the polynomials Q;(x) are recursively defined by (2.8) and the constants 77; are given
in (2.2).
A useful lemma (see [11]) is the following.

Lemma 3.1. If A = coand S < oo, then Ac > 0, 0 = 00, and there is precisely one QSD,
namely, {aj(Ac)}.

Now we start with the limit of the function e*¢*(1 — Pio(¢)), which is crucial to our main
result.

Theorem 3.1. I[f A = oo and S < oo, then
Jim €< (1 = Pio(1) = Qi (he)¥ ' (fac))

and the limit is positive for all i € C.
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Proof. Since the functions P;(t) = Z?i] m; P;j(t) satisfy the forward equations,
Pi(t) = Aj—1Pj—1(t) = (hj + uj)Pi(t) + pj1 Pip1 (1), ji=12,...,
Py(t) = 1 P1 (). (3.2)

By (3.2) we have Pjo(t) = 1 fé P;1 (1) du, so it follows from (2.7) that

t o)
P = 11 /0 { /0 ex“Qi(X)dw(X)}du
. /0 ¥ 00 dy () — iy /0 e x1 0, (x) d (v).

Since P;jp(t) — 1 ast — oo, the first term in this expression equals 1, so, with (2.11), we
obtain

Pio(1) =1 —/ e Qi (x) dy? (x).
0

We now turn to the limiting behavior as t — oo of the functions erct(1 = Pio(1)):

o

= P = [0, o).
AC

Ast — 00, the right-hand expression, f;co e~ (@—2o)t Qi(x) dwd(x), is readily seen to tend to 0

except at the single point Ac, so we can write

o0
/ e Q;(x) Ay (x) - Qi)Y ({rc)).
Ac
Next we show that Qi(kc)wd({kc}) > 0. Lemma 3.1 tells us that if A = co and S < oo,

then ¢ > 0 and 0 = oo. Then, from Lemma 2.1, S(¢v) = B = {&, &, ...}. Moreover, using
(2.12), we easily have

S ={x | v9((x —e, x +6)) > Oforalle > 0} = {£], &, ...} (3.3)

Recall that £} = A¢. In view of (3.3) we have thus proved that vi({re)) > 0.
Finally, by (2.10), Q;(Ac) > 0. Hence, lim;_, erct(1 = Pio(r)) = Qi(kc)wd({kc}) and
Qi(kc)wd({kc}) > O forall i € C. This completes the proof.

Lemma 3.2. The transition probability P;j(t) is stochastically monotone if and only if
» j=k Pijt)isa nondecreasing function of i for every fixed k and t.

A stochastic matrix is monotone if its row vectors are stochastically increasing. It is easy to
check that the birth—death process g-matrix is monotone.

Theorem 3.2. [f A = coand S < oo, then Q;(Ac) < Qi+1(Ac) and there exists a constant
K such that Qi(Ac) < K foralli € C, i.e. Qoo(Ac) =limjo Qi(Ac) < 00.

Remark. Theorem 3.2 is very important and innovative. By using it we can deduce that the
Ac-invariant vector (see Theorem 3.4) {Q;(Ac), i > 1} is bounded. Furthermore, it plays a
critical role in the proof of our main result, Theorem 4.1 below.
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Proof of Theorem 3.2. Since the birth—death process g-matrix is monotone and conservative
and satisfies the regularity, then Theorem 3.2 of [3] tells us that the corresponding minimal
QO-function is stochastically monotone. Let k = 1 in Lemma 3.2. Then 1 — Pjo(t) =
» j=1 Pij(t) is a nondecreasing function of i for every fixed 7. By Theorem 3.1, if A = oo and
S < o0, then, for all i € C, we have

Jim e*<'(1 — Po(1) = Qi o)y ({rc)),

and wd({kc}) > 0. So, for every fixed ¢, Q;(\c) is also a nondecreasing function of 7, that is,
Qi(Ac) = Qi+1(X0).

On the other hand, defining y»; 42 = Wi, Y2i43 =Xi, i =0, 1, ..., the polynomials Q; (x)
are readily seen to be related to the polynomials P;(x) in [10] by

Pi(—x)

_—, i=0,1,....
P;(0)

02i(x) =
Theorem 1 of [10] then states that, asi — oo, { P;(—x)/ P; (0)}; converges uniformly on bounded
sets to an entire function whose zeros are simple and are precisely the points &;, i > 1, if and

only if the series
oo

n—1
Znn{ufl + Z(ximrl}
n=0 i=0
converges, which is easily seen to be equivalent to § < oco. So {P;(—x)/P;(0)}; converges
uniformly on bounded sets to an entire function whose zeros are simple and are precisely the
points &;, i > 1. Because the entire function is bounded on bounded sets, we can easily
conclude that {Q7; (A¢), i > 1} is also bounded.

Finally, by using Q;(Ac) < Qi+1(Ac) and the monotone convergence theorem, it is clear
that Qoo (Ac) = lim; o0 Q;(Ac) < 00, i.e. there exists a constant K such that Q;(A¢) < K
for all i € C. This completes the proof.

Remark. Conditions for a conservative g-matrix Q being regular are well known. Indeed, it
is equivalent to saying that the minimal Q-function is honest and thus unique. In this paper we
verify that Theorem 3.1 and Theorem 3.2 are valid when A = oo and S < co. In fact, we can
prove that if § = co and A¢ > 0, then Qo (Ac) = lim; o Qi (Ac) = 0.

If the initial distribution concentrates all mass at a single state, we consider

Pij (1)

vij(O =PiX(0)=jIT>1= T Po)’

i,jeC,
as t — o0o. Recall the following lemma (see Theorem 4.1 of [11]).
Lemma 3.3. IfAc > O then

tl_i)IgOIP’i(X(l) =j1T>0=aj(c) =pu; ' rem; Q). i,j€C.

Lemma 3.3 includes the relationship between lim,_, o €*¢! P;; () and lim,_, oo e*¢'(1 —
Pio(t)). Note that

e*el Pyj(1)

M (= Py WO =400, R e C
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Hence, we can write
Jim e Py(0) = aj(he) lim e*'(1 = Pio(),  i.jeC.

The limit lim,_, o, e*¢? P; j(¢) s given in the following theorem.

Theorem 3.3. If A = oo and S < 00, then
Jlim ™! Pyj(1) = i ' Aem; Q1(he) Qi (ko) ({rc)) (34)

exists and the limit is positive for all i, j € C.
Indeed, we can state the following result.
Corollary 3.1. If A = coand S < oo, then A¢c > 0 and C is Ac-positive.

Proof. Recall from the proof of Theorem 3.1 thatif A = coand S < oo, then ¥ ({Ac}) > 0.
From (3.4), we have

lim "' P;i (1) = uy ' hemi Qi (he) Qi o) ({rch) > 0

—>00
foralli € C. This completes the proof.

We now prove that {Q;(Ac), i > 1} is a Ac-invariant vector for P;;(¢) on C, for which we
need the following important result from [8].

Lemma 3.4. ([8].) (a) Let C be a communicating class with decay parameter Ac > 0. Then
there exist Ac-subinvariant vectors for P;j(t) on C.

(b) Suppose that the communicating class C has decay parameter hc and is Ac-recurrent. Then
the \c-subinvariant vector {x;, i € C} of (a) is unique up to constant multiples, and is in fact
Ac-invariant.

Theorem 3.4. If A = ocoand S < oo, then {Q;(Ac), i > 1}is a Ac-invariant vector for P;j(t)
on C. That is,

D> Pi)Qi(e) = Qi(he).  i€C.

jeC

Proof. Let us recall Q;(x), i > 1, defined in (2.8), in obvious vector notion: —x Q(x) =

QQ(x) with Q1(x) = 1, where the matrix Q can be described as the original g-matrix Q with
the first row and the first column removed. Of course, {Q;(Ac), i > 1}is a A¢-invariant vector
for Q on C since Q;(r¢c) > 0. By Proposition 2.1 we have

Y Pi0Qj(x) <eVQi(x),  0<x<hic,

jeC

From Corollary 3.1, if S < oo then A¢ > 0 and C is A¢-positive. This implies that C is
Ac-recurrent. Then we can apply Lemma 3.4(b) to show that {Q; (A¢c), i > 1} is Ac-invariant,
that is,

Y Pi(0)Q;0.c) =e Qi ().
jeC

From Theorem 3.2, we can deduce that the A ¢-invariant vector {Q;(A¢), i > 1} is bounded.
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4. The domain of attraction

A necessary and sufficient condition for the existence of a unique QSD that attracts any
initial distribution supported in C = {1, 2, ...} to hold is given in this section. Although there
are several works that have studied this problem, such as [11]-[13], the result of this paper is of
particular interest in the analysis of the domain of attraction of QSDs for birth—death processes
because we use the definition of the QSD to prove the domain of attraction but do not impose
any condition on the initial distribution. Before stating our main result, Theorem 4.1, we require
the following lemma (see Theorem 1 of [13]) and proposition (see Proposition 5.2.9 of [1]).

Lemma 4.1. For the birth-and-death process defined by (2.1), let M = {m;, i € C} be a
probability distribution and assume that ZieC m; Qi(Ac) < 0o. Then

—1 .
AcQ;(h rc >0,

lim Py(X(1)=j | T>0={"1"7" cQj(c) zf c>

e ifrac =0,

forall j € C.

Proposition 4.1. Suppose that the communicating class C for P;;(t) has decay parameter Ac.
Let pwbe suchthat0 < u < Ac, andlet{u;, i € C}and{v;, i € C}betwo sets of numbers.

(a) Suppose that there is a jt-subinvariant measure {my, k € C} such that

> milue] < oo 4.1)
keC
Then
tl_l)l’goz Pij(t)e‘”vj = Zl:tl—lfgo Pij(t)e’”]vj, iecC.
jeC jeC
(b) Suppose that there is a w-subinvariant vector {xi, k € C} such that

> xklug] < oo. 4.2)
keC
Then
tl_l)ngo uiP,-j(t)e’” = Zui[,l_ifgo Pij(t)e’”], jecC.
ieC ieC
(c) Suppose that there is a ju-subinvariant measure {my, k € C}and a ju-subinvariant vector
{xk, k € C} such that both conditions (4.1) and (4.2) are satisfied. Moreover, suppose

that either
|ugl [vk |
sup — < +00 or Ssup — < +00Q.
keC Mk keC Xk
Then
; P (Pelly s — A 13 . ut |,
,l_lfgoZZ”lP’J(t)e vj = ZZu,[Zl_l)rgoP,](t)e ]v].
ieC jeC ieC jeC

Theorem 4.1. There exists a unique QSD that attracts all initial distributions supported in
C ={1,2,...}if and only if the birth—death process {X (t), t > 0} satisfies both A = oo and
S < oo. That is, for any probability measure M = {m;, i = 1,2, ...}, we have

lim Py (X)) =j | T >0 =aj(ke). j=12...,
— 00

whereaj(ic) = /Ll_l)ucﬂj Qj(Ac) ifand only if the birth—death process {X (t), t > 0} satisfies
both A = oo and S < oo.
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Remark. Lemma 4.1, which is the main result of Zhang et al. [13], shows that if the initial
distribution M = {m;, i = 1,2, ...} satisfies Z?il m; Qi (Ac) < 00, then it is in the domain
of attraction of {a;(Ac)}. By using this result, Theorem 4.1 follows from Theorem 3.2. But,
their result is too dependent on Karlin and McGregor’s spectral representation for the transition
probabilities of a birth—death process. Hence, we would like to give another proof, which is
applicable to the more general case.

Proof of Theorem 4.1. 1f there exists a QSD then the eventual absorption at 0 is certain,
which is equivalent to A = co. If S = oo, by Theorem 3.2 of [11], either A¢ = O and there is
no QSD, or A¢ > 0 and there is a one-parameter family of QSDs; however, we have a unique
QSD, and so § = oo is impossible.

Conversely, recall from Lemma 3.1 that if A = oo and § < o0, then there is precisely one
QSD. Let M = {m;} be any initial distribution on C. On the one hand, using Theorem 3.2, if
S < oo then there exists a constant K such that

o o
kaQk(/\c) < Kka =K < .
k=1 k=1

By Theorem 3.4, { Qx(Ac), k > 1} is a Ac-invariant vector; therefore, we can let x; = Qx(Ac)
and ux = my in (4.2). Then by Proposition 4.1(b) and Theorem 3.3 we have

lim > mi Py (e’ = Zmi[tlin;o Pij(t)e)‘ct]
ieC ieC
=Y mipy hem; Q) Qi)Y ({re)). (4.3)
ieC

On the other hand, taking v; = 1 and using the fact that Q;(Ac) < Q;+1(Ac), we obtain
sup,cc1/Qk(Ac) = 1/Q1(Ac) =1 < +o00. By Proposition 4.1(c) and Theorem 3.1, we have

tim 33 by @< = 30 S m lim £y @
ieC jeC ieC jeC
Recall that P;;(¢) is honest from (2.6) and use (4.4) to obtain
Tim 3 mi(1 = Po()e e = 30 3 mi[ lim Py’
ieC ieC jeC
=YY miny hem; Qi) Qi)Y (e )
ieC jeC
=Y mi Qi)Y ({rch). (4.5)
ieC

In the above system of equations, we also used the fact that } ;- ,uf])LCn jQic) =1 As
a consequence, by (4.3) and (4.5), for j = 1,2, ..., we have

2 mi Pyt
lim Py (X)) =j | T >1t) = lim Oozt—lmt ij (1)
e =00 3 02 mi(1 — Pro(1))
: >o02 mi Pj(r)ehc!
= lim = -
=00 3 p”  mi(l — Pro(t))erc!

https://doi.org/10.1239/jap/1363784428 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1363784428

Domain of attraction 125

C Yieeming hem Q) Qi)Y (fach

B Y icc mi Qi )W (fhch)

= u; ' 'Aem; Q) (ko)

aj(rc). (4.6)

Equation (4.6) not only implies that {a;(Ac)} attracts all initial distributions M supported
in C = {1,2,...}, it also implies the uniqueness of the QSD. In fact, take another QSD
v=1{v;, j € C}. Thenv; =P,(X(t) =j | T > t) by definition and it is equal to {a; (Ac)}
by (4.6). Thus, if A = oo and S < oo, then there exists a unique QSD that attracts all initial
distributions supported in C = {1, 2, ...}.

5. An example

Set

in (2.1). Then 7y =1,

1
Ni=i22ifl’
o 00
A:Z 1 :ZZn_I—OO,
n—l)\nn" n=1
) 1 00 1 X\ > ! |
= =3 5 — — <%

It follows from Lemma 3.1 that Ac > 0 and there is precisely one QSD, namely, {a;(Ac)}.
Moreover, by Theorem 4.1, any initial distribution is in the domain of attraction of {a;(Ac)}
for this process. However, it remains a difficult problem to give an explicit Ac.
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