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MOULTON AFFINE HJELMSLEV PLANES

BY
CATHARINE BAKER

1. Introduction. Desarguesian affine Hjelmslev planes (D.A.H. planes) were
introduced by Klingenberg in [1] and generalized by Lane and Lorimer in [2].
D.A H. planes are coordinatized by affine Hjelmslev rings (A.H. rings) which
are local rings whose radicals are equal to their sets of two-sided zero divisors
and whose principal right ideals are totally ordered. In [5], ordered D.A.H.
planes were defined and the induced orderings of their A.H. rings were
discussed. In this note an ordered non-Desarguesian A.H. plane is constructed
from an arbitrary ordered D.A.H. plane. The existence of such planes ensures
that the discussion of ordered non-Desarguesian A.H. planes by J. Laxton in
[3] is meaningful. The basic idea employed is essentially the same as the one
used in the construction of the classical Moulton plane from the real affine
plane (cf. [4]).

2. Ordered A.H. rings. An A.H. ring H with radical n is ordered if there
exists a subset H* of H such that a € H implies exactly one of ae H*, a=0,
—aeH" holds; a,be H* implies a+be H*; a,be H" and b€ n imply abe H*
(cf. [5], 2.2). Let H-={ae H|—ae€ H"}. H has the following properties.

2.1. Suppose ac€m. Then —1<a<1 and for any b such that —a<b<a, we
have ben (cf. [5], 6.1).

2.2. ForbdeH", if b+dem, then b,den.
Proof. Since —(b+d)<b,d<b+d, b,den by 2.1.
23. If meH"\nand pec H Un, then m—peH" '\ n.

Proof. If pe H™, then since m,—pe H*, m—pé&n by 2.2. Let pe H Nn.
Since mg n and pen, m—p& n. Suppose m—pe H . Then m,p—me H" and
pen imply men by 2.2 which is a contradiction.

2.4. The incidence structure with parallelism, #, constructed over an ordered
A.H. ring H in the usual manner is an ordered D.A.H. plane (cf. [S], Chapter
3). Thus, HX H is the set of points of # and the lines of ¥ are of the form
[m,n], where men, neH and [m,n], where m,ne H. Here, [m, n}, =
{ym+n,y)|ye H} and [m, n],={(x, xm +n) | x € H}.
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3. A Moulton A.H. plane. We shall consider a new incidence structure with
parallelism, ¥'=(P, L, L, ||), where

P=HXH;
L={[m,n],|men,ne H}U{{m,n),|me H U, ne H}U
{{m,nl;|meH* \n,ne H}.
where [m, n], and [m, n], are defined as in ¥ and
[m, n]s={(x, xm+n)|x+nm'e H'U{0BU{(x, xmk +nk)| x+nm e HY},

for a fixed element of H* \ i such as k—1¢n;
n n

I is set inclusion;
[m, n]; || [p, q]; if and only if i=j and m=p.
We define a neighbour relation, ~, on P by:

(a,b)~(c,d) ifandonlyif a—c,b—den
and a neighbour relation,~, on L by:
[m,nl,~[p,q]; ifandonlyif i=j and m—-p,n—qen

We shall prove (in sections 6 and 7) that #' is a non-Desarguesian A.H. plane.

4. The ordinary affine plane associated with #'. Let ¢:H—> H*=
H/n(a~ a*) be the usual quotient map. The map ® = (®p, O ) : H— oA =H/~,
induced by ¢, is given by ®p(a, b) =(a*, b*) and ®, ((m, n];) =[m™*, n*].. Here,
#A=(P,L, L) is the ordered ordinary Desarguesian affine plane which is
coordinatized by the ordered division ring H™ (cf. [5], Chapter 5). Clearly,

*=H*/(H"Nn) and H* = H/(H N 7).
Now consider the incidence structure &' =(P,L, I, [[), where

U ={[0, n*], | n* € H¥}U{[0, n*], | n* € H*}
U{[m*, n*], | m*e H*", ne H*}U{{m*, n*];| m*e H*", ne H*}
with
[0, n*], ={(n*, y*) | y* e H*},
[m*, n*],={(x*, x*m* +n*) | x* e H*,
[m*, n*,,={(x*, x*m*+n*) | x*+ n*m™* e H** U{0}}
U{(x™*, x*m*k* + n*k™* | x*+ n*m* e H*}.
o' is constructed from & in the same manner as the classical Moulton plane is
constructed from the real affine plane; hence &’ is a non-Desarguesian affine
plane. (Since k —1#£ n, k* # 1.) In addition, &' is the image of #' under the map

P’ = (Pp, P; ) induced by ¢. Clearly, @’ preserves incidence and is onto. @’ also
satisfies the following properties.
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4.1. (a, b)~(c, d) if and only if ®p(a, b)=Dp(c, d).
Proof. (a, b)~(c, d) if and only if (a*, b*)=(c*, d*).
4.2. [m, n];~[p, q}; if and only if @i ((m, n].)=P1(p, q]).

Proof. [m,n];~[p,q]; if and only if i=j m*=p* and n*=gq* ie,
@ ([m, n]) =@ (p, q]).

5. Properties of #'.
5.1. Any pair of points (a, b) and (c, d), incident with a line [m, nl,, where
meH"\n, of ¥, are incident with a line [p,ql; in'.

Proof. If b, de H*U{0}, then (a, b), (c,d) I [m,n]; in " If b, d e H-U{0},
then (a,b), (c,d) I [mk™, nk '], in #. We now consider the case where
b,—deH".

First, we show that there exists an fe H such that (a—c)fk=d(k—1); i.e.,
such that (a—c)f=d(k—1)k™*=d(1—k™"). If no such f exists, then there
exists g € n such that (a—c)=d(1 -k Y)g. Since (a, b), (¢, d) I [m, n], in ¥, we
have b—d=(a—c)m=d(1—k ")gm. Hence, b =d((1—k *)gm+1); however,
gen implies d((1—k~*)gm+1)e H™; a contradiction since be H".

Take p=m+f and q=n—af. We shall show (a, b), (c,d) I [p,ql; in¥'.
Since ap+q=am+aft+n—af=b and cpk+qk=cmk+cfk+nk—afk=
(em+n)k—(a—c)fk=d, [p, ql; is the required line provided that pe H*\ n.

We now have two possibilities.

Suppose k>1. Since (a—c)f=d(1—k™'), where a—ceH", deH",
1-k™'eH"\n, then f¢H"\n. Since (a~c)f=d(1—-k™)=(cm+b—am)
(1-k", we have b(1—kH=(a-c)f+m(1—-k™") with 1-kle
H*\n and b,a—ceH"; hence f+m(l—k")¢H \n. Therefore, p=
f+m(l—-k Y)+mk e H \n.

Suppose k< 1. As (a—c)f=d(1—k™"), where a~ce H",de H, (1-k™Y)e
H™\n, we have f¢ H \n. Then p=m+fe H*\ 5.

5.2. If two points (a, b) and (c, d) are incident with some line [p, ql; of ¥',
then there exists a line [m, n], of #, with me H*\ n, through both points.

Proof. If b,de H*U{0}, take [m,nl,=[p,qL; if b,de H U{0}, take
[m, n], =[pk, gkl,. If b,—de H", by the argument used in 5.1 there exists
fe H U n such that (a—c¢)f=d(1—k™"). By 2.3 p—fe H*\ n. Therefore, take
[m, nL=[p—f q+afl.

5.3. All lines of #' joining two given distinct points are of the same kind.

Proof. From the properties of &, it is clear that two distinct points cannot be
incident with a line of the first kind and a line of the second kind in &". If the
two distinct point are incident with a line of the third kind of ', then there
exists a line [m, n}, in ¥ with m € H"\ n, joining these points. These two points
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could not be incident with a line of the first kind in ¥ or in . By 2.3
m—peH"\n, if pe H Um, which implies the two points cannot be incident
with any [p, q),, where pe H U, in % and thus, cannot be incident with any
line of the second kind in %"

5.4. Two points of ¥' are neighbours if and only if there exist more than one
line of ' through them.

Proof. (=) Any distinct neighbour points (a, b) and (c, d) are incident wit .
a least two distinct lines [m, n];, [p, q]; in . Either they are incident with the
same two lines in &’ (if these lines exist in#’) or they are incident with [m, nl;,
[p, q1; if b, de H*U{0}, with [mk™*, nk™'];, [pk™', gk'); if b, d € H"U{0} or
with [m+f, n—afl;, [p+f,q—aflsif b, —d € H*, where (a —c)f =d(1—k™") (by
5.1).

(&) Now assume there exist more than one line of ¥' through the distinct
points (a, b) and (c, d). By 5.3, these lines are of the same kind. If they also
exist in &, then (a, b)~(c, d).

If (a, b) and (c, d) are incident with two lines of the third kind in ¥, say
[m, n]; and [p, q15, then (a, b), (¢, d) I [m,nl,, [p,q), in &, if b,d e H* U{0};
(a, b), (c,d) I [mk,nkl,, [pk,qkl,, in &, if b,de H U{0}; (a,b), (c,d) I
[m—f n+afl, [p—f q+afl, in ¥, where (a—c)f=d(1—-k™") (by 5.1), if
b,—d e H*. Hence, (a, b) and (c, d) are neighbours in # and thus also in #".

5.5. Two lines of #' are neighbours if and only if for any points incident with
either line, there exists a neighbour point incident with the other.

Proof. Consider two neighbour lines [m, n], [p, q];. If these lines are of the
first or second kind, the result is clear. Suppose they are of the third kind. Take
any (a, b) I [m,n];. Then b=am+n if a+nm~*e H"U{0} [b=amk +nk if
a+nm~'e H ]. We have two possibilities: either a+qp~'e H*U{0} or
a+qp~'e H. First suppose a+qp '€ H"U{0}. Then (a,ap+q) I[p, q); and
am+n—ap—q=a(m—p)+n—qen [and amk+nk—ap—q=(am+n)(k—1)
+a(m—p)+(n—q)en, since am+nen by 2.2]. Thus the point (a, ap+q) is
the required neighbour point if a+qp'e H"U{0}. A similar argument
would prove (a, apk +qk) to be the required neighbour point if a+qp™*
eH".

Now consider two lines [m, n];, [p, qJ; such that for any point incident with
either line, there exists a neighbour point incident with the other line. Take any
(a, b), (¢, d) I [m, n]; such that (a, b) #(c, d). Then there exist (a’, b’), (¢, d’) I
[p, q]; such that (a’, b')~(a, b) and (¢, d')~(c, d). Hence,

@ ([m, n],) =D ((a, b)Pe((c, d)) =i ([p, q1;).
By 429 [ma n]i ~[pa q]l
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5.6. If two lines [m,n]; and [p,ql; of #' do not intersect, then i=j and
m—-pen.

Proof. If [m, n]; and [p, q]; also appear in ¥, then i=j and m—pen by [2],
2.14.

If i=1 and j=3, then in ¥, [m,n],Alp,ql,=((gm+n)(1—pm)~*,
(np+q)(1—mp)™") and [m, n], A[pk, gk], = ((gkm +n)(1—pkm)~", (npk +qk)
(I—mpk)™") (cf. [2], 2.14), Since mem, 1—mp, 1—mpke H"\n; therefore,
(np+q)(1~mp)™" and (npk+qk)(1—mpk)™ are both in H*U{0} [in H]
if np+q lies in H*U{0} [in H"]. Hence, ((gm+n)(1—pm)~', (np+q)
1=mp) ) =[m,nlAlp, qls, if np+qeH"U{0} and ((gkm +n)(1—pkm)~?,
(npk + gk)(1—mpk) ) =[m,n);Alp,qls if np+qeH . Thus [m,n],A
[p,ql:# 2.

If i=2 and j=3, then me H"Un and pe H"\n, so p—m, pk—me H*\n,
by 2.3. By [2], 2.15, in ¥ [p,ql.Aalm,nL=((n-q)(p—-m)™', (n—q)(p-
m)~'p+q) and [pk, gk, A[m, n), = ((n - gk)(pk — m)~*, (n - qk)(pk — m)~'pk +
gk). However, both (n—q)(p—m)'p+q and (n-—qk)(pk—m) 'pk+qk
lie in H*U{0} [in H™] if and only if n=qp 'm[n<qp 'm]. Therefore, in
X, [m,nLAlpqi=((n—q)p—-m)™", (n—q)(p—m)'p+q), if n=qgp—'m
and [m,n],Alp, qls=((n—qk)(pk—m)™', (n—qk)(pk—m) 'pk+qk), if
n<qp~'m. Thus, [m, n,A[p, qs # &.

Let i =j=3. We may assume, without loss of generality, that p—m € H* U {0}.
If m—pén, thenin®, |p, qhalm, n,=((n-q)(p-m)™"',(n—q)(p—m)"'p+q)
and [pk, gk, A[mk, nk],=((n—q)(p—m)~", (n—q)(p—m)~'pk+qk), by [2],
2.15. In addition, (n—q)(p—m) 'p+q and (n—q)(p—m) 'pk +qk both lie in
H*U{0} [in H7]if and only if n = qp~'m [if and only if n <gp~'m]. Therefore,
in %', [m,nlAlp, ah=((n—q)p—m)™, (n—q)(p—m)'p+q) if n=qp™'m
and [m, nLA[p, qls=((n—g)(p—m)™", (n—q)(p—m)"'pk+qk) if n<gp~'m.
Thus, [m, nl;Alp, q)s# & if m—pén.

6. In this section, we verify that %' is an A.H. plane; i.e., we show that ¥’
satisfies the following conditions 6.1-6.4 (cf. [2], 2.2)

6.1. Any pair of points of ¥'is joined by a line of %', by the properties of ¥
and by 5.1.

6.2. Two lines of ' which have a point in common meet exactly once if and
only if they are not neighbours.

Proof. (<& ) Consider any pair of lines [m, n],, [p, q]; of #'which meet in two
distinct points (a, b) and (c,d). By 5.3, i=j; i,je{1,2,3}. If i=1 or 2, then
[m, n]; ~[p, q);, by the properties of . Let i =3. Then by 5.2, (a, b), (c, d) are
incident with lines of the second kind in .

If b,de H"U{0} [b,dec H U{0}; b,—d e H*], then (a, b), (c,d) I [m,nl,,
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[p, ql, in ¥ [(a, b), (¢, d) I [mk, nk],, [pk, gk], in%; (a, b), (c,d) I [m—f,n+
afl,, [p—f, q +afl, in # where (a—c)f=d(1—k™")]. Thus, m—p, n—qemn.

(=) Any pair of neighbour lines of the first or second kind in #' which have
a point in common, meet more than once by the property 6.2 applied to ¥.
Consider two neighbour lines [m, n]; and [p, q); and some (a, b) incident with
both of them. Clearly, both a+qp~'e H*U{0} and a +nm™'e H*U{0} if and
only if be H'U{0}. If be H"U{0} [if be H ], then (a,b)=(a,am+n)=
(a, ap+q) [(a, b) = (a, amk + nk) = (a, apk + qk)]. Since m—p € 7, there exists
ceH"'Nn[ce H Nn] such that c¢(m—p)=0. Then (a+c, (a+c)m+n)
[(a+c, (a+c)mk+nk)] is also incident with both [m, n]; and [p, q]s.

6.3. For each flag ((a, b), [m, n];)e PX L, there exists a unique line L((a, b),
[m7 n]i) suCh th'at (a, b) IL ((a’7 b)9 [m’ n]i) and L((a7 b)’ [m7 n]i) u [m7 n]i'

Proof. The result is clear if i=1 or 2. If i=3, the required line is
[m,b—am]; if be H*U{0} or [m, bk~ '—am],, if b€ H™. The uniqueness of
such a line is readily verified.

6.4. There exist an ordinary affine plane &' and an epimorphism @' =
(®p, ®)): #'— A’ with the following properties.

1. (a,b)~(c,d) in &' if and only if ®4(a, b) =D} (c, d).

2. [m, n],~I[p, Q]j in ' if and only if ® ([m, n],)=®{ ((p, q]j)-

3. If [m, n];nlp, ql;= &, then & ([m, n])| ®L(p, q]).

Proof. The ordinary affine plane &' and the epimorphism @' defined in 4
satisfy these conditions by 4.1, 4.2 and 5.6.
Therefore, #'is an A.H. plane.

7. Since ' is not Desarguesian, #' cannot be Desarguesian.

8. An ordering of ¥'. First we give an ordering of #. We define a ternary
relation p on the points of # by (P, P,, P3)ep (P, =(a,b,), i=1,2,3) if
P, P,, P, I[m, n], and b, <b,<b, or b,>b,>b, or if P;, P,, P, I[m, n], and
a,<a,<as; or a,;>a,> a,. It is easily verified that p satisfies the order axioms
01-07 given in [5]; in fact, p is equivalent to the ordering of # induced by the
ordering of H in [5]. In particular, we have the following result.

8'1' In %7 lf 1)1 = (ai, bz) I[my ni]l [[m: ni]2; [m’ ni]2]7 i€{19 2} and
P, P, I[p, qL, [[p,qli; [p.q]. where p—m#n], then a,<a,[b,<b;;a,<a,
when p—me H" and a,<a, when p—me H™] if and only if n,<n,.

Proof. Assume n,<n,. By [2], 2.14 [2.14; 2.15], a,—a,=(n,—n,)
(1-pm)™'>0 since 1-pmeH"\n[b,—b,=(n,—n,)(1—pm)'>0 since
1-pmeH'\n; a,—a;=(n,—n,)(p—m)™' which is greater than zero if
p—me H" and less than zero if p—me H™].
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Conversely, if a,<a,[b,<b,; a,<a, with p—meH" or a,<a, with p—
m e H7], then n,# n, otherwise we obtain a contradiction.

8.2. In a similar manner, we may define a relation p’ on ¥'by putting p’
equal to p on the points of lines of the first or second kind and for P, =
(a, b)I{m,nl; (ie{1,2,3}), (P, P,,P;)ep’ if and only if a,<a,<a; or
a;>a,>a;. The relation p’ clearly satisfies axioms 01-06 (cf. [5]), so it
remains to verify 07. Since p is an ordering of &, any non-degenerate parallel
projection which does not involve lines of the third kind will preserve the
ordering p'. We verify that the parallel projections involving lines of the third
kind preserve order in the following sequence of lemmas. We shall prove the
lemmas in one direction; the converses then follow as in 8.1.

8.3. Let Pi = (ai’ b;) I[m, ni]l [[ms ni]Z]’ ie{la 2} and Pl, P2 I[p7 ‘1]3- ’I'hen
a,<a, if and only if n,<n,.

Proof. Assume a,<a,. If a;,a,=—qp™ ! or a,,a,<—qp", then the result
follows from 8.1. Therefore, let a,<—qp'<a,. Then n,—n,=
ay(1—pm)—qm—a,(1—pkm)+qkm> —gp~'((1 - pm)—(1—pkm))—qm + gkm
=0 since 1—pm, 1-pkme H*'\n [n,—n,=a,(p—m)+q+a,(pk—m)—qk>
—qp((p—m)—(pk—m)+q—qk =0 since p—m, pk—me H*\ n by 2.3] by 6.4.

8.4. Let P,=(a,b)I[m nls, i€{l,2} and P, P,I[p,ql, [[p,q)]. Then
b, <byla,<a,] if and only if n,<n,.

Proof. Assume n;<n,. If ny,n,=z—gm or ny,n,<—qm [b;,b,=0 or
b,, b,=0], then the result follows from 8.1. If n; <—qm <n,, then by 6.4,
b,— b, =(qm+n,)(1—pm)~*—(qmk +n.k)(1—pmk)*>0 since 1—pm, 1-
pmk € H*\ n. [First, suppose b; <0< b,. Then —a,p <q<—a;p which implies
0<n,—n,<(a,—a;)(p—m)if k>1and 0<n,—n,<(a,—a,)(pk'—m) if k<
1. Since p—m, pk™*—m e H\n, a,< a,. Now suppose b, <0< b,. Then —a,p<
q<-—a,p; hence 0<n,—n,<(a,—a,)(pk'-m) if k>1 and 0<n,—n, <
(a,—a,)(p—m) if k<1. Thus, a,<a,.]

8.5. Let P,=(a;, b)) I[m,n],, ie{l,2} and P,, P, I[p, ql; where m—p&n.
Then n,<n, if and only if a,<a, when p—meH" and a,<a, when p—me
H".

Proof. Assume n,<n,. If n;, n,=qp 'm or ny, n,<qp 'm, the result fol-
lows by 8.1. Therefore, let n,<qp 'm<n,. Then by 64, a,—a,=
(m—qQ)p—m) ' =(n,—q)(p—m)" =(n,—ny)(p—m)~'. Thus, a;>a, if
p—meH and a,<a, if p—-meH".

8.6. It is now clear that non-degenerate parallel projections preserve p'.
Therefore, ' is a non-Desarguesian A.H. plane with ordering p'.

https://doi.org/10.4153/CMB-1978-024-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1978-024-7

142 C. BAKER

9. An example. Let H= R X R. If a e H, we may write a =(A,, A,), where
A,, A,eR. Define two binary operations, addition and multiplication on
H by (A;,A)+(B,B)=(A;+B;,A,+B;) and (A, By)- (By, By)=
(A,B,;, A|B,+A,By), for any A,, A,, B,, B,€ R. Then H is an A H. ring with
unit (1,0) and unique maximal ideal n={(0, A)| A e R}. If we define H" =
{(A, Ay)e H| A, >0U{(0, A,)| A,>0} then H becomes an ordered A.H.
ring. The incidence structure # constructed in the usual manner over H is an
ordered D.A.H. plane. The incidence structures ¥’, constructed as in 3 are
ordered non-Desarguesian A.H. planes. If k is taken to be (2, 0), then ¥'is the
ordered non-Desarguesian A.H. plane whose associated ordinary affine plane
is the classical Moulton plane.
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