AN APPROXIMATION TO {X, Y}
B. Brown
(received June 21, 1968)
1. Notation and Terminology. All homology and cohomology

groups are reduced. ¢(p) is the class of finite abelian groups whose
orders are prime to p. ¢<a is the class of abelian groups whose

orders are products of primes less than a. If G is a finitely generated
abelian group, G _ is the quotient of G by the subgroup of G made up
p

of all elements whose orders are prime to p. I X and Y are finite
C-W complexes and ¢ a class of abelian groups, ¢ stem {X,Y} =

max {i[H (X;2) 4 ¢} - min UlHgysz) ¢ ¢y

If 6 is a stable cohomology operation of type (k, Zp’ Z ), D(o)
p
is the stable homology operation of type (k,Z ,Z ) which for any finite
P P

C-W complex X and n-dual X* of X makes the following diagram

commutative:
© +k
H(x;z ) — HPTNx;z)
P p
D D
n n
D(0)
H (X*;Z) — H (X*; 2 )
n-p p n-p-k j

where the vertical maps are the duality isomorphisms. Note that
"n-dual" is used in the sense of [1]. D is well defined, and is an
isomorphism from the group of stable cohomology operations of type
(k, Zp, Zp) to the group of stable homology operations of type

(k, Zp, Zp) (see [2]).

5 is the Zp cohomology Bockstein and f the Zp homology
Bockstein. Let h: Z -+ Zp be the canonical projection;

h#: Hi(Y 1 Z) - Hi(Y ;Zp) is the induced homomorphism and
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£

by h#.

h, : HJ(X; H(Y; Z))p - HJ(X;H.(Y; Z )) is the homomorphism induced
i i p

2. Statement of Results.

THEOREM C. X and Y are finite C-W complexes, p a prime,
p#2 s =¢({) stem {X,Y) . Let a(q) =2qg(p-1)-1. Then the
spectral sequence with

) t
EVC = v H(X;H (Y;2Z)

1 t-r p

t
t

E'Y - H(X;z)eH (Y;2) q>0
1 . P t-a(q)-r P
Ez’q =0 q< 0

rq Er+1, qtl

r.q, K6
and d1 : hi 1

defined, for q =10, by

1
d = (p ©1 +1 © D(p )h, and, for q > 0, by

H'(X;z ) ® H (Y;Z)
p p

t-a(q)-r
1 1 1 t 1
((q+1)p 6 - qép ) ® 1+56 @ D(p ) + (-1)p ©p

+ (1) @ ((q+1)D(p1)p - qp Dp1))

converges to {X,SrY} o when r > s-2p(p-1) + 2. That is, we can

compute {X,Y} if p> 'Hzﬁ
compute p = P2

COROLLARY 1. Let s = stem {X,Y}.

~

s+4

(x, ) 3

= Ht(X;Ht(Y;Z)) mod ¢ <
t
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COROLLARY 2. Let s = stem {X,Y}.

Suppose
A:HYX;Z ) = H (Y;Z )=0 for all i;
p 2i p -
9_1;
B:u M(x.z )= H. (Y;Z)=0 forall i;
P 2i+1 p T e
) 14+ 2545
then if p > ——2— R
" t
X,Y} ¥z H(X;H(Y:Z) .
x, v (X3H,(Y;2))

t

If either A or B holds for all p such that

14NV 2845 < p < 543 then

2 S then

t +

(X, ¥} ¥z HEH(Y;2) mod ¢ < EN2sHS “2255
t

COROLLARY 3. {CP(n), CP(m)} is isomorphic mod ¢ < —~2nt! “24““

to the free abelian group on min (m, n) generators.

3. Proof of Theorem C. Y is a finite C-W complex so, for
some n, it has an n-dual Y'. ¢(f$) stem {X,Y} = ¢(f))
stem {X # Y', Sn} . Theorem B of [4] is a special case of Theorem C
and is valid when the image space is a sphere. Thus we have a spectral

- + - +
sequence with EI'O = H' rl(X #Y';Z)p; EF 9=y n+a(q)(X # Y';Zp),

. ga . g% - . gv 9 - 15 - 1
for q > o0; ]EI1 0 for q< 0; d1 ph#, d1 (qg+1) p'6 - qbp

and this spectral sequence converges to {X # Y', Sr+n} b when

r >s- 2p(p-1)+2.
Now we will describe an isomorphism from this spectral sequence
to the one described in the statement of Theorem C. Let H be the

appropriate Kunneth isomorphism, \ the diagonal map in the Steenrod
Algebra and eq the primary operation (q+1) p'6 - q6p'. Then the

following two diagrams are commutative and the vertical maps are
isomorphisms.
isomorphi 135
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&I‘,O

+1,1
- ] v,
5 e > By
1
p,h
Hn+r(X £Y"2) 17 # R Hr+1+n+a(1)(X#YI;Z )
p p
Ly L
Ap')h
- * +14n+a(1) -t
s 1H(x;H T (v 2)) > » H(x;z ) o ut Tt
p p (Y';52 )
t t P
| @), [1©D
n -« v n
; (1 ©D)\ (p') b, ¢
= H(X; ; ; Y;
t HOGH,  (Y:2) = HOGZ)OH_ ) (ViZ)
E , 0 > Er+1,1
1 dr,o 1
1
a4
£5a 1 , grtl1.qHt
1 1
ntr+ta(q) %q +r+ +a(q+1)
H A x #—Y';Zp) > goor Tl (X#Y5z)
b Iy
t n+r+a(q)-t MO t n+r+1+a(q+1)-t
> H(X;Z )® H (Y',Z ) > > H(X;Z )O H .
t p p ¢ p (Ysz))
p
l 1® D JI1®D
n n
. (18D)\ (8,) . (Y2 )
> H(X;Z )®H (Y;Z ) > » H(X;Z )@ H
P HEGZ) O R @i = HOGZ)O (i) a(qr)
+
Er,q > El‘"f"l,q 1
1 dr,q 1
1
136

https://doi.org/10.4153/CMB-1969-012-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1969-012-7

So the spectral sequences E and E both converge to {X#Y', Sr+n}

+
when r >s - 2p(p-1) +2. But {X-#'Y',Sr "

and the proof of Theorem C is complete.

}R{X,S Y} (cf. [1])

In each of the three corollaries the hypothesis assures us that
' q

0,0

1

E? = 0 except when q =0 and that d = 0. Consequently
E;)o’o = E;)'O and E:;q = 0 (q $ 0). The conclusions then follow

easily.
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