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RINGS OF FORMAL POWER SERIES 
BY 

N. SANKARANO 

In this brief exposition we collect several results on rings of formal power series 
with coefficients from a field or a ring with some special properties. The results 
that are catalogued below are mostly algebraic in nature. 

§1 initiates the discussion by giving a formal definition and listing some of the 
(elementary) properties. In §2, the preparation theorem of Weierstrass is stated for 
formal power series ring over a ring or a field, for convergent power series ring 
over a field which is complete with respect to a valuation and restricted power series 
ring over a ring with a linear topology. We study stability properties in the following 
section while §4 concerns itself with the structure of complete local rings. Algebraic 
geometric applications are dealt with in §5 while the closing section includes results 
which are not in any of the above categories. 

All the rings that we consider are commutative and with identity element unless 
we state to the contrary. 

§1. Let R be a ring and x be an indeterminate which commutes with every element 
of R. Then the set R[[x]] consisting of all formal expressions of the form 

00 

2 * i * ' 
i = 0 

where a{ are in R, under the two laws of composition 
00 00 00 

2 atx
l+ 2 h** = 2 Oi+6*)*1 

i = 0 1 = 0 f = 0 

and 

( 00 \ / 00 \ 00 

2 ^ • \2W ) - 2 wk 
i = 0 / \ i = 0 / f c = 0 

where 
ck = 2 <hh i+j = k 

0<i,j<k 

forms a ring and this ring is called the ring of formal power series over R. 
The above can be generalized to more than one variable. We can look upon the 

ring R[[xx x2... xn]] of formal power series in xl9 x2,..., xn over R as a graded 
ring in the following manner. First we define the total degree of a monomial 
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208 N. SANKARAN [June 

Mm^x1!1. x2
2 Xnn as the integer m=rn1 + m2-\ \-mn. Then we denote by 

R{i) the set of all formal finite linear combinations 2* atMt of monomials Mt of 
degree t with at in R. The additive group of R[[xl9 x29..., xn]] is then isomorphic 
to the complete direct product of the additive groups JR(0 for t=09 1, 2, — If we 
define the multiplication in this product by using the gradation as 

then we get 

R[[xl9 x29..., xn]] 

as a graded ring. 
The following properties are easy to observe: 

(1) R[[x]] contains the ring of polynomials R[x], and that this ring is dense in 
R[[x]] under the topology given by the ideals (x)9 (x

2),..., (xn), In fact 
R[[xl9 x2,. • •, xn]] is a topological ring under the ideal-adic topology induced by 
the ideal generated by (xl9 x29.. ,9 xn). In case R is replaced by a field then we get 
a complete local ring. 

(2) If R is a domain then so is R[[x]] and R[[xl9 x29..., xn]]. 
(3) If R is a field then R[[x]] is a unique factorization domain. 
(4) An element/(*) = 2*% a^ in ^ [ M ] is a unit if and only if/(0) = «0 is a unit 

in R. Consequently every formal power series over a field with nonzero constant 
term is a unit. 

(5) There is a one-to-one correspondence between the maximal ideals of R and 
the maximal ideals of R[[xl9 x2,..., xn]], the association being that the maximal 
ideal m of R corresponds to 

n 

m-R[[xl9.. . ,*„]]+ 2 **K[[*i> x2,..., ^n]]. 

(6) Let Tbe a nonsingular linear transformation of the variables xl9x29.. .9xn 

into x'l9 x29..., x^ with J5=(èiy) as the coefficient matrix of T where the entries of 
B are from a field K. Then 71 transforms an ideal of K[[xl9 x29..., xn]] into an ideal 
of K[[x'l9 x29..., x'n]]. This result remains valid if K is replaced by a ring or the 
formal power series ring by convergent power series ring. 

(7) If K is a field then any chain of prime ideals in R = K[[xl9 x29..., xn]] is of 
length at most 72 + 1 . Moreover, any chain of prime ideals can be extended to a 
chain of («+1) prime ideals. We do not include the unit ideal R in the above. 

For most of the above results the reader can refer to Nagata [19], Zariski and 
Samuel [38]. 

The following result which is concerned with the behavior of prime ideals in 
power series rings over a field under extensions of ground field is due to Chevalley 
[5]. 

(8) Let K^L be two fields and P be a prime ideal in K[[xl9 x29..., xn]] where 
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xt are indeterminates. If p is the ideal generated by p in L[[xl9 x29.. .xn]], then p is 
not in general prime. In fact it is the intersection of primary ideals. If the dimension 
of p in K[[xl9 x2,..., xn]] is r, then the dimension of the prime ideals associated 
with the primary components of p in L[[xl9 x2,..., xn]] is also r. In order that p 
be prime in L[[xl9 x2,...9 xn]] we need to impose the condition that L is separably 
generated over K and K is algebraically closed in L. 

§2. If/(z) = 2i°lo ctiZ{ where ax are complex numbers, is an analytic function of z 
in a neighborhood of the origin such that the origin is a zero of order n for /(z), 
then for any function g(z) = ̂ =0 b^ which is also analytic in a neighborhood of 
the origin, there exists an analytic function h(z) such that 

A(z)./(z)-«(z) = " ïV. 
i = 0 

We shall now give a generalized version of the above for function of several 
variables with coefficients from an arbitrary ring in an algebraic language. 

Let/(xl5 x2,..., xn) be a formal power series in n variables over a ring R such 
that /(0, 0 , . . . , 0, xn) is not identically zero and is expressible as x^(xn) where 
s>\ and </>(xn) is a unit in i?[[Zn]]. Then for any element g(xl9 x2,..., xn) in 
R[[xl9 x2,...9 xn]] there can be found power series q(xl9 x29..., xn) and r ^ , 
x 2 , . . . , xn-i) in i^[[x1? *2> • • • > *n-i]] where z = 0, 1, . . . , (s— 1), such that 

g(Xl9 X29 . . . , Xn) = ^(X l5 X2, . • . , Xn) 'f(Xi9 X29 . . . , Xn) 

n-l 

i = 0 

In case R is the real field or the complex field or a field with a valuation, then we 
call a formal power series 

2 *rira . . .r„ Xr^Xr
2

2 ...Xr
n

n i n JR[ [* i , X 2 , . . . , Xn]] 

a convergent power series with respect to the "absolute value" valuation in the 
first two cases and the given valuation in the third case (and we denote the valuation 
by v), if there exist positive real numbers Xl9..., An and M such that v(arir2„trn). 
Ai1.. .\]?<M for every rl9 r2,..., rn. The set of convergent power series forms a 
subring of the ring of formal power series and this convergent power series ring is 
usually denoted by K«xl9 x2,..., x n ». By changing formal power series by con
vergent power series in the statement of the above preparation theorem we get the 
theorem for convergent power series. 

If we take for g(xl9 x2,...9 xn) the monomial —x*n9 then we get in a unique way 
a power series u(xl9 x29..., xn) which is a unit and power series r{(xl9 x29..., xn_i) 
none of which is a unit, such that 

j{Xl9 X29 . . . , Xn) = U\Xl9 X2, . . . , Xn)- \Xn-\- 2, ri\xl> x2i • • -5 xn-l)'xnJ' 

5—C.M.B. 
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The polynomial in xn of degree s that occurs on the right-hand side of the above 
equation is called the distinguished pseudo-polynomial associated with f(xu 

x2,...,xn). The following properties of distinguished pseudo-polynomials are 
known in case of convergent power series (Ruckert [22]) and are easy to prove in 
general case as well. 

(1) If/(z)eR[[x l9..., xn9 z]] with/*(z) e R[[xl9..., xn]][z] as its distinguished 
pseudo-polynomial, then there exists a power series q(z) which is a unit such that 
/(z)=/*(zH(z). 

(2) If /*(z) and g*(z) are distinguished pseudo-polynomials then so is 

/*(z).g*(z). 

(3) If the distinguished pseudo-polynomial /*(z) of/(z) in R[[xl9..., xn, z]] 
splits into two monic polynomials /*(z) and f*(z) such that all the coefficients of 
/*(z) (/=1,2) vanish at x1 = x2 — • • • =xn=0 then/(z) also decomposes (up to 
a unit factor) into fi(z)-f2(z). Further fx(z) and f2{z) have /*(z) and f*(z) as 
their distinguished pseudo-polynomials. 

(4) In case R is an integral domain, with /*(z), g*(z),f(z) and g(z) as in (3) 
above and if/*(z)=g*(z)-g*(z), then q*(z) is also a distinguished pseudo-poly
nomial. 

We have the analogue of Weierstrass preparation theorem for yet another class 
of subrings of the ring of formal power series over a ring. Let Rbe a ring with a 
linear topology, that is a topology given by a neighborhood basis of 0 consisting 
of a family of ideals. (An ideal adic topology is one example of a linear topology.) 
A formal power series over such a ring is said to be a restricted power series if 
almost all coefficients belong to each neighborhood of zero. 

Here is the analogue of the preparation theorem. Salmon [23]. 
Let R be a commutative ring with identity element and having a linear topology 

with respect to which it is separated and complete. Let m be a closed ideal all of 
whose elements are topologically nil-potent. If f(x) is a restricted power series 
whose image in (R/m)[x] is a monic polynomial of degree n, then for each restricted 
series g(x) there exist uniquely a restricted power series h(x) and a polynomial r(x) 
of degree at most («—1) such that 

g(x)=m-Kx) + r(x). 

There are other versions of the preparation theorem like the differentiate pre
paration theorem for the germs of differential functions due to Malgrange [18] and 
the preparation theorem for the ring of formal algebraic series which is the 
Henselization of the localization of the ring of polynomials over a field localized 
at the ideal generated by the variables due to Lafon [16]. 

§3. In this section we list with due definitions those properties of the ring R that 
are inherited (or not) by the ring of formal power series in one or more variables 
over R. 
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(1) If R is a Noetherian ring (satisfying the ascending chain condition or basis 
condition or maximal condition for ideals) then so is the ring of formal power 
series and the proof of this is an adaptation of Hilbert's basis theorem (or can be 
derived as a corollary of the Weierstrass preparation theorem). 

(2) If instead of R we take a field K for the coefficient domain then the ring of 
formal power series is a unique factorization domain and the proof of this can 
also be derived from the preparation theorem. 

(3) If we take a unique factorization domain for the domain of coefficients then 
we cannot claim that R[[xl9 x2,..., xn]] is also a unique factorization domain. 
The following theorem due to Samuel [24] will substantiate the above statement. 

Let R be a UFD, a, b, c9 be three elements of R, i,j9 k, be three integers. Assume 
that b is prime b and c are relatively prime, a1'1 is not in Rb + Rc but à is in 
Rbk + Rcj and 

i-j-k > i-j+j-k + k'i. 

Then R[[x]] is not a unique factorization domain. 
Using the above with a slightly more general b namely that b is a product of 

prime elements of R, Solomon [23], has shown that the ring of restricted power 
series also does not in general inherit the property of UFD. 

However, if R is assumed to be a regular unique factorization domain, that is to 
say that the localization of R at each of its maximal ideals is a regular local ring, 
then R[[x]] is also a regular unique factorization domain. 

If we assume that R and all power series rings in any finite number of variables 
are unique factorization domains then R[[x±; ie /]] is also a unique factorization 
domain and different proofs are given by Everett and Cashwell [2] and Deckard 
and Durst [7]. 

(4) If R is a Krull domain which means that (a) R is an integrally closed integral 
domain, (b) R is the intersection of discrete rank one valuation rings of the quotient 
field K of R, and (c) each nonzero element of R is a unit for almost all valuations 
induced by the valuations lying over R, then the power series ring over R is also a 
Krull domain. The proof is by induction on the number of variables. For R[[x]] 
the proof is derived from the following facts. See Samuel [25] for details. 

(i) The intersection R of a family of Krull rings contained in a field such that 
each nonzero element of R is a unit in almost all these Krull rings, is also a Krull 
ring. 

(ii) The localization of a Krull ring is a Krull ring. 
(iii) -#[[*]] = (P) ^[Mls) n K[M] where Va are the essential valuation rings of 

R, S is the multiplicatively closed set generated by 1 and x and K is the field of 
quotients of R. 

Gilmer and Heinzer [10] have extended the above result to the case when the 
number of variables is not countable. 

In [12] Gilmer shows that if R is a Krull ring and P is a minimal prime ideal of 
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R, then there is a unique minimal prime ideal p of lÊ[[*a]], which is the full ring of 
formal power series over R (Bourbaki [Algebra, Ch. IV, p. 66]), such that 
P n R=P. 

(5) A ring R is said to be Henselian at a Maximal ideal m if the couple (R, m) 
satisfies HensePs lemma. Trivially any field is Henselian. Also the power series 
ring over a field is Henselian at the unique maximal ideal and this can be proved 
as a consequence of the preparation theorem. If R is a ring not necessarily local, 
which is Henselian at a maximal ideal M, then R[[x]] is also Henselian at the maximal 
ideal M-i?[[x]]+x-i?[[x]] that lies over M and this is true of any finite number of 
variables. For proof see [28]. We do not know if this is true if we have countably 
infinite number of variables. 

Nagata has introduced the technique of associating a minimal Henselian local 
ring with every pair (R, p) where R is an integrally closed integral domain and p is a 
prime ideal of R as follows. Let Kbe the field of quotients of R and Kbe its algebraic 
closure and Ks be the separable closure of K in K. If we denote the integral closure 
of R in Ks by Rs and ps is a prime ideal of R that lies over p then the localization 
R of the decomposition ring R of G(ps), where G(ps) is the group of automorphisms 
of Ks over K that leave ps fixed, with respect to p = ps n R is Henselian and this is 
called the Henselization of R at p. 

Clearly R[[x]] is Henselian at the maximal ideal lying over p. We believed to 
have proved that R[[x]] is also the Henselization of R[[x]] at the prime ideal 
P[M] + *^ [M] that lies over p. But this is false because R[[x]] has transcendency 
over the Henselization of R[[x]] at vR[[x]] + x-R[[x]].(2) 

The convergent power series ring in a finite number of variables over a field K 
which is complete with respect to a multiplicative valuation v (that is v(a + b) 
<v(a) + v(b)9 for any a, b in K, where v(x) is a nonnegative real number) is Hen
selian at its unique maximal ideal. 

(6) Let (R, Qi) be a Zariski ring that is to say that R is a Noetherian ring with a 
linear topology induced by the ideal and its powers such that every ideal of R is 
closed under this topology. Then R[[x]] is also a Zariski ring with respect to the 
ideal 2l-i?[[x]] + x-i?[[x]]. By induction we can extend the above result to any 
finite number of variables. 

(7) Let i ^ b e a local ring with a distinct system of parameters, the number of 
which is equal to the dimension of the ring R. Such a ring is called a Macaulay ring. 
The polynomial ring over a Macaulay ring is a Macaulay ring and the completion 
of a Macaulay ring is also Macaulay. From these it is easily seen that R[[x]] is also 
Macaulay if R is so. For details see Nagata [19], Zariski and Samuel [38]. 

(8) An integral domain R is called a Japanese ring, if for each finite extension 
K' of the field of quotients K of R, the integral closure R' of R is an i?-module of 

(2) The author thanks Prof. M. Nagata for pointing out the error and the reason mentioned 
above, 
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finite type. Grothendieck [Eléments de Géométrie Algébrique, Ch. IV, 0; 23.1.1] 
has shown that if R is an integrally closed Noetherian Japanese ring then thç ring 
of formal power series over R in finite number of indeterminates is also a Japanese 
ring. 

(9) A commutative ring R with identity is said to be coherent if each direct 
product of flat i^-modules is flat. A necessary and sufficient condition for R to be 
coherent is that the annihilator of each element of R is an ideal of finite type and 
the intersection of two ideals of finite type is again of finite type. Clearly every 
Noetherian ring R is coherent and this property of coherence is inherited by R[x] 
and R[[x]] if R is assumed to be Noetherian. However, coherence is not stable 
under polynomial or power series extensions. R may be coherent without R[x] 
being so and R[x] may be coherent without R[[x]] being so [for details see Soublin 
[31], [32], [33]). 

(10) A commutative ring is said to be rigid if the second cohomology group of 
R with coefficients in itself vanishes. This property of rigidity is inherited by the 
power series ring. For details see Gerstenhaber [8]. 

(11) Separable generation and relative algebraic closure are also inherited by 
fields of formal power series. More explicitly, if K^L are two fields such that K 
is algebraically closed in L then K((xu x2, . . . , xn)) is also algebraically closed in 
L((x, x,..., x)) and if L is separable extension of a purely transcendental extension 
of K (that is L is separably generated over K) then this property carries over to 
L((x1x2... xn)) over K((x1x2.. .xn)). The proof is quite straightforward. See 
Chevalley [5]. 

(12) Recently Gilmer [J. of Algebra 11 (1969), 488-502] has shown that if K^U 
K and L are fields then L[[xl9..., xn]] is integral over K[[xl9..., xn]] in case L is 
separable algebraic over i^if and only if L is finite over K. If L is purely inseparable 
over K, then the above is valid if and only if L is of finite exponent over K. While if 
L is inseparable over ^Tthen for the integrality of L[[xl9..., xn]] over K[[xl9..., ;*;n]] 
it is necessary and sufficient that the separable degree of L over Kis finite and L is 
of finite exponent over K. He has also given conditions for an element f(xl9..., xn) 
of L[[xl9..., xn]] to be integral over K[[xl9..., xn]]. The conditions are the same 
as above except that L is replaced by L± where L± is the subfield of L generated by 
the coefficients oïf(xl9..., xn) over K. 

But there are several properties that are not inherited by power series rings. We 
list some of these. 

(1) If R is a Dedekind domain then R[[x]] need not be so. 
(2) If R is Artinian, that is ^satisfies the minimum condition for ideals, then 

R[[x]] is not Artinian. 
(3) If R is a Jacobson ring (i.e. for each ideal i l of R, Rad Qi={x in R such that 

xn belongs to 51 for some integer «}, is equal to Raj 51=the intersection of all 
maximal ideals containing 51), then no power series ring can be Jacobson. For 
instance any field K is Jacobson (trivial) while K[[x]] is not. 
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(4) If R is a valuation ring, R[[x]] is not so. 
(5) R may be integrally closed without R[[x]] being so as the following example 

due to J. Ohm [20] shows: Let R be the integral closure of K[d, a0, al9.,.., b0, 
bl9 . . . ] where d, a0, al9..., bQi bl9... are indeterminates over a field K whose 
characteristic is different from 2 and the bt are defined as below: 

b0 = cio-d-1, 

n 

bn = (I/d2) 2 Wri-i, n>\. 
i = 0 

w = (1/d) I a,* 
i = 0 

W 2 = è 2 + | biXi 

1=1 

is an element of R[[x]] which shows that w is integral over !?[[*]]. Moreover w 
belongs to the quotient field of i?[[x]]. But w is not an element of JR[[X]]. 

(6) If R is a domain then the field of quotients of L of R[[x]] may be properly 
contained in the field of formal power series over the quotient field K of R. Gilmer 
[9] has shown that the necessary and sufficient conditions for K((x))=L is any 
sequence of nonzero principal ideals of R has a nonzero intersection (that is con
tains a nonzero element) and K[[x]] is the localization of R[[x]] by a set on nonzero 
elements of JR. 

§4. Property 8 of §1 stated that the ring of formal power series over a field is a 
complete local ring. We now ask: Is every complete local ring a ring of formal 
power series over a field? This section deals with the answer to the above question. 
The results and the rough sketch of the proof are due to Cohen [6] and the last 
theorem dealing with Eisenstein extension is due to Nagata [19]. Other proofs 
using homological methods are available. 

If R is a complete local ring with M as its maximal ideal, then there exists a sub-
ring K called the coefficient ring of R enjoying the following properties: if the 
characteristic of the quotient field R/M is p^O, then the ideal M n Kis generated 
by p-fold identity. Kis a complete local ring and R/M is isomorphic to K/{M n K). 
If {xA} forms a basis for M, then R is isomorphic to ^[[xA]]-

There are three possible cases. The two equicharacteristic cases (that is when the 
characteristics of R and R/M are equal) and one unequal characteristic case when 
the characteristic of R is zero and that of R/M is different from zero. In the case 
when R and R/M are of characteristic zero, we use Zorn's lemma to get a maximal 
subfield K of R that is isomorphic to R/M. if ul9 u2, u39..., un is a system of para
meters of R, then S=K[[ul9 u2,..., un]] which is the completion of K[ul9..., un] 
under the topology induced by the maximal ideal (ul9..., un) is a regular local ring 
and R is a finite S-module. 

If we set 

then 
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If the characteristic of R and R/M are both equal to p^O, then we have two 
cases arising according as R/M is a perfect or an imperfect field. In case R/M is 
perfect, there is a unique field K in R formed by the multiplicative representatives 
of R/M in R where by a multiplicative representative of a in R/M we mean an ele
ment a in R such that a=a (mod M) and a has /?r-th root in R for every positive 
integer r. In case L=R/M is not perfect, we have a set of elements T={yi in R/M} 
with 

(i) (Lp(yi,..., yr): L
p)=pr for any r distinct elements of T. 

(ii) L=L"(r). 

We call such a set a/?-basis for L. The existence of such a/7-basis can be established. 
Let cr in JR be a preimage of yr. Then we extend R to a complete local ring S which 
is unramified with respect to R and having a perfect residue class field. Here by 
unramified we mean that if there exists a minimal basis for the maximal ideal M of 
R, then it is also a minimal basis for the maximal ideal 2ft of 5, and for every posi
tive integer r9M

r=Rr\ 9Jlr. 
Once we prove the existence of the multiplicative representatives, then as in the 

perfect residue class field case we can show that R=K[[xx,..., xn]] or R is a finite 
module over K[[x1} x2,..., xn]]. 

In the unequal characteristic case R contains a complete, discrete unramified 
valuation ring of characteristic zero called a F-ring, with a residue class field of 
finite characteristic such that if the maximal ideal M of R has a minimal basis 
of «-elements, then R is homomorphic to a ring of formal power series in n variables 
(or (n — 1) in case p is not in M2) over a F-ring whose residue class field is R/M. 
Here again we distinguish between perfect and imperfect residue class fields. We 
use the fact that to any given field k of finite characteristic p there can be found a 
field K of characteristic zero, with a valuation v with respect to which Kis complete 
and having k as its quotient field. 

The following result is due to Nagata [19] for which we need the definition of an 
Eisenstein extension of a ring and this we formulate first. 

By an Eisenstein polynomial over a local ring R with the unique maximal ideal 
M we mean a monic polynomial in one indeterminate, all of whose coefficients 
belong to M and the constant term does not belong to M2. If fix) is an Eisenstein 
polynomial over R, then R[x]/f(x) is called an Eisenstein extension of R. 

Every complete regular local ring (R, M) is an Eisenstein extension of a complete 
unramified regular local ring (R0, M0) where (R0, M0) is necessarily the power 
series ring in a finite number of analytically independent elements over a coefficient 
ring of R0. Furthermore, Eisenstein extension of a regular local ring is again a 
regular local ring. 

§5. The properties of formal power series find application in the study of local 
properties of algebraic curves and surfaces like singularities, multiplicities, etc. 

Let us consider the projective plane S with a definite coordinate system over an 
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algebraically closed field K of characteristic zero and/pf , Y, Z) be an irreducible 
homogeneous polynomial of degree n > 0 over K. Then the set of points P ( = (x, y, z)) 
of S which satisfy the equation/(X, F, Z) = 0 is called an irreducible algebraic 
curve. It is not hard to check that the irreducible algebraic curve is independent 
of the choice of the coordinate system. For studying the local properties, we con
sider the set of all parametrizations of the algebraic curve, which consists of all 
points (X9 F, Z) where X, etc., are elements of the field of formal power series over 
K in one variable t (say). If (X, F, Z) is any parametrization of the algebraic curve 
and X(Q) = x9 Y(0)=y9 and Z(0) = z, then (x, y9 z) is said to be the center of the 
parametrization. We say two parametrizations are equivalent, if we can pass from 
one to the other by a substitution of power series having no constant term and 
in this situation the centres of these parametrizations are the same. An equivalence 
class of irreducible parametrizations is called a place and the common center of 
these parametrizations is called the center of the place. It is quite easy to observe 
that the center of any place of an algebraic curve C is a point of C while each point 
of C is the center of at least one place of C The proof of the last statement involves 
the algebraic closure of the field of fractional power series which can be viewed as 
the inductive limit of K((X1,n))—the field of formal power series in Xlln over K— 
as n ->GO. Using the notions of places and parametrization we can give a meaning
ful definition of the number of intersection of two algebraic curves of orders m 
and n and can show that if two curves have no common components then they have 
exactly m-n intersections (for details see Walker [24]). We define the multiplicity 
of two (affine) algebraic curves / and g having a common intersection P as the 
sum of the orders of f(g) at the places of g(f) with centers at P. 

For defining multiplicity for higher dimensional algebraic varieties we need the 
structure theory of complete local domains discussed in the previous section. First, 
we define the multiplicity of a complete local domain that contains a field as 
follows: Let D be a complete local domain, and K be any basic field of D and 
xl9 . . . , xr be a system of parameters. If R denotes the ring of formal power series 
K[[xl9..., xn]] and e is the integer such that 

[D:R] = [D/M:K]-e, 

where M is the unique maximal ideal of D, then e is the multiplicity of D with 
respect to the system of parameters xl9.. .9 xr. In case D is a regular local domain 
we get e= 1 from the structure theorem for local rings. 

If we have a complete local ring, we call it equidimensional if all the prime divisors 
of the zero ideal in D have the same dimension as D itself. If q1 n q2 n • • • nqh = (0) 
is an irredundant representation of (0) as the intersection of primary ideals and 
Pl9..., Pm are the associated prime ideals then we define the multiplicity of D as 
follows : Let lt be the length of qt(l <t<h) and xl9..., xn be a system of parameters 
for D. We denote by xltt9..., xUtt the residue classes of xl9..., xn module Pt. 
Then {xi9t} will form a system of parameters for D/Pt and for this we have the 
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notion of multiplicity defined above (as D/Pt is a domain). If et is the multiplicity 
of DjPt with respect to xltt9..., xn>t as parameters then 

h 

e = 2 ^ 
t = i 

is called the multiplicity of D with respect to xl9..., xn as parameters (see [5]). 
Let P be a point on an algebraic variety V in the affine space of dimension n 

over a field ^ and (^1? . . . , an) be the coordinates of P. Consider the ring 

[K[xl9..., x„ ] / (* i -a i , . . . , * n - 0 ] 

and its completion i£[[xi-tfi, x2—#2> • • •> *n—^n]]- The couple composed of the 
«-dimensional local space En(x) associated with the power series ring K[[xl9..., xn]] 
and the isomorphism jp defined byjp(xi) = jci + ai is called the local space attached 
to the point P of the affine space An. If M is the ideal of V and Ml9..., Mg are the 
prime ideal of jp(M)-K[[xl9..., jcn]], then the algebroid varieties in the local space 
attached to P corresponding to these ideals Ml9..., Mg are called the sheets of V 
at P. We have already seen that the dimension of each M{ is the same as the dimen
sion of M. Thus each point of V has a certain number of sheets of same dimension 
which is equal to the dimension of V lying over it. In case P is a simple point there 
is only one sheet of V at P. We observe that the sheets at a point of a variety corres
pond to places on a curve. 

Other notions of multiplicity are due to Samuel and Nagata. For the study of 
algebroid curves and varieties, the ring of formal power series over a field plays 
the role that the ring of polynomials play for the algebraic varieties. 

By an algebroid curve C over an algebraically closed field K we mean a local 
ring of the form k[[x9 y]]/f(x9 y) where x and y are indeterminates and f(x9 y) is 
a nonunit of k[[x9 y]] and is devoid of multiple factors./(x, y) = 0 is said to be the 
equation of the algebroid curve. If F(x9 y) is irreducible then C is said to be irre
ducible algebroid curve. Zariski [37] has recently initiated a study of the singularities 
of algebroid plane curves. 

§6. A field K is said to be a Qid) if every form in K in «-variables of degree d 
where n>dihas a nontrivial zero in K. Here n9 dare integers and iis a real number. 
K is said to be a Q if it is a Q(d) for all d. The infimum of the real numbers i for 
which K is a Q is called the diophantine dimension (d.d. for short) of K. It can be 
shown that the d.d. is an integer. Clearly the d.d. of an algebraically closed field 
is 0. Fields whose d.d. is 1 are called quasi-algebraically closed and they are studied 
in [17]. There it is also shown that if the d.d. of a field is n9 then the d.d. of K((t))— 
the field of formal power series over K in one variable is («+1). Consequently we 
see that d.d. of a field of formal power series is > 1. Since no quasi-algebraically 
closed field has any finite division algebras over it, k((t)) has no finite division 
algebras over it when k is algebraically closed. 

In [17] Lang raised the problem. If a valuated field K which is complete under 
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a discrete valuation has a Crresidue field K9 then is K a Q+± ? In case the character
istic of K is zero the answer is yes, since K((t))-the field of formal power series 
satisfies the requirements. Lang himself answered the question in the affirmative 
when K is algebraically closed. Recently Terjanian [34] has disproved Lang's con
jecture by showing that a /?-adic field Qp is not C2. 

Results involving diophantine problems, but with logical bias may be found in 
a series of articles by Ax and Kochin [1]. 

We call a nondiscrete locally compact field K a ^p-field, where p is a prime, if 
mod fc(p-l fc)<l where modfc(/?-lfc) is the module of the automorphism p of K 
and this is the constant factor by which the unique Haar measure of the locally 
compact group K is transformed by the automorphism. A commutative /?-field of 
finite characteristic is isomorphic to a field of formal power series in one indeter
minate over a finite field (see Weil [36]). These are local fields and their diophantine 
dimension is 2. However, the diophantine dimension does not characterize com
mutative /^-fields of finite characteristic. 

Let R be a complete local Noetherian domain and G be a finite group of ^-auto
morphisms of U[[*]]. Then there exists a formal power series/(x) in R[[x]] such that 

R[[x]]G = {g(x) G R[[x)] | a(g(x)) = g(x) for all a e G} 

is i?[[/]] (Samuel [26]). This leads to a problem of investigating the relationship 
between G and / . Thus for instance, if G is finite cyclic will / be a power of an 
irreducible power series? 

The question of the automorphisms of a power series ring on a ring R that leave 
the elements of R fixed has also been considered. In case R is a field K then sub
stitution by any power series 2 aiXl for x gives rise to an automorphism if and 
only if a0 = 0 and ax^0. In case of arbitrary commutative ring we need some 
notion of convergence in the ring of coefficients. O'Malley [21] has given a charac
terization of all the jR-automorphisms of R[[x]] under some restrictions on R. The 
following are his results. L e t / = 2 £ o ci{x\ ax e R. Let a0 be not a unit in R and R 
be complete under the (#0)-adic topology. Then we can associate with fin a unique 
manner an i^-endomorphism i/jf of R[[x]] such that $f(x)=f(x). Thus *ftf is an 
JR-automorphism (and indeed a substitution map) if and only if a± is a unit. If 
G is an iÊ-automorphism of R[[x]] with o(x)=f(x) = ̂  a{x

{ with Ç\n (ào) = (0), then 
R is complete under the (a0)-adic topology and a = ipf. The question that if a is an 
.^-automorphism of R[[x]] with v(x)=f(x) must p)n (/(0)n) = (0) was answered by 
Gilmer [13] in the affirmative if R is Noetherian, or if /(0) is regular and in the 
negative in the general case. Thus, in short O'Malley has given a complete charac
terization of all the i^-automorphisms of R[[x]] in case R is Noetherian or, an 
integral domain, or a ring in which f]n (a£) = (0) for any a0 in the Jacobson radical. 
In [30] some of the results are extended to restricted power series ring. 

Let R be a Krull domain and C(R) denote its ideal class group. Then it is known 
[21], [25] that there is an injection from C(R) to C(R[[xl9..., xn]]), and that map-
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ping is surjective if only R is a regular unique factorization domain. It is also 

known that the mapping is bijective even if R is a regular Noetherian domain. 

Recently Koch [Math. Nachrichten 35 (1967), 323-327] has investigated the 

structure of the Galois group of the maximal separable extension of a power series 

field in one variable over a field of characteristic p. We quote his result here. Let 

k0 be a finite field with q=pf elements and k=k0((t)). Denote by K the maximal 

separable extension of & (the separable closure of A: in its algebraic closure), and by 

K0 the maximal tamely ramified extension of k. If G(K \ K0) denotes the Galois 

group of the first entry over the second then 

(a) G(K | k) is the semidirect product of G(K0 \ k) with G{K \ KQ) 

(b) G(K0 | k) is a profinite group with two generators or, r with a single defining 

relation CT_1TC7=TP and 

(c) G(K | K0) is as G(K0 \ k) operator group, a free operator, /?-group with 

countably many generators. 
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