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ABSTRACT. The role of internal forces in determining the geometrical prop
erties of local features such as leads and ridges in sea ice has been investigated. 
A description of the horizontal stress distribution in a granular material subject 
to two-dimensional deformations has been derived. The description yields expres
sions for the propagation of deformation characteristics in a granular deformation 
field with constant angle of internal friction. The characteristics are mathematical 
singularities interpreted as trajectories of constant state variables, e.g. ice concen
tration or ice thickness typified as leads, fractures, pressure and shear ridges. The 
derived descriptions are used to study the geometrical nature of curving and recti
linear lead patterns frequently observed in sea-ice deformation fields. An expression 
for the relationship between the arching (tangent angling) of characteristics and 
relative increase in shear (maximum shear stress) along them is derived. It is ex
plained how the acute angle between large-scale rectilinear characteristics is related 
to the important mechanical property of the deformed material, the angle of in
ternal friction. It is outlined how the derived results can be applied to study the 
horizontal distribution of internal forces in sea ice by using imagery data and s tress 
measurements at one site only. 

INTRODUCTION 

Uniform patterns of fractures, leads, faults and pressure 
ridges are an important and prominent property of ma
terials being SUbjected to deformations in the Earth's 
crust, outlet glaciers and sea ice. These patterns charac
terize a material's mechanical properties and the physi
cal conditions with respect to internal forces in the de
formation field. The internal forces in sea ice arise as 
a response to external loads; e.g. surface tractions due 
to relative wind and sea-current friction, sea-surface tilt 
and accelerations. The ice resistance to deformations is 
determined by the interaction between the ice floes or 
rigidly moving clusters of ice floes, here denoted sim
ply as the rigid elements of the deformation field. The 
horizontal deformations cause the ice to ridge and raft, 
or they may open or close the leads. The internal forces 
arc important for the drift of the ice cover. Horizontal 
deformations and the associated ice ridging and rafting 
play the fundamental role in determining the distribu
tion of ice thickness, which in itself controls heat fluxes 
between the ocean and atmosphere and ice production. 
This is an important agent in the formation of the global 
climate. Furthermore, during the passage of anomalous 
atmospheric-pressure fields, the internal forces in the sea
ice field present one of the most hazardous conditions for 
constructions in the sea-ice field. 

Quite contrary to the division into molecular and 
macroscopic scales in other geophysical fluids, the di
vision into large and small scales in sea ice is far from 
clear. The expressions derived for the general descrip
tion of the deformation phenomena must account for 
this, otherwise there is hardly any hope for describing 
and explaining important features and their geometrical 
properties. The common nature of the features which 
are associated with irreversible deformations is that they 
represent uiscontinuities, or infinite horizontal strains or 
strain t;ates, with respect to an infinite small measure of 
length or time. The spatial uerivatives of the velocity 
field are, therefore, discontinuous or infinite, coinciding 
with the so-called characteristics of the strain field. The 
objective of the present study is to obtain an understand
ing and a description of the propagation of deformation 
characteristics in sea ice and to see how these can be used 
to explain and interpret observed natural phenomena. 

Marco and Thomson (H)77) and Sodhi (H)77) re
ported rectilinear diamond-shaped lead patterns ob
served in the Beaufort and Chukchi seas, respectively. 
Vinje and Finnekasa (198G) measured the length and 
width of large (5- 200 km) parallelepiped-shaped "ice 
Hoes" or coherent clusters of ice Hoes drifting rigidly 
through the Fram Strait. The measurements of the 
length and width of the clusters revealed a distinct 
linearly-correlated relationship (correlation coefficient 

73 
https://doi.org/10.3189/1991AoG15-1-73-80 Published online by Cambridge University Press

https://doi.org/10.3189/1991AoG15-1-73-80


Erlingsson: Sea-ice deformation fields 

0.89). The high correlation between the length and width 
for lengths ranging from 5- 200 km suggests a fixed value 
of the acute or steepest angle of the ice floes correspond
ing to {3 = 32° ± 2°. Barry and others (1080) reported 
large-scale (500 km) uniform and continuous curving lead 
patterns (in SMMR images) in the central Arctic, sim
ilar to those also evident on a smaller scale (5 km, in 
IR images) reported by Ketum and Wittmann (1072) in 
newly frozen ice oft' the Greenland coast. These patterns 
occur for a wide range of scales, prompting us to seek an 
explanation on the basis of a sound physical formulation 
of the deformation phenomena in sea ice. 

A material fails (fractures or flows) in response to ex
ternal loads, causing internal stresses that exceed their 
yield strength. A macroscopic description of the interac
tion between the rigid elements in the deformation fields 
yields an expression for the acute intersection angles bet
wee'n deformation features, such as leads, and pressure 
and shear ridges, generated by the same external loads, 
or better understood as the primary stress field. The pos
sible intersection angles are functions of the angle of in
ternal friction, to which an unknown breaking index is as
signed (Erlingsson, 1(88). The breaking index associated 
with the above rectilinear features, rendering an angle of 
internal friction consistent with analysis of the defonna
tion patterns, was i = 2 (Erlingsson, 1988), This inter
pretation of the rectilinear features is at variance with 
the interpretation given by Marco and Thomson (1977) 
and Sodhi (1977). The discrepancy concerns the ambi
guities associated with the breaking indices, where the 
breaking index (implicitly) "assigned" to the features by 
Mm'co and Thomson (1977) and Sodhi (1077) was i = 1, 
giving twice as high a value for the angle of internal fric
tion. The question addressed here is, therefore: can the 
geometrical properties in terms of the curvature of the 
deformation or velocity or deformation characteristics be 
interpreted in terms of a sound physical model? Fur
thermore, what causes the peculiar geometric features 
and how are they related to the physical conditions, the 
external loads and the properties of the material in the 
deformation field? 

The present knowledge of fragmentation processes, 
which are scale invariant and stochastic in nature, im
plies that the complete determination of the general dis
placement pattern in a deformed material is still out of 
reach. The prerequisites for deformations arc: the inter
nal stresses must fulfil the criteria of failure (fracture and 
flow), and the external loads and body forces are suffi
ciently high to cause the material to yield. Deformation 
processes are irreversible in nature, and it is assumed 
here that the deformation of a material can be stopped or 
started at any instant simply by turning off or on the ex
ternalloads. This means that the mechanical properties 
of the material are invariant under the deformation pro
cess. The elastic (reversible distortion) properties of the 
material are neglected and the dimensions of the distur
bances and displacements are considered to be infinitely 
small with respect to the characteristic dimension of the 
deformation field being studied. 

Below, we will use the method of characteristics 
to derive descriptions of the propagation of curvilin
ear or rectilinear features in two-dimensional deforma
tion fields. Characteristics are mathematical inventions 
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which allow for certain differential quotients to be discon
tinuous across curves along which the equations can be 
integrated as ordinary differential equations. This makes 
it easy for us to associate the characteristics with promi
nent features in sea-ice deformation fields; e.g. leads, and 
pressure and shear ridges. The method of characteristics 
is essentially finding these curves, which are associated 
with a particular system of partial differential equations 
along which a certain property (constant or an integral) 
is preserved. This property is inherent to the system of 
equations applied to the description of the phenomenon 
of study. In our case, the system of equations consists of 
the momentum balance in two dimensions and a stress 
criterion for failure (fracture or flow) in the material. 
We will see from the physical formulation of the problem 
how the mathematical characteristics can be interpreted 
in terms of observable features and which properties are 
preserved along them. 

BASIC C ONCEPTS 

The stress on an element surface is decomposed into pro
jections along its normal, the normal stress 0'1l, and the 
remaining part along the surface, the shear stress TIl . The 
normal stresses 0'1l and the shear stresses TIl , on elements 
with surface normal n can be expressed by the equation 
for the Mohr's circle with centre at (-IT, 0) and radius 
r : (IT - 0'1l? + T,~ = r 2 in which IT and r are the stress 
invariants 

IT = O'er,' + O'yy 

2 

r2 = (O'x,. ; O'yy) 

(1) 

and O'xx,O'yy and O':ry are the normal and shear stresses 
with respect to the Cartesian x and y axes, respectively. 
In two dimensions, these invariants are the isotropic 
p7'essure, IT, and the shem', r. Note that IT and rare 
often referred to a;; 0'1 and 0'11, respectively. We chose 
the former here to avoid confusion with the the 0'1 and 
0'2, the principal (maximum and minimum) stresses. 

In order for the material to (fail) flow or fracture a 
yield criterion is postulated. In the so-called shear-stress 
criterion, the modulus of the shear stress, ITIlI, IS ex
pressed as a functional relationship of the form 

(2) 

where Ai are any other variables, e.g. concentration, 
ice thickness, cohesion, that might influence the state of 
yield. They will be referred to here as state variables. 
Such criteria specify the orientation of the yield surface 
or the slip lines (Erlingsson, 1(88). Because of the MohI' 
circle property, onc may write 

Tn = rsin 28, O'n = - IT + r cos 28 . (3) 

Equation (2) can be rewritten formally as 

(4) 

(henceforth the hat will be omitted). This form of the 
yield criterion is particularly convenient for the maxi-
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mum shear-stress criterion. The most important me
chanical property of the defonnnble materials employed 
here is the angle of internal friction , which is clefined by 
the slope of the Mohr's envelope f(O"," Ad , 

df(a," Ai) _ ( ) 
--=---,--:--'--'-----'. 1.1, = - tan 4> = cot 2A , G 

dO'" 

where the so-called deflection angle is A = (71' / 4) + (4)/ 2). 
It can be shown to be related to the slope of the maxi
mum shear stress curve by 

of(l1, Ai) . 
011 = S111 8 = - cos 2A . (G) 

The principal direction of stress or st rain of a partic
ular rigid clement is not Cl directly observable quanti ty. 
However, a failure-stress state at a certain place leads 
to a set of possible propagation directions, 8j , or princi
pal directions of rigid elements. The principal directions 
of the different rigid elements arc , therefore , observable 
indirectly as the orientations of it particular observable 
deformation feature (e.g. fractures , leads, slip lines or 
faults and pressure ridges) associated with the deforma
tion field. Possible propagation directions of mechan
ically similar features are interrelated by the so-called 
primary (principal) direction, go , the branching index, .1 , 
and the deflection angle , A, where (Erlingsson , laSS) 

j = 0, ±l, ±2, . . . (7) 

The reference orientation for the feature is related to the 
associated primary principal direction and its mechani
cal nature. A pressure ridge, fo r example, is or ientated 
parallel to the direction of maximum normal s tress. In 
the same manner, a shear ridge represents a slip line 
elongated in the direction that makes the angle - A (or 
A) with the principal direction of the associated rigid 
clement (Erlingsson, l(J88) . In other words , the propa
gation of any feature can be related to the distribution of 
primary principal direction, if the associated branching 
index is known. The distribution of the primary princi
pal direction in the (:1:, y)-plane can be used to describe 
the orientation of any feature in the (x , y)-plane with a 
particular branching inclex. 

It is known from classical continuum mechanics that 
the components of the two-dimensional symmetric stress 
tensor, (J', can be expressed in terms of the positive 
valued invaria nts 11 and f, and the principal direction, 
8, which is the angle between the :1.: axis and the direction 
of the maximum normal stress of a particular element. 

(J'",r = - 11 + f cos 2 G , 

(J'Y!I = - 11 - fcos28, 

(J'3:!I = fsin 28. 

(8) 

This must hold for every element in the deformation field, 
and this presentation is invariant under the transforma
tion 8 ---> 8 + '11,71', so that 

(J' (I1, f, 8) = (J'(I1 , r, 8 +'11,71'), n=O,±1,±2,,,. (9) 

Erlingsson: Sea-ice deformation fields 

The equations of motion in the (:1.:, y) -plane can be ex
pressed as a balance between the internal forces, de
scribed as the clivergence \l, (J' , and the external loads 
as the sum of the in plane surface tractions and ncceler
ations , a , viz. , 

(10) 

Equation (10) can be simplified markedly by trans
forming it into curvilinear coordinates SI(:I:,V) and 
" 2 (Cl:, V) , of which tangents coincide with the primary and 
the first induced slip lines making the angle - A and +>
with respect to the principal direction (sce Erlingsson , 
1988 and Fig. 1). The associated coordinate unit tan
gent vectors, el and e:! , arc expressible in terms of the 
Cartesian base vectors according to 

e j = cosOj i ,. + siniJj i !l' where fll . ~ = 8 =f >-. (11 ) 

The corresponding Jacobian , J = cos rp, does not vanish 
as long as the material can be expected to be of finite 
shear strength, i.e. if IT"I < ::xl for all 0'," therefore cp < 
71' / 2 and J 1= O. The ex ternal and internal forces can 
be projected on the new coordinate vectors el and e 2 ' A 
linear combination of these projections (cos 4> 1= 0) yields 
a simplified version of the equations of motion, expressed 
in terms of the three dependent variables 11, f , and 8. 
Referred to the curvilinear slip-line coordinates SI and 
82 they read: 

DI1 Df D8 . 
~ - sin rp~ + 2f cos <P~ = al cos

2 
4> , 

USI USI U·~ 2 

011 . Df D8 .) 
n- - S111 4> -, - - 2f cos 4> -, - = a:! cos- cp, (12 ) 
U"2 DS2 ()s2 

where al and a2 are the components of t he external loads 
and accelerations in the new coordinate system. The sli p 
lines SI (x, y) and 82(;'; , y) are themselves geometrically 
related to the fail ure of the deforming material , and can 
be found by solving the Cauchy initial value problem , 
and their slopes are given by 

ds l ·) 
- '- = tan(8 1= A). 

dy 
(13) 

The momentum equations (12) comprise the three un
known variables Il , rand 8. They arc complemented by 
the yield stress criterion and the equations of state, relat
ing the state variables to the unknowns, if such relations 
are needed. 

The yield criterion for sea ice is currently poorly 
known. Never theless, sea ice evidently behaves as et gran
ular material with constant angle of internal friction for 
a wide range of scales (Erlingsson , HJS8). Among the 
state variables, presumably the most important ones are 
ice thickness , ice concentration and horizontal cohes ion. 
They are known to be varying very much in Cl typical ice 
fie ld. Clearly, Equation (G) implies that 

or . oil iJA j of 
~ = S1114> -iJ + --:!) iJA ' 
uS S u" j 

(14) 

which, when introduced into the momentum equation, 
reduces the number of extrinsic dependent variables by 
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Fig. 1. An AVHR.R. visible iTlwge f'mm the Fmm St'mit between G-reenl.o.nd and. Svo./lJo.TCl slw'IV'in!] 
cU7'vil'ineaT and Tect-ili'n,ecL1' lead patte'rn::; (dw'l"CLc.te' ''ist-ics) ilL the secL-ice field (see co'veT of tl"is 
issue JOT CO/,OUT veTsion,). The width oJ Fmm StI"CL'it is a]J]J1'oximcttdu 300 km .. 

onc and brings about the intrinsic variables: the angle 
of internal friction cp, and the unspecified state variables 
A j , by the last term on the righthand side of Equation 
(14). 

The treatment of the state variables complicates the 
problem. They arc generally not well known; nor is it 
their exact implication for the mechanical state of the 
material. To eliminate their contribution here for the 
sake of simplicity onc must either introduce an equation 
for the relation between the state variables associated 
with fJr / fJA j, or onc must constrain their spatial distri
bution by setting fJA;jfJs j (j = 1,2) to <lero implying 
Ai = constant along any slip-line curve. This removes 
all the state variables from the problem, leaving only the 
angle of internal friction as a variable. An analogous 
result is achieved by assuming a cohesion-free material 
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of constant angle of internal friction, the so-called ideal 
granular material. Indeed, Equation (G), subject to cP 
= constant, implies r(IT = 0, Ai) = constant and there
fore fJr / fJA i = 0, which eliminates the last term on the 
righthand side of Equation (14). These conditions can be 
understood when interpreting the slip-line curves, which, 
as shown below, arc mathematical characteristics. Tra
jectories of accrued features such as leads, and pressure 
and shear ridges do evolve along curves of constant state 
variables such as ice thickness or concentration. Sim
ilarly, in a granular material with vanishing cohesion, 
distinct features follow the typical pattern of the char
acteristic lines. Examples are open leads, fractures , and 
active pressure and shear ridges, where disintegration of 
the rigid elements occurs with the associated disappear
ance of cohesion. 
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Using Equation (14) for a granular material with van
ishing cohesion, Equations (12) subject to cos ifJ i- 0 be
come 

{)r {)8 
cot cfJ -{) + 2r-{) = al cos rjJ, 

81 SI 
ar a8 

cot cfJ -a - 2f -a = a2 cos ifJ· 
82 S2 

(15) 

These equations are to be complemented by Equation 
(13). We solve them below and use the solution to in
terpret the propagation of features in the (x, y)-plane. 
Equations (15) can be written in terms of dimensionless 
quantities s', a' and f', normalized by typical values for 
length, external forces, and shear 1*, a* and r* , respec
tively, where 

Sj'I*=Sj, 

, * 
Hj a = aj, 

r'r* = r. 

j = 1,2; (16) 

Writing Equations (15) in terms of these shows that ge
ometrical and dynamical similarity is achieved provided 
that 

(17) 

Interestingly, for a typical maximum shear stress asso
ciated with a particular deformation phenomenon (e.g. 
ridging of sea ice of particular thickness or type), r", the 
long- range transfer of loads (1*: large) is associated wi th 
small external loads (a *: small) and vice versa. The esti
mated characteristic length scales associated with ridg
ing of 0.5 - 3.5 m-thick ice and external loads correspond
ing to wind speeds of 3 - 15 m s- 1 are 1* = 0.4 - 400 km 
(Erlingsson, 198!J). This means that during the passage 
of anomalous atmospheric pressure fields, the suitable 
means for observing deformation phenomena are pho
tography from sustained platforms as well as satellite 
imagery. 

In (f) 

S I 

2 tan q, e 

y 

Erlingsson: Sea-ice deformation fields 

STRESS A LONG CHARACTERISTICS 

The propagation of the families of curves Sj(x, y) 
constant (j = 1,2) is described by the solution of the 
Cauchy initial value problem of Equations (15). They 
are hyperbolic and the Method of Characteristics (fur
ther denoted as MoC, see Abbott, 1962) is applied to 
solve them. The MoC allows them to be written as 07"

dinary differential equnt'ions for the dependent vari
ables along the characteristics which a re families of the 
coordinate curves, {s t (:1:, y) : 82( :/; , y) = const.} and 
{S2(X , y): SI(X,y) = const.}: 

df + 2 tanifJ fd8 = sinifJ atdst, where S2 = const., 

dr - 2 tancfJ rcl8 = sinrjJ l:12d-'2' where 81 = const., 
(18) 

or after rearrangement 

where S2 = const. , 
(1 D) 

where St = const. , 

where 
E(8) = exp(2 tanrjJ 8) , (20) 

the so-called (I,7 'ch'iniJ fund'ion, has been introduced . 
From this, straightforward integration yields 

fE = 1t(st), 1t(st) = sin ifJ! '" Eatdst + r tE(8tJ, 
~'i 10 

1" 1 
rE-I = 12(82), h(S2) = sin rjJ E - ta2 d82 + r 2E(8,) , 

'SlO :l 
(21 ) 

in which 8 1,82 and fl,f2 are values 8 and r at the ini
tial points at S 10 and 820 on the oS t ami 82 characteristics, 
respectively. The characteristic slopes can most easily 
be deduced from Equations (l!J) which imply 

~--------------------~-------------.- x 

a b 

Fig. 2. The cha,mcteristics on (a) the 2 to,ncfJ e -Inf dio.gmm o.nd (b) the corTespondinfj (x,lI)
plane. 
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d Inf dIn f 
-- = =±l 
dIn E d(2 tancP 8) . 

(22) 

In the (2 tancP 8, In f)-plane they represent straight 
lines inclined at ±45° (Fig. 2). The shear, f, and the 
principal direction, in terms of the arching E (8) at a 
particular point, P, at which the (8 I, 82)-curves inter
sect, are given by 

(23) 

The point PI and the corresponding shear and prin
cipal direction (f 1,8 I) is where the characteristics {8 I : 
82 = const.} and {820 : 810 = const.} intersect and P2 

is where the characteristics {s 10 : 820 = const.} and 
{S2 : 81 = const.} intersect (Fig. 2). The principal direc
tions and shears at PI and P2 are solutions of Equations 
(21) where, from Equations (23) one finds 

(24) 

Clearly, by multiplying and dividing Equations (23) by 
JII (81O)h(S20) and using Equations (24), the shear f 
and principal direction at P, in terms of the arching E(8) 
at P, are related to the initial values at PI and P2 

The two equations can now be combined to derive the re
lations between the arching and shear along each charac
teristic 81 (x, y) and 82(:1': , y) in terms of the initial values 
at PI and P2 , i.e. 

f = f1E(8 - 8 1), 
f = f2E(82 - 8), 

along 13 I-characteristic, 
along srcharacteristic. 

(26) 

Both equations can be combined for the characteristics 
SI and 82, if we substitute f = f l,2 + 6f, 8 = 8 1,2 + 68 
to obtain from (20) 

(f + 6r) = E(±t.8) r . (27) 

The different signs are associated with the fact that the 
index (j = 1,2) is not known a priori; neither is the di
rection of increasing 8 j along the physical characteristics 
(recall Equations (9) and (11)). Equations (26) are the 
c7"ucial 8tatements needed in numerical integration to 
interpret the shears from observed characteristics. Thus, 
knowing the absolute shear f at one site on a character
istic, its tangent deviation 68 can be measured and, 
therefore, it renders the shear (according to this model) 
as: f + t.f = fE(±68), along the characteristic if the 
angle of internal friction is known (recall Equation (20)). 
In order to obtain the complete distribution of stresses in 
the plane one must interpolate from known measurement 
sites by integration along the characteristics according to 
Equation (27). Below we will estimate the propagation 
of characteristics in the (x, y)-plane. 
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PROPAGATION OF CHARACTERISTICS 

The distribution of shear stress f in the (x, y)-plane is 
given by Equations (21) in terms of the principal direc
tion 8, along the characteristics of which the unit tan
gent vectors are functions of the principal direction and 
angle of internal friction according to Equations (11). 
A fundamental theorem of differential geometry asserts 
that a planar curve is uniquely defined by its curva
ture. For a granular material, those of the characteris
tics can be expressed through Equation (11) as functions 
of the principal direction. The vector representations 
of the SI (x, y)-characteristic rl(81) and of the 82(X,y)
characteristic r 2(s2) are described by the so-called Serret
Frenet formulae (Kreyszig, HJ7D) 

(28) 

where j = 1,2 and ej and nj are the characteristics' unit 
tangent and normal vectors, respectively, and the curva
ture is defined by "'j = d8jds j , and on using Equations 
(18) and (26), they can be related to the shear f and 
the components of the external loads al and a2 which 
themselves depend on cP = constant. Using Equations 
(21) the curvatures become 

(29) 

Parameterizing the sum of the external loads by their 
strength, a, and denoting the angle of intersection of this 
force with the .'1: axis by 0', the curvatures become 

a 
"'1.2 = 4f sin(8 - Lt ±.\) , (30) 

The first of Equations (28) and the definition'" = d8 j ds 
permit the characteristics to be integrated to yield 

U = 1,2) . (31) 

Here, "'j may be regarded as known functions of the prin
cipal direction 8 along the characteristics (see Equations 
(30) and (20)). Thus, knowing the sum of the external 
loads in terms of their strength, a, and the direction, Cl:, 

and the initial values f l,2 and 8 1,2, the propagation of 
characteristics is exactly given by Equation (31). But, 
even for uniform external loads, the integral of Equation 
(31) is not solvable in terms of known standard func
tions. However, Equations (26) can be used to obtain 
from a prescribed characteristic line the distribution of 
the shear, f, along it. Indeed, the curvature is known 
and, for a given external force field, a and Cl: are known, 
and with known internal friction angle cp, A and 8 are 
determined. Thus, Equation (31) allows evaluation of a 
and Cl: if it is also assumed that they are uniformly dis
tributed in the plane and that the shear is known at a 
single site. 

Taylor series expansion of r j(sJ about 80, renders 
the so-called Canonical presentation of the characteris
tics that may be derived from the Serret-Frenet Equation 
(28): 

https://doi.org/10.3189/1991AoG15-1-73-80 Published online by Cambridge University Press

https://doi.org/10.3189/1991AoG15-1-73-80


By introducing orthogonal coordinates (:c), yj) with ori
gin at (SIO, S20), and with base vectors equal to the unit 
tangents and normals, respectively, One obtains 

(33) 

For a constant sum of external loads, because of Equa
tions (26) and (30), the curvatures "') vary along the 
characteristics s) as 

dK:l? .) 
ds '-Ia,o = {cot(8 - Q ± .\) =t= 2 tan cl> }K:j' ,2' (34) 

1,2 

Note, non-linear terms in Equations (33) comprise first 
and higher order terms of the curvature. Furthermore, 
when the characteristics are straight line segments and 
the external forces are constant , then they remain so 
indefinitely. On the other hand, if the external loads 
are changing their orientation along the characteristics, 
changes in the curvature must also be expected even if 
characteristics should have been straight for some dis
tance. Under these conditions the change in curvature 
due to the variation in the direction of the external loads 
IS 

dK: a da 
-d J I,,=u = -r cos(8 - a ± A)-cl' (35) 

s) 4 8) 

Accordingly, if the characteristics propagate as straight 
lines, then the maximum shear stress r and the di'/'cc
tion of the sum of external 10mb and accelerations are 
constant along such lines. There are two families of such 
straight lines, characterized by 8' and 8", respectively. 

They are asymptodes whose orientations in the (x, y)
plane, ej , are given by Equations (30) and (11), 

el = 8' -.\, when 

82 = 8" + A, when 

8' - Q + .\ = n 17[', 

8" - n - A = n27[', 

with 111,2 = 0, ±l, ±2,... (36) 

Accordingly, the acute intersecting angle between these 
families becomes the function of the angle of internal 
friction with breaking index i = 2 (see Erlingsson, 1988, 
equation (13) for explanations), i.e. 

(3 = min{I(82 - el) -l7['1} = min{14.\ -l7['1} = (32, 
I I 

where l = 0, ± 1, ± 2, . . . . (37) 

The curvatures of the characteristics diverge to in
finity when the maximum shear stress approaches zero 
(r ---> 0): i.e. characteristics cunverge to a single point 
in the plane when the shear vanishes. It follows that 
the shear along characteristics will always have the same 
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(positive) sign when computing the solutions of this 
model for the physical plane. In summary, for a given 
characteristic and furce field we have seen that the shear, 
r, can be computed. Having determined it along a char
acteristic, Equation (14), viz. 

Dr DIl 
- =sincl>
D;;) Ds) 

(38) 

permits us, through integration , to determine the 
isotropic pressure, Il, provided that it and the shear, r, 
are known at an initial point along that characteristic. 

DISCUSSION AND CONCLUSIONS 

The topic of this study has been the determination of the 
distribution of horizontal stresses and the propagation of 
characteristics in granular deformation fi elds. Its prin
cipal results concern the relation between the horizontal 
arching of the characteristics and the associated relative 
changes in maximum shear stress along them. The linear 
asymptotic behaviour of the defurmation characteristics 
yields a definite breaking index ('i = 2) for the rectilin
ear parallelepiped-shaped features , frequently observed 
in various deformation fields such as, for example, in sea 
ice and glacier ice. This enables unambiguuus interpreta
tion of the angle of internal frictiun from the geometry uf 
such patterns. Furthermore, an explanatiun uf the phys
ical nature of these prominent deformatiun phenomena 
is proposed. The angle of internal friction correspond
ing to the observed geometry of such features in sea ice 
(Vinje and Finnekasa, H)84) is cl> = 16° ± 2°. 

It was also demonstrated huw deformation features, 
such as leads, shear and pressure ridges, in a somewhat 
regular array can be used in order to obtain, on the basis 
of a known internal friction angle, the stresses arising 
a.long these features. This opens a new perspective for 
the investigation of the mechanical behaviuur uf sea ice 
or glacier ice in real situatiuns by using remote sensing 
imagery. On the uther hand , using Equations (20) , (33) , 
and (35), the equations can be used to solve a classical 

Cauchy-initial value problem, provided the stress is given 
along a non-characteristic curve. Such applications with 
glaciological relevance will be reserved for a follow-up 
paper. 
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