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A characterization of
weak projectability

J.B. Miiler

For a commutative IL-group G with carrier lattice £, G is
weakly projectable iff the proper prime filters of C are all
maximal filters.

1.

A number of characterizations are known for the property of weak
projectability. For example (in the terminology and notation set out
below), each of the following properties has been shown to be separately

equivalent to weak projectability, for a commutative Il-group G :
(a) every proper P,-ideal of G is minimal prime (spirason and
Strzetecki [5]);

(b) every proper replete I~ideal of G is the intersection of all
minimal prime I-ideals containing it (Spirason [4], p. 4-2);

{(c) the space Y of all proper Pt—ideals is Hausdorff in its hull-
kernel topology (Davis [1]);

(d) H 1is a relatively complemented lattice (Davis [11]).

Some other characterizations are given by Spirason in [4]. Speed [3]
has shown that if (G has a weak unit, then G 1is weakly projectable iff

il L
for every £ 2 0 there exists Yy 2 0 for which x =y . In this note

we give a further characterization.

THEQREM. PFor a commutative Il-grouwp G with carrier lattice C ,
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G s weakly projectable iff the proper prime filters of C are all

maximal filters.

2. Terminology, notation and basic results

An Il-group G is a partislly-ordered group which is also a lattice
with respect to the ordering. (G will be assumed commutative throughout
this note; we write the operations as =<, A, v. An L[L-ideal of G is an
order-convex subgroup which is also a sublattice. An I-ideal [ is prime

if x Ay €L implies either 2 € L or y €L . L[ 1is minimal in the

I
class of all proper prime I-idesls if further x d_E L for all x €L .

For any subset 4 <SG, AL denotes the polar set
n L
{z : || A|lal =0 for all a €4} ; for a€G, a means {a}

L 1
Every polar A is an l-ideal. The set B = {4 : 4 < G} of all polars
is a boolean lattice with respect to inclusion. We write M for the set

of all maximal ideals of B .

For 20 in G , the carrier of x is

:’fc={u:u20,uL=xL}.

The carriers are pairwise disjoint subsets of G . C will denote the set

{Z : x =0} of all carriers; ordered by

a _ A L L il 1L
Z=y=zx 22y Tz Sy

C is a distributive disjunctive lattice with zero b= {0}, and C has a
greatest element, namely the set
"
w={w>0:w = (0)}

of all weak units of G , iff w #@ . Since C 1is distridbutive its
maximal filters are all prime filters: we are concerned in this note with

the converse property.
An l-ideal L 1is called replete if x € L and |y|”~ = [z|" imply
il
y €L . Forany 2z €G, =z is the smallest replete I-ideal containing

LL
z . Thus an I-ideal L is replete iff x € L implies x <L . For

the elementary properties of polars, carriers and l-ideals see for example
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Fuchs (2], Chapter V.

The concept of weak projectability is due to Strzelecki: G is called
weakly projectable if for every pair x, y € G there exists an element

L i
u €x such that y € (|u|+|z|) . ¢ is called Stone if for every

a€éG, a @ a“' = G . Every Stone I-group is weakly projectable L:SJ.
Every O-complete I-group is wesakly projectable, since every O-complete
l-group is Stone [3]. On the other hand, ([0, 1] is weakly projectable
[5], but not Stone [3]. Strzelecki gives in [6] an example of a non-
weakly projectable commutative I-group.

For any maximal ideal ¢ € M write

P, {xeczx“et}.

Pt is a prime I-ideal of G . Such ideals are called 'Pt—ideals' by

Veksler [7]; let Y denote the set {P : Pt #£G, t € g} of all proper

t

Pt—idea.ls in G . V contains all minimal prime I-ideals. It is shown

in [5] that a proper prime I-ideal I of G belongs to ¥V iff I is
replete. For any a € G write V(a) = {Pt €V :a {Pt} . The H

mentioned in (d) above is the lattice {V(a) : a € G} , under inclusion.

3.

With these results, the proof of the theorem is easy. First, assume
G weekly projecteble, and let Z be any proper prime filter in the

carrier lattice C . Write

LZ={x€G: ||~ k 2} .
Then LZ is a proper prime I-ideal of G . Clearly if x € LZ then

le“ < LZ ,» 850 L, 1is replete. So by the result quoted above, L, €V .

Z A

By the characterization (a), L, is minimal prime. That is, for all

x € LZ there exists Yy {ELZ such that le A |y| =0 ; this is

equivalent to the statement: for all lxl" f Z there exists Iyl" €72
such that |z|” A |y]|" = 0 . But this asserts that 2 is a maximal

filter.

https://doi.org/10.1017/5S0004972700042441 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700042441

208 J.B. Miller

Conversely, assume that every prime filter in C is maximal, let

t € M and consider Pt . If there exists a prime filter Z in C such

that LZ = Pt then, Lz being minimal prime since 2 is maximal, every

element P, of V is minimal prime and (a) shows that G is weakly

projectable. Hence it remains to find Z . Write

Yy={§ €c: yLL €t} , z=¢C\r.

It can be verified that Y is a prime ideal, so Z 1is a prime filter;
and

N LL
z €L, = |z|" fz=|z|" €Y=z €t=gxg€P ,

so LZ = Pt , as required.

4,

It is well known that in any boolean lattice a filter is maximal iff
it is prime. There exist weakly projectable [-groups without weak units,
for which therefore C 1is not boolean although all its prime filters are
maximal. For an example, which moreover is not Stone, take (G to be the
sublattice subgroup of ([0, 1] consisting of all continuous functions on

[0, 1] which vanish on some neighbourhocd of 0 .

If the carrier lattice C of G is finite, then C 1is a boolean

lattice (P. Jaffard; see Fuchs [2], p. 82). Thus

COROLLARY. If an 1Il-group G has a finite carrier lattice, then G
18 weakly progjectable.
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