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A characterization of

weak projectability

J.B. Miller

For a commutative Z-group G with carrier lattice £ , G is

weakly projectable iff the proper prime filters of £ are all

maximal filters.

1.

A number of characterizations are known for the property of weak

projectability. For example (in the terminology and notation set out

below), each of the following properties has been shown to be separately

equivalent to weak projectability, for a commutative Z-group G :

(a) every proper P.-ideal of G is minimal prime (Spirason and

Strzelecki [5]);

(b) every proper replete Z-ideal of G is the intersection of all

minimal prime Z-ideals containing i t (Spirason [4], p. k-2);

(c) the space V of all proper P,-ideals is Hausdorff in i ts hull-

kernel topology (Davis [ /]) ;

(d) H is a relatively complemented latt ice (Davis [/]) .

Some other characterizations are given by Spirason in [4]. Speed [3]

has shown that if G has a weak unit, then G is weakly projectable iff
i-J. X

for every x i 0 there exists y > 0 for which x = y . In this note

we give a further characterization.
THEOREM. Fof a commutative l-group G with carrier lattice C_ ,
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G is weakly projeotdble iff the proper prime filters of £ are all
maximal filters.

2. Terminology, notation and basic results

An Z-group G is a partially-ordered group which is also a lat t ice
with respect to the ordering. G will be assumed commutative throughout
this note; we write the operations as £, A, v . An l-ideal of G is an
order-convex subgroup which is also a sublattice. An Z-ideal L is prime
i f x A y (. L implies either x € L or y € L . L is minimal in the

class of all proper prime Z-ideals if further x <£ L for al l x € L .

For any subset A c G , A denotes the polar set

{x : |x| A \a\ = 0 for a l l a € A) ; for a € G , a means {a} .

Every polar A is an Z-ideal. The set £ = {A : A c G} of all polars
is a boolean lat t ice with respect to inclusion. We write M for the set
of a l l maximal ideals of £ .

For x 2 0 in G , the carrier of x is

x = {« : u 2 0, u = x j .

The carriers are pairwise disjoint subsets of G . C. will denote the set
{x : x 2 0} of a l l carriers; ordered by

* i. J. XJ. J.1
x S j / < = = > x 2 ! / * = * a ; cy ,

£ is a distributive disjunctive lattice with zero 0 = {0} , and £ has a

greatest element, namely the set

w = {w > 0 : W = ( 0 ) }

of al l weak units of G , iff w t 0 . Since £ is distributive i t s
maximal f i l ters are a l l prime fil ters: we are concerned in this note with
the converse property.

An Z-ideal L is called replete if x € L and \y\" = |x|~ imply

y 6 L . For any z € G , z is the smallest replete Z-ideal containing

z . Thus an Z-ideal L is replete iff x € L implies x c L . For
the elementary properties of polars, carriers and Z-ideals see for example
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Fuchs [Z], Chapter V.

The concept of weak projectability is due to Strzelecki: G is called

weakly projectable if for every pair x, y € G there exists an element

L , 1 1 1 1 ,-••'-

u € x such that j / € ( | w | + | x | ) . G i s called Stone i f for every

a € G , a © a = G . Every Stone I-group is weakly projectable [5 ] .

Every a-complete Z-group is weakly projectable, since every O-complete

Z-group is Stone [3] , On the other hand, C[0, l ] i s weakly projectable

[ 5 ] , but not Stone [3] . Strzelecki gives in [6] an example of a non-

weakly projectable commutative Z-group.

For any maximal ideal t (. M write

= {x £ G : x i t ) .

P, i s a prime Z-ideal of G . Such ideals are called ! P , - idea l s 1 by

Veksler [7];- l e t V denote the set {P. : P. * G, t t M} of a l l proper

P.- ideals in G . ^ contains a l l minimal prime Z-ideals. I t i s shown

in [5] that a proper prime Z-ideal J of G belongs to \[ i f f I i s

replete . For any a € G write V(a) = {P E J : a f P.} . The E

mentioned in (d) above i s the l a t t i ce {V(a) : a € G} , under inclusion.

3.

With these results, the proof of the theorem is easy. First, assume

G weakly projectable, and let Z be any proper prime filter in the

carrier lattice £ . Write

£ „ = {x € G : I x l " t 2 } .

Then £_ is a proper prime Z-ideal of G . Clearly i f x € £„ then

|x|~ c £„ , so £„ i s reple te . So by the resul t quoted above, £„ € V, .

By the characterization (a ) , L- i s minimal prime. That i s , for a l l

x € Lg there exists y \ L^ such that |xj A \y\ = 0 ; th i s i s

equivalent to the statement: for a l l |x |~ \ Z there exis ts | j / | ~ € Z

such that |x |~ A \y\~ = 0 . But th i s asser ts that Z is a maximal

f i l t e r .
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Conversely, assume that every prime filter in C. is maximal, let

t € M and consider P. . If there exists a prime filter Z in £ such

that £„ = P. then, L? being minimal prime since 2 is maximal, every

element P of ^ is minimal prime and (a) shows that G is weakly

projectable. Hence it remains to find Z . Write

Y = {9 e C : yX1" € t] , Z = C\Y .

It can be verified that Y is a prime ideal, so Z is a prime filter;

and

x €£„-=» \x\~ t 2 *=» |a;|" € J *=> a;̂ ^ € * «• a; € P. ,

so £„ = P, , as required.

4.

I t is well known that in any boolean latt ice a fi l ter is maximal iff

i t is prime. There exist weakly projectable Z-groups without weak units,

for which therefore £_ is not boolean although al l i ts prime filters are

maximal. For an example, which moreover is not Stone, take G to be the

sublattice subgroup of C[0, l ] consisting of all continuous functions on

[0, l ] which vanish on some neighbourhood of 0 .

If the carrier lat t ice C. of G is finite, then C is a boolean

lat t ice (P. Jaffard; see Fuchs [2], p. 82). Thus

COROLLARY. If an l-group G has a finite carrier lattice, then G

is weakly projeatable.
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