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On Graded Categorical Groups
and Equivariant Group Extensions

A. M. Cegarra, J. M. Garcia-Calcines and J. A. Ortega

Abstract. In this article we state and prove precise theorems on the homotopy classification of graded
categorical groups and their homomorphisms. The results use equivariant group cohomology, and
they are applied to show a treatment of the general equivariant group extension problem.

Introduction

If I' is a group, then a I'-graded categorical group is a groupoid G equipped with
a grading functor gr: G — I' and with a graded monoidal structure, by graded
functors @: G X, G — G and I: ' — G and corresponding coherent 1-graded
associativity and unit constraints, such that for each object X, there is an object X’
with an arrow of grade 1 X ® X’ — I (see Section 1 for the details). These graded
categorical groups were originally introduced by Frohlich and Wall in [9], where they
presented a suitable abstract setting to study Brauer groups in equivariant situations.
An illustrative example in that context is the graded Picard categorical group, Pic . (R),
defined by a ring R on which an action by ring automorphisms of a group I" is given:
the objects of Pic.(R) are the invertible R-bimodules, and a morphism P — Q of
grade o € T'is a pair (f, o), where f: P — Q is an isomorphism of abelian groups
with f(rp) = 7rf(p) and f(pr) = f(p)?r. The graded tensor functor is given by the
tensor product of R-bimodules, the graded unit is defined by I(¢) = (0,0): R —
R, and the associativity and unit 1-graded isomorphisms are the usual ones for the
tensor product of bimodules (see the cited work [9] for more algebraic examples).

Furthermore, interesting graded categorical groups also arise from several prob-
lems in algebraic topology. To help motivate the reader, we consider the following ex-
ample (see [6] for other instances): let I" be a (discrete) group operating on a pointed
space (X, *) by pointed homeomorphisms. Then, the I'-graded categorical group of
loops, P (X, *), has the loops in X based on *, w: [0, 1] — X, as its objects. A mor-
phism w — w’ of grade o € T is a pair ([H], o), where [H] is the homotopy class
real end loops of a homotopy H: “w — w’, that is, of amap H: [0,1] x [0,1] — X
with H(t,0) = “w(t), H(t,1) = w'(t) and H(0,s) = * = H(1,s). The composition
is induced by the usual vertical composition of homotopies, according to the formula
(H'],7)([H],0) = ([H' o "TH], 70). The graded monoidal structure is induced by
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the H-group structure of the loop space 2(X, *); thus, the graded tensor product is
given on objects by concatenation of loops and on morphisms with the same grade by
the horizontal composition of homotopies, and the 1-graded constraints are defined
to be the homotopy classes of the respective standard homotopies proving the asso-
ciativity and unit of the loop composition. This graded categorical group P.(X, %)
brings with it all information on the equivariant 2-type of (X, *).

The main objective of this paper is to state and prove a precise classification the-
orem for graded categorical groups. The ungraded case, that is, the classification
of categorical groups, was dealt with by Sinh in [17], where they were called Gr-
categories (see also [1], [2], [5] or [12]). In this classification, two graded categor-
ical groups over the same group of grades, say I', which are connected by a graded
monoidal equivalence are considered the same. Hence, the problem arises of giving
a complete invariant of this equivalence relation, which we solve by means of triples
(G, A, k), consisting of a I'-group G, a I'-equivariant G-module A and a cohomology
class k € Hg(G,A). Here, H!(G, A), n > 0, are the equivariant cohomology group
studied in [7].

Our classification result point out the utility of graded categorical groups in ho-
motopy theory: they arise as algebraic equivariant 2-types. Indeed, for any triple
(G,A, k) as above, there is a pointed space (X, *) on which the group I" acts by
pointed homeomorphisms, unique up to equivariant weak equivalence, such that
mi(X,*%) = 0ifi # 1,2, G = m(X, %) as I'-group, m(X, *) = A as I'-equivariant
G-module and k is the unique non-trivial “equivariant Postnikov invariant” of (X, *)
(i.e., with the same invariants as the graded categorical group P, (X, *)). We should
remark that by a equivariant weak homotopy equivalence, we mean a equivariant
pointed map f: (X, *) — (Y, *) which is a weak homotopy equivalence. This should
not be confused with the stronger notion of weak equivariant-homotopy equivalence,
which is a equivariant pointed map that induces weak homotopy equivalences on the
fixed point subspaces of all subgroups of I'. The Postnikov invariant of a equivariant-
homotopy 2-type is not an element of a cohomology group H>(G, A) as above, but
rather an element of a Bredon-Moerdijk-Svensson 3-rd cohomology groups [3, 14],
as it is showed in [4].

Moreover, with the aim of underlining the interest of our results on graded cate-
gorical groups for group theorists, we explain how from these results, we can deduce
an appropriate treatment of the equivariant group extensions with a non-abelian ker-
nel, including theory of obstructions. The conclusions we obtain are parallel to the
known ones for group extensions by Schreier [16] and Eilenberg-MacLane [8], which
appear now as the particular case in which I" is trivial.

The article is organized in four sections. The first two are dedicated to stating a
minimum of necessary concepts and terminology, by reviewing definitions and some
basic facts concerning the homotopy category of I'-graded categorical groups (Sec-
tion 1) and the homotopy category of 3-cocycles of I'-groups (Section 2). Section 3
is the main section, since it includes our theorems on homotopy classification of I'-
graded categorical groups and their homomorphisms. The last section is devoted to
showing a cohomological solution to the problem of classifying all equivariant group
extensions of any prescribed pair of I'-groups, as an application of the results in Sec-
tion 3.
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1 Graded Categorical Groups

In this section we review the definition and establish some basic facts concerning
graded categorical groups. Hereafter, I' is a fixed group, which we regard as a category
with exactly one object, say *, where the morphisms are the members of I" and the
composition law is the group operation: * —— % —» % = % — .

A T'-grading on a category G, [9], is a functor gr: G — I'. For any morphism
f in G with gr(f) = o, we refer to ¢ as the grade of f, and we say that f is a o-
morphism. The grading is stable if, for any object X of G and any o € I, there
exists an isomorphism X 5 Y with domain X and grade o3 in other words, the
grading is a cofibration in the sense of Grothendieck [10]. Suppose (G, gr) and
(H, gr) are stably I'-graded categories. A graded functor F: (G,gr) — (H,gr) is
a functor F: G — H preserving grades of morphisms. Observe from [10, Corol-
lary 6.12] that every graded functor between stably I'-graded categories is cocarte-
sian. Suppose F': (G, gr) — (H, gr) is also a graded functor. A graded natural equiv-
alence 0: F — F’ is a natural equivalence of functors such that all isomorphisms
6,: FX — F'X are of grade 1. If (G, gr) is a graded category, the category Ker G
is the subcategory consisting of all morphisms of grade 1; by [10, Proposition 6.10],
a graded functor between stably graded categories F: (G, gr) — (H], gr) is a graded
equivalence if and only if the induced functor F: Ker G — Ker H is an equivalence
of categories.

For a I'-graded category (G, gr), we write G x . G for the subcategory of the prod-
uct category Gi X G whose arrows are those pairs of arrows of G with the same grade;
this has an obvious grading, which is stable if and only if gr is.

A T'-graded monoidal category, [9], (see [15, Chapter I, Section 4.5] for the general
notion of fibred monoidal category) G = (G, gr, ®,1I,a,1,r), is a stably I"-graded
category (G, gr) together with graded functors

(1) ®:(G><F<G—>(G, I: T =G,
and graded natural equivalences

o a(-@-)®- = -8(-9-)
2
Llgr(-)®— —id,, r: —®Igr(—)—id,

such that for any objects X,Y,Z, T € @, the following two coherence conditions

hold:
(3) Ay zerdevzr — (X &® ayvzvr)ax,mpz,r (ax,y,z & T)’
(4) X®la,,, =r®Y.

If G, H are I'-graded monoidal categories, then a graded monoidal functor

F=(E®,®.): G— H,
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consists of a graded functor F: G — H, natural isomorphisms of grade 1,
(5) =0, ,:FXQFY —5 FX®Y),
and an isomorphism of grade 1 (natural with respect to the elements o € I")
(6) ® 1" FI

(where I = I(x)) such that, for all objects X,Y,Z € @G, the following coherence
conditions hold:

(7) (Dx.y®z (FX ® Q)’.Z)aFX,FY.FZ = F(aX.Y.Z)(ﬁX@Y.Z(@X,Y ® FZ)7

(8) F(r)®, (FX®® ) =r,, Fl)® (P, ®FX)=1,.

Suppose F': G — Hlis also a graded monoidal functor. A homotopy (or graded
monoidal natural equivalence) 0: F — F' of graded monoidal functors is a graded
natural equivalence 0: F =5 F’ such that, for all objects X,Y € @, the following
coherence conditions hold:

XY T XyY? I~ * *

9) o (0, ®0,)=0,% 0>, =o',
For later use, we prove here the lemma below.

Lemma 1.1  Every graded monoidal functor F = (F, ®, ®): G — H is homotopic to
a graded monoidal functor F' = (F', ®',®") with F'I = I and ®' =1id,.

id,, ifX#I
e ifX=1I
X € G. Then, F can be deformed to a new graded monoidal functor, say F’, in a
unique way such that §: F — F’ becomes a homotopy. Namely,

Proof Consider the family of 1-graded isomorphisms in H, 6, =

F'X = {FX X £ F(f:X—=Y)=(0,F(/)0_ " F'’X = F'Y),

I ifX=1
I

o, =0 6,®6,)", 8 =00 —id,. -

XQY (PX.Y

In a monoidal category, an object X is regular if the endofunctors X® — and —®X
are equivalences. A categorical group is a monoidal category in which every arrow is
invertible and every object is regular, that is, a monoidal groupoid that is compact, in
the sense that for each object X there is another object X’ with an arrow X @ X' — I
(cf. [17, 16,9, 12, 1]).

If G is a I'-graded monoidal category, then the subcategory Ker G inherits a mon-
oidal structure, whose tensor product X): Ker G x Ker G — Ker G is the restriction
of the graded tensor product (1), the unit object is I = I(*) and the associativity, left
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and right constraints are the same as G. When Ker G is a categorical group, then G is
said to be a I'-graded categorical group. Since Ker G is a groupoid if and only if G is,
a I'-graded categorical group can be defined as a I'-graded monoidal groupoid such
that for any object X there is an object X’ with an 1-arrow X ® X' — I.

We write

€5

for the category of I'-graded categorical groups, whose morphisms are the graded
monoidal functors between them. Indeed, .€§ is a 2-category, whose deformations
are the homotopies between graded monoidal functors. Every homotopy is invert-
ible, so we can define the homotopy category of I'-graded categorical groups to be the
quotient category with the same objects, but morphisms are homotopy classes of
graded monoidal functors. We write Hom eg [G, H] for the homsets of the homo-
topy category, that is,

HOI‘nr cS ((Gx, ]H[)

10 H G, H] =
(10) om, e, H] homotopies

A graded monoidal functor inducing an isomorphism in the homotopy category
is said to be a graded monoidal equivalence and two graded categorical groups are
equivalent if they are isomorphic in the homotopy category.

The homotopy classification of I'-graded categorical groups is our major objec-
tive. For, we will associate to each I'-graded categorical group G the algebraic data
7,G, m,G and k(G), which are invariant under graded monoidal equivalences. We
next introduce the first two.

Let us recall that a I'-group G means a group G enriched with a left I'-action by
automorphisms, and that an equivariant module over a I'-group G is a I'-module A,
that is, an abelian I'-group, endowed with a G-module structure such that ?(*a) =
(N(@g)forallo € T, x € Gand a € A [7, Definition 2.1].

Suppose G = (G, gr,®,1,a,],r) is a I'-graded categorical group. Then we take
the invariant made up of:

- 7,G = the set of 1-isomorphism classes of the objects in G
- m,G = the set of 1-automorphisms of the unit object I.

Thus, 7,G = m KerG, i = 0,1, the first invariants of the categorical group
Ker G considered by Sinh in [17, Chapter I, Sections 1, 2, Definition 1]. Therefore,
we know that 7 G is a group, where multiplication is induced by tensor product,
[X][Y] = [X ® Y], and that 7, G is an abelian group, where operation is composi-
tion, with a canonical structure of 7,G-module as follows [17, Chapter I, Sections 1,
2, Proposition 4]: if s € 7,G and a € 7, G, then ‘a is determined by the formula

(11) 0,(a) =v,Ca) forX e€s,

where

Ox

TG —X— Aut, (X)

~ ~

(12) Aut, (X)
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are the isomorphisms defined respectively by d,(a) = r (X ® a)rx_1 and 7, (a) =
L(a® X)lx‘l. The proof that (11) defines a 7,G-module structure on 7, G uses the

following equalities by [15, Chapter I, Sections 2, (2.2.6.1)] or [9, Theorem 2.2]:

5X®y (a) = X ® 5)/ (a)7 7X®Y ([1) = ’YX(a) ® Y7

(13)
(@Y =X®v,(a), §(a)=a=r/a),

for all objects X,Y € G and a € 7 G. In addition, we shall remark the followings
equalities:

(14) 8 (a) =, (a)g, g6,(a) =9,(a)g,
forallo €I', g: X = Y amorphism in G of grade o and a € 7, G, where
(15) g =1(0)al(o)"".

These equalities (14) can be easily proved: since lx is an isomorphism and we have

nat def

v, (Ca)gl, = ~,(°a)l, (I(O‘) ®g) =1("a® Y)(I(O’) ®g)

(15) nat

=1(I0)®g) @®X) =gl (a®X)

def

= gV, (all,,

we deduce the left equality in (14). The proof of the other equality is similar.
It is clear that (15) defines a I"-module structure on 7, G. Next we observe that
7,G is a I'-group: if o € I'and s € 7,G, then we write

(16) s =5’

whenever there exists a morphism of grade o, X — X', with X € sand X’ € ¢'.
Since the grading on G is stable, s is defined for all 0 € I' and s € 7, G. The map
I' x 1,G = 7,@G, s — s, is well defined since every morphism in G is invertible: if
g: X — X'andg’: Y — Y’ areboth o-morphismsand h: X — Y isan 1-morphism,
then b’ = g’hg™!: X’ — Y’ is an 1-morphism. Therefore, [X'] = [Y'] € 7,G.

Ifs,t €, G, X E€s,Y €tandg: X — X" and h: Y — Y’ are two o-morphisms,
theng® h: X® X’ — Y ® Y’ is also a c-morphism; whence,

I(st)=[X@Y]=[X'®Y']=[X']Y'] =75t

Furthermore, if 0, 7 € T, then for any s = [X] € 7,G, any 7-morphism h: X — Y
and any o-morphism g: Y — Z, since the composition fg is a o7-morphism, we
have

Ts=[Z] ="[Y]=7("9).

Hence, G is a I'-group.
We now are ready for the following proposition which prepares the way for the
classification of graded categorical groups.
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Proposition 1.2  If G = (G, gr,®,1,a,1,r) is a I'-graded categorical group, then m,G
is a I'-group, with I'-action (16), and 7, G is a I'-equivariant 7,G-module, with T'-
action (15) and 7,G-action (11).

Proof It only remains to prove that the 7 G-action map on 7, G, (s,a) — ‘a, is I'-
equivariant, that is, ?(*a) = (05)(‘711), foreacho € I', s € m,G and a € 7,G. For,
suppose X € sandlet g: X — Y be any morphism in G of grade 0. Then Y € “sand

% (7Ca)) g 2 g, Ca) £ g8, (a) 22 5, (Ca)g.

Since g is invertible, it follows that ~, ("(Sa)) = 9,(%a), whence ?(°a) = C9(7g), as
required. ]

We shall note that the correspondence
G — (ﬂ'n(G[, us (Gr)

is the mapping on objects of a functor from CG. Let us introduce the symbol (G, A)
(and call it a I'-pair) to signify that Gis a I'-group and A is a '-equivariant G-module.
Suppose that (G’, A’) is another I'-pair. If we have an equivariant homomorphism
p: G — G’ (so that A’ becomes a I'-equivariant G-module via p) and a homo-
morphism of I'-equivariant G-modules q: A — A’ (i.e., a homomorphism which is
both of I'- and G-modules), then the composite object (p, q) is called a morphism of
I'-pairs; symbolically,

(17) (p,9): (G,A) — (G',A").

Thus, with the obvious definition for the composition of morphisms, (p, q)(p’,q’) =
(pp’,q4q’), we have the category of T'-pairs, denoted by . Pairs.

Proposition 1.3

(i)  Every graded monoidal functor between I'-graded categorical groups F: G — H
induces a morphism of I'-pairs

(18) (m,F,m F): (m,G,m,G) — (m,H, m H),
m,F: [X] — [FX],
m F:aw— <I>:1F(a)<I>*.
(ii) The mapping F — (m E 7 F) defines a functor
(m,,m): .CG — . Pairs.
(iii) Two homotopic graded monoidal functors induce the same morphism of I'-pairs.

(iv) A graded monoidal functor is a graded monoidal equivalence if and only if the
induced I'-pair morphism is an isomorphism.
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Proof (i) Since the restriction F: Ker G — Ker H is a monoidal functor between
categorical groups, it follows from [17, Chapter I, Section 1, 1, Proposition 9] that
m,F: m,G — m H is a group homomorphism and that 7, F: 7,G — = His a 7, G-
module homomorphism, considering 7, H as 7, G-module via 7 F. Therefore, it only
remains to prove that 7, F and 7 F are I'-equivariant maps.

Suppose o € I"and s € 7,G with 7s = s’. This means that there exists an arrow
in G of grade 0, say g: X — X', with X € sand X’ € . Then, n,F(°[X]) =
m, F([X']) = [FX'] = °[FX] = ”(ﬂ'nF(s)), because the arrow Ff: FX — FX'.
Therefore, 7 F is a I'-group homomorphism.

Suppose now that o € I' and a € 7, G. We have the following diagram,

FI(o)

in which region 4 and the outside commute by the naturalness of ¢, regions 1 and 2
commute by definition of 7 F, and region 3 commutes since F is a functor. It follows
that the region distinguished by the question mark commutes, which tells us that
w F(%a) = "(7r] F(a)) , that is, 7, F is equivariant.

(ii) It is straightforward.

(iii) Suppose F, F': G — H are two graded monoidal functors made homotopic
by 6: F — F'. Then, for all object X € G, 6, : FX — F’X has grade 1 and therefore
[FX] = [F’X], that is, m,F([X]) = 7, F’([X]). Furthermore, for any a € 7, G, in the
following diagram,

Fa
<I>*/1 FI —— FI \{)*
I 61 9[ I,
q>'\‘ Fa ‘/q>

F'I — F'I ’
the triangles commute by (9) and the square in the middle by naturalness. Hence,

m,F(a) = &~ 'F(a)®, = &' 'F(a)®' = 7, F'(a).
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(iv) Let F: G — H be a graded monoidal functor between graded I'-graded
categorical groups. We know that F is a graded equivalence if and only if its restriction
F: Ker G — Ker H is an equivalence, which occurs if and only if 7, F and « F are
isomorphisms by [17, Chapter I, Sections 1, 2, Proposition 9]. Then, to complete the
proof it is enough to observe that if F is a graded equivalence, then it is actually a
graded monoidal equivalence.

Assume F is a I'-equivalence. Then there exists a graded functor F': H — G
and graded natural equivalences #: FF’ —~ id, and 6’: F'F — id, such that
F'6 = 0'F’ and F§’ = OF. Now, observe that F’ can be provided in a umque way
with a monoidal structure such that  and 8’ become homotopies, by means of the
isomorphisms @;,y: FX®FY - F(X®Y)and ®' : I — F'I, which make the
following diagrams commutative:

(@5y) F(®])
F(FFX®QFY) —— > FF/(X®Y) , FI —— > FF'T .

Pprypry l Oxey l \ /
Ox R0y

FFFX®Q FF'Y ———— XQ®Y

2 The Category of 3-Cocycles of I'-Groups

In the previous section, we showed that every I'-graded categorical group has asso-
ciated a I'-pair (G, A), that is, a I'-group G and a I'-equivariant G-module A, whose
cohomology groups H'(G, A) are studied in [7]. The homotopy classification of I'-
graded categorical groups will be done, in the next section, by showing an equivalence
of categories with the homotopy category of the category 3-cocycles of T-groups, Z7,
whose brief study this section is dedicated to.

Before introducing the category Z?, we shall recall from [7] that the cohomology
groups H!'(G, A), which are a kind of cotriple cohomology for the algebraic category
of I'-groups, for n < 3, can be computed as the cohomology groups of the truncated
cochain complex

(19) C.(G,A): 0= C1(G,A) L C2(G,A) L Z2(G,A) — 0,

in which CFI(G7 A) consists of normalized maps f: G — A, C?(G, A) consists of nor-
malized maps g: G* U (G x I') — A and ZS(G,A) consists of all normalized maps
h: G U (G* x T) U (G x I'?) — A satisfying the following 3-cocycle conditions:
(20) h(x, y,zt) + h(xy,z,t) = *h(y,z,t) + h(x, yz,t) + h(x, y, z),

(21)
h(x, y,z) + h(xy,z,0) + h(x, y,0) = h(°x,7y,%2) + (ﬁx)h(y, z,0) + h(x, yz,0),
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(22)
“h(x,y,7) + h("x,"y,0) + h(x,0,7) + "Oh(y,0,7) = h(x, y,07) + h(xy, 0, T),

(23) “hix,7,7v) + h(x,0,7v) = h(x,o7,7) + h("x,0,T),
forx,y,z,t € G, 0,7, € I. For each f € C(G, A), the coboundary df is given by

(24) OfNx,y) ="f(y) = flxy) + f(x),
(25) Of)(x,0) = f(x) — f(7x),

and for g € C2(G, A), dg is given by

(26) (09)(x, y,2) ="g(y,2) — g(xy,2) + g(x, yz) — g(x, y),
27) (99 (x, y,0) = 7g(x, ) — g"x,%y) — Mgy, 0) + glxy,0) — glx,0),
(28) (09)(x,0,7) =7g(x,7) — g(x,0m) + g("x, 0).

Let us remark that any morphism of I'-pairs (p, q): (G,A) — (G',A’) yields mor-
phisms of cochain complexes

e Pr. A P
C.(G',A") — C.(G,A") +— C.(G,A),

where A’ is considered an equivariant G-module via p: G — G'.

We now define the category of 3-cocycles of I'-groups, Z?.

An object of 22 isatriple T = (G, A, h), where (G, A) isaT-pairand h € Z>(G, A).
Suppose T' = (G’,A’,h’) is another object in Z7. A morphism P: T — T’ is a
triple P = (p, q, ), where (p,q): (G,A) — (G’,A’) is a T'-pair morphism and g €
Cf,(G,A’) is a 2-cochain of G in A’, such that g.(h) = p*(h’) + dg. The composite
of P with the morphism P’ = (p’,q’,¢"): T’ — T’ is defined as the triple P'P =
(p'p, 9’9, p*(g") + qL(g)). It is easy to verify that P’P: T — T'’ is a morphism,
that the composition of morphisms is associative and that identity morphisms exist
(namely id ;,,, = (idg,id4,0)). Thus we have indeed constructed a category.

The above notion of morphism is, however, a little too rigid for most purposes and
we conclude by showing how to relax it. We say that two morphisms, say (p, g, g),
(p',q9',¢"): (G,A h) — (G',A’, k"), are homotopicif p = p’, q = q' and there exists
a 1-cochain of G in A’, f € Cl(G,A’), such that ¢’ = g + df. Homotopy is an
equivalence relation among morphisms, and it is also easy to see that it is compatible
with the composition in Z°. We can therefore define the homotopy category of 3-
cocycles of I'-groups, to be the corresponding quotient category.

Closely related to the category Z? is the category of 3-cohomology classes of I'-
groups, H?, which plays a fundamental role to state our classification theorem for
I'-graded categorical groups. It is defined below.

An object of H? is a triple (G, A, ¢), where (G, A) is a I'-pair and ¢ € H (G, A).
An arrow (p,q): (G,A,¢c) = (G',A’,¢’) in 3 is a morphism of T'-pairs (p, ¢):
(G,A) = (G',A’) such that p*(c') = q.(c) € H(G,A’). The composition in H? is
the composition of I'-pair morphisms: (p’,q")(p,q) = (p’p,q'q).
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We have the cohomology class functor
(29) o: 2> — 3,
(G,A,h) = (G, A, d(h)) , (p,q,8) = (p, ),

where cl(h) € HE(G,A) denotes the cohomology class of h € Z?(G,A). This func-
tor clearly carries two homotopic morphisms of 2 to the same morphism in H?;
it is surjective on objects, and it is full: if (p,q): (G, A, h) — cl(G',A’, k') is any
morphism in 3{13,, then p*(h') and q.(h) both represent the same class in HS(G,A’);
so there is a 2-cochain g € C?(G,A’) such that g.(h) = p*(h’) + Og, that is,
(p,4,8): (G,A,h) — (G',A’, ') is a morphism in Z? with cl(p,q,8) = (p,q).
Observe that if the maps p and q are invertible, then, for any f € Crl(G' ,A), the
morphism of Z;

(pha ' =(p™ ) (a (@) +0f) : (G, A", W) = (G, A, h)

is a homotopy inverse of (p, g, g). The next proposition now becomes quite obvious.

Proposition 2.1

(i)  For any object (G,A,c) € H?, there is an object T of 22 with an isomorphism
d(T) = (G, A, o).

(ii) For any isomorphism (p,q): cl(T) = c(T’), there is a homotopy equivalence
P: T =5 T’ such that c1(P) = (p, q).

(iii) cl(P) is an isomorphism if and only if P is a homotopy equivalence.

We also have underlying functors into the category of I'-pairs
(30) 23 Yy [ Pairs <« K
(31) (G,Ah) —~ (G,A) <+ (G,A,0)
(p,q,h) — (p,q) = (p,q),

which are clearly surjective on objects, but neither is full and U: 2> — | Pairs
is not faithful. Suppose T = (G,A,h), T' = (G’,A’,h’) are objects in Z]. If
(p,q): (G,A) — (G',A’) is any morphism of I"-pairs, then we will refer to the coho-
mology class

(32) Obs(p,q) = cl(p*(h') — q.(h)) € H(G,A")

as the obstruction of (p, q).

Vanishing Obs(p, q) means that (p,q): cl(T) — cl(T) is a morphism in H and
therefore, since cl is full, that there exists a morphism in 22, say P = (p,q,8): T —
T’, which realizes (p, q) by the forgetful functor (30). In such a case, observe that
any other realization of (p,q), P’: T — T’, is necessarily written in the form P’ =
(p,q,g +g') withg" € Z*(G,A’) and, moreover, that P and P’ are homotopic if and
onlyif g’ = Of for some f € C!(G,A’). Hence, we have the proposition below for
later use.
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Proposition 2.2 Let T = (G,A,h), T' = (G',A’, 1) be objects of 2, and let

(p,q): (G,A) — (G',A’) be a morphism of T'-pairs. Then,

(i)  The obstruction Obs(p,q) € H2(G,A"), (32), depends only on the homotopy type
of Tand T' in Z2.

(ii)  There exists a morphism T — T’ in Z that realizes (p, q) by the forgetful functor
U, (30), if and only if its obstruction vanishes.

(iii) IfObs(p,q) = 0, then the set of homotopy classes of arrows T — T’ in 2 that
realize (p, q) are in bijection with the elements of the group H2(G, A").

3 The Classification Theorems

In this section we describe and study the device, namely a functor fr : Zi : — CG,
which allows us to prove precise homotopy classification results for I'-graded cate-
gorical groups. We have summarized these results in two theorems stated below.

Theorem 3.1  There is a classifying functor
(33) d: CG — 3,
G — (71'0(Gr, m, G, k((G)) ,
F— (m,FmF),
which has the following properties:

(i)  Forany object (G, A, c) € H, there exists a T'-graded categorical group G with an
isomorphism cl(G) =2 (G, A, ¢).

(ii) For any isomorphism (p,q): <l(G) = cl(H), there is a graded monoidal equiva-
lence F: G — M such that cI(F) = (p, q).

(iii) cl(F) is an isomorphism if and only if F is a graded monoidal equivalence.

Theorem 3.2  Let G, Hl be I'-graded categorical groups.

(1)  There is a canonical partition of the set of homotopy classes of graded monoidal
functors from G to H,

(34) Hom eg[G,H] = |_| Hom,, (G, H],
(p,q)
where for each morphism of I'-pairs (p,q): (7,G,7,G) — (m,H, = H),
Hom,, [G,H] is the set of homotopy classes of those F: G — H which realize
(p, q), in the sense that m,F = p and m F = q.
(ii) Each morphism of I'-pairs (p,q): (7,G, m,G) — (7w, H, 7, H) determines a three-
dimensional cohomology class

(35) Obs(p,q) = p* (k(H)) — q.(k(G)) € H}(m,G, 7 H),

which depends only on the graded equivalence classes of G and H. This invariant
is called the obstruction of (p, q).
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(iii) A morphism of I'-pairs (p,q): (7,G, 7, G) — (7w H, 7 H) is realizable, that is,
Hom,, [G,H] # @, if and only if its obstruction vanishes.

(iv) If the obstruction of a morphism of I'-pairs (p,q): (7,G,m,G) — (m,H, 7 H)
vanishes, then there is a (non-natural) bijection

(36) Hom,, [G,H] = H(m,G, 7, H).

(p.)

After Propositions 2.1 and 2.2, both Theorems 3.1 and 3.2 are immediate conse-
quence of the one below.

Theorem 3.3  There is a faithful functor
fr 12} — CG,

which makes the diagram below commutative:

Je
(37) 2} ——— C§
U\* 7 )
. Pairs

and induces an equivalence of categories over  Pairs between the corresponding homo-
topy categories.

Proof This is given in five successive stages.

1. The definition of the functor [ : 2} —, CS.

Every 3-cocycle of a I-group G in a I'-equivariant G-module A, h € Z>(G,A),
gives rise to a I"-graded categorical group

/(G,A,h) — (/(G,A,h%gr,@,l,a,l,r),

which is defined as follows: the objects are the elements x € G and their arrows are
pairs (a,0): x — y consisting of an element a € A and an element 0 € I' with

. . , b, .
?x = y; the composition of two morphisms x oo ¥ ©T) 2 is defined by
(38) (b,7)(a,0) = (b+7a+ h(x,T,o),TU).
This composition is associative and unitary owing to the 3-cocycle condition (23)
and the normalization condition of h. Since every arrow is invertible (observe that

(a,0)7" = (= 'a—hx,07",0),07")), [.(G,A, h) is a groupoid. The stable I'-
grading is given by gr(a, o) = 0.
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The graded tensor product fF(G,A,h) X, fF(G,A,h) 2, fr(G,A,h) is defined
by

(a,0) (b,o) (a+ b+h(xx’,0),0

(39« e L0y = ! 5y,
which is a functor thanks to the 3-cocycle condition (22) and the normalization of h.
The associativity isomorphisms are

(40) acy. = (h(x,9,2),1) : (xy)z = x(y2),

which satisfy the coherence condition (3) because of the 3-cocycle condition (20) of
h, and define a graded natural equivalence a: (— ® —) ® — — — ® (— ® —) thanks
to the 3-cocycle condition (21).

The unit graded functor I: T' — fr (G, A, h) is defined by

(41) I —%5 %) = (1 9% 1,

and the unit constraints are identities: 1 = (0,1) =r,: x — x.

Since for any object x € G, wehave x @ x~! = xx~! =1 = I, fr(G,A,h) is
actually a I"-graded categorical group.

If (p,q,8): (G,A,h) — (G’,A’, k') is a morphism in Zg(G,A), then the associ-
ated graded monoidal functor

/@&@:/@Aﬁ%»/muﬂwx

is given by

(42) (x =y (ply) DD p(y)),
together with the isomorphisms

(43) @, = (gx,»),1): plx)p(y) — plxy),
and

(44) ®, = (0,1) =id,: p(1) — 1.

So defined, and taking in account that (p,q): (G,A) — (G’,A’) is a morphism of
[-pairs such that q.(h) = p*(h') + dg, it is ot hard to see that fr (p,q,¢) is a functor
because of the coboundary condition (28) and because g is normalized, that the iso-
morphisms (43) define a graded natural equivalence owing to coboundary condition
(27) and that the coherence condition (7) follows from (26) and the normalization
of g.

For (G,A,h) .ag) (G',A’,K) @ag) (G",A” k") two composable
morphisms in 27, it is straightforward to verify that fl (r'.q',¢") fl (p,q,8) =
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fr (p/pa q/qa P*(g/) + %’;(g)) , and that L(ldca idA7 0) = idfr(G,A,h)' Hence, L : Z’? —
+C§ is indeed a functor, which is plainly recognized to be faithful.

2. The commutativity of (37).
Let us note that, for any object (G, A, h) € Z7, Ker fF(G,A, k) can be identified

(writing x ey by x - x) with the categorical group whose objects are the elements
of the group G, whose hom-sets are given by

A forx=y

H , V) =
om, (x, ) {@ forx # y,

whose composition is addition in A, whose tensor product is given by

b b
(x 5 %) @ (x" —2 wx') = (ex’ Z53 xx"),

whose associativity isomorphism is
h(x,y,2): (xy)z — x(y2),

and whose (strict) unit object is the 1 of G. Then, we see that
(45) (m [Gam.m [©G.41) =G
r T

as pairs of groups. Moreover, foranyo € I"'andx € G, (0,0): x — “xis a morphism
of grade o in fl (G, A, h), so the I'-action (16) coincides with the one originally given.
Since, forany o € I"'and a = (a, 1) € Aut (1), we have

I(0)al(0)™" = (0,0)(a,1)(0,0~ ") £ ("a, 1) = %a,

it follows that the I'-action on A, (15), is the given one. Moreover, the group isomor-
phisms (12) for our graded categorical group fr (G,A, h) are

1)
A x A Tx

~ ~

A, x€GQG,

where 0,(1 -2 1) = (x 9, (1 -5 1) = (x 3 x) and (1 = 1) =
151K« LI x) = (x > x), whence the G-action on A defined by (11) is also
the given G-module structure. Therefore, equality (45) is of I'-pairs, from which it

S oy
is now easy to complete the proof that the composite 2} — CG o) . Pairs is the
same as the forgetful functor U (30), (G, A, h) — (G, A).

3. Morphisms in Z; are homotopic if and only if their associated morphisms by fr
are homotopic.
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Let (p,q,9), (p',q",¢"): (G,A,h) — (G',A’, h’) be two morphisms in Zi, and
suppose first that they are homotopic, so that g = g’ + 9 f for some f € C!(G,A”).
Then, the family of isomorphisms of grade 1in [ (G', A", 1),

0. = (f(x),1): plx) — p(x), x€G,

is easily recognized as a graded equivalence 0: [ (p,q,g) — [ (p’,q’,g"), thanks
to coboundary condition (27), which, owing to (26) and the normalization of f also
satisfies the coherence conditions (9). That is, 6 is a homotopy of graded monoidal
functors. And conversely, if we suppose 6: fr(p, q9,8) — fr(p'7 q’,¢") is any ho-
motopy and we write 6, = (f(x),1): p(x) — p(x) foramap f: G — A’, then we
can see that f € C!(G,A’) and ¢ = g’ + df amount to the conditions of § being
a graded monoidal equivalence. Therefore, (p,q,g) and (p’,q’,g’) are homotopic
morphisms in Z.

4. The induced functor by fr between the homotopy categories is full.

Suppose that F = (F,®,®_): fF(G,A,h) — fr(G’,A’,h’) is any graded mon-
oidal functor, where (G, A, h) and (G’,A’, h’) are objects of Zl?. By Lemma 1.1, there
is no loss of generality in assuming that F satisfies that &, = id; and note that, then,
by coherence condition (7), ®,; = id; = @, forallx € G.

Let (p,q) = ((m,F, m,F): (G,A) — (G’, A’) be the induced morphism of I"-pairs
(see Proposition 1.3). Then,

p(x) = F(x), F1 N 1y=1"2

forall x € G and a € A. Further, since every morphism of grade 1, say x ey X, can
be expressed in the form

(xﬂx)z(l@l)@(xw—’l;x),

where (0, 1) = id,, we deduce by naturalness that

Fe “B ) = F1 “Y o Fe ® 0 = (119 1 @ (p0) 2 pw)
= p(x) ([@;) p(x).

Let us write
0,0 (g(x,0),0)
Fx %% y) = p(x) ““%7 p(y),

with g(x,0) € A’, foreach o € " and x € G, where y = 7x, and

., = p()p(y) “EBY plxy),

with g(x, y) € A’, foreach x,y € G.
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Thus we get a 2-cochain g € C2(G, A’), which, together with p and g, determines
completely F. In fact, for any morphism in fr (G,A,h), say (a,0): x — y, where
y = %x, we have

Fie % y) = Fix @9 p)F(y “4 )

(x,0),0 (q(a),1)

= (p(®) “=37 p(1) (p(r) M p(y))

a)+g(x,0),

= p(x) MEEDD 5 ().

It is straightforward to see that the equality q.(h) = p*(h’') + dg amounts to
the properties of F being a graded monoidal functor. More precisely, gh(x, y,z) =
h ( p(x), p(y), p(z)) + 0g(x,y,z) follows from the coherence condition (7);
qgh(x,y,0) =h’ (p(x), p(»), O’) +0g¢(x, y, o) owing to the naturalness of the isomor-
phisms @, , and gh(x,0,7) = h’(p(x), o, T) +0g(x, 0, T) is a direct consequence of
F being a functor.

Thus, (p,q,h): (G,A,h) — (G',A’,h’) is a morphism in Zi and, by construc-
tion (see (42), (43) and (44)), it is clear that fr(p, q,8) =F.

5. For any graded categorical group @, there exists a 3-cocycle
(46) W e Z(m,G,m,G),

with a graded monoidal equivalence
F: /(TOG[,W]G,I'IG) =G
.

such that

mF=id_ i=0,1.

G

A graded category (C, gr) is skeletal when Ker C is a skeletal category, that is, when
any two objects isomorphic by an isomorphism of grade 1 are equal. The graded
categorical group G is equivalent to a skeletal one, say G, which can be constructed
as follows: for each each s € 7@, let us choose an object

X; €5, with X =1,
and for any other X € s, we fix an arrow of grade 1
ry:X—X, with I, =id,, I, =1 andl, , =r,.
Let G be the full subcategory of G whose objects are all X5, s € m,G. Then, G is stably
I'-graded with gf = gr|e; the inclusion functor in: G < G is a graded equiva-

lence and clearly G is a skeletal graded category. Now, the graded categorical group
structure of G can be transported to a graded categorical group structure on G in
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a unique way such that the inclusion functor in, together with the isomorphisms
., =T X®X — X,®X, = Xy, ®, = id,, turns out to be a graded
monoidal equivalence (see (7)). Note that in the resulting skeletal graded categorical
group G = (G, gr, ®, 1,4, 1, %), the unit [ = I is strict in the sense that | = id = #.

Hence, G has the following properties:

Pl. [(0)& f = f = f& (o) for any morphism f in G of grade o, (due to the
naturalness of the unit constraints).

P2. éx x x, = id, , whenever one of r, s or t is 1, (because of the coherence
condition (4) and [12, Proposition 1.1]).

P3. For any o € T, there exists a morphism of grade ¢ in G, X, — X,, ifand only
if ?s = t, (according to (16)).

P4. For any s € 7,G, the group isomorphisms (12),

Aut, (X;) & 7T1(G =7G 2, Aut, (X;),
are given by §(a) = X, ® a, §(a) = a® X..
P5. Foranys € 7,G = m,Gand a € 7,G = 7,G,
X, ®a="a®X,,

(according to (11)).
P6. If Y: X, — X, is any morphism in G of grade o, then, foranya € ©,G = 7, G,

TX, ®a) = ("a®X)T,

(by (14)).

We are now ready to build the 3-cocycle h" (46). To do so, we begin by choosing,
for each o € T'and each s € 7, = 7,G, an arrow in G with domain X, and grade o,
say

T(SJ): Xs — Xo5, with T(LJ) = f(a) and T(571) = ld)g .
Then, using the group isomorphisms 4 described in P4, we determine a 3-cochain
' € C3(r,G,mG) by the equations

(47) ax xx, = h (55,0 & X,

G A A
(48) Tiso) = (h (1,5,0) @Xe(49) (Tiro) © Ts.on) 5
(49) T(TW)T(,’T) = (hG(T, g, T) ®X(07Jr) T(r,ar)-

Observe that " satisfies the normalization conditions as a consequence of the
above properties, P1 and P2. To prove that h" is indeed a 3-cocycle, note that the
coherence equations for the associativity constraint (3) say that, for any r,s,t,u €
x, G,

(I'l(CI (T, S, tu) ®Xr5tu) (h(CI (T’S, £ u) ®Xr5tu)

— (X, &R (s,1,0) & X)) (h (1, t, 1) & Xog) (B (1,5, 1) & o) -
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Then, by property P5, we deduce the equality
G G A G G G A
(h (T, 57 tu)h (T57 t7 M)) ®ertu = (fh (57 t7 M)h (ra St7 M)h (ra 57 t)) ®ertu7
from which follows the cocycle condition (20) (written multiplicatively).

The cocycle condition (21) is a consequence of the naturalness of the associativity
constraint: for any arrow o € I'and any 1,5, t € 7, G, we have the diagram

Th(rst) ® Xo
X, —m X,

h(rst,0) & X, h(rst,o) ® X,

T 2 Yoo
3
T ® Y h(rs,t) ® X
X X X
(T, ®THRY,
1
h(r,s,0) ® X,
T, (T ®Y))

where we have written X, by X, Xo,000¢ by X, T (1) by Ty, for x = 1,5, ¢, and h by
h'. In this diagram, region 1 commutes by the naturalness of a and region 2 is com-
mutative thanks to the property P6. Since h(r,s, o) ® X, = (h(r, 5,0)® Xa,) ® Xo o,
and Xo, & (h(s,t,0) & Xog) = UIp(s, t,0) & X, the regions 3-6 commute by the
definition of h = hﬂ, (48). Then, the outside region is also commutative, since
(T, ®Y,) & Y, is invertible, and the cocycle condition (21) follows.

Cocycle condition (22) can be deduced from the fact that &: G X G— Gisa
functor: for every 7,0 € I'and ;s € 7, (& = 7,G, we can compute the composition
morphism

. Tirsp) Y90
J=Xs — XT(rs) — X”"(rs))

in two ways. Writing Xo-(,5) by X, on the one hand, we have

(48)

= (hu(rS,O',T) &X) Yirsor)
7)

D (1 (rs,0,7) & X) (K (1,5,07) ©X) (Tirom) & Lisom)

= (K (rs,0, 7" (1,5,07) ©X) (Tirom) @ Tisom)
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and on the other hand,
T L Yo (B (1,5,7) @ X)) (Tier) & Ts)

L (TR (1,5,7) ©X) T (9,00 (L) @ Tisiry)

D (78 (15,1 & X) (B (1,75,0) ©X) (Tirro) @ Tirson) (L) @ Tior)

= (B (1,5, (1,75,0) @ X) (Tirron Ty @ Trs o Tory)

B (K (r,5,7)h (1,75, 0) & X)
[(H(r,0,7) & Xory) & (B (5,0,7) & Xor) | (Lisom) & Tem)

= ("hm(r, s, T)h(] (r,7s,0) ®X) | (hm(r, 0,7) ®Xery) @ Xory]
[Xor, & (B (5,0,7) @ Xor) | (Tirm) @ Toom)

L (W (rs, 1) (1, 7s,0) & X) (B (0, 7) @ X) (T7h (s,0,7) & X)
(Yirom @ Yisom)

= ("hm'(r7 s, T)h(i ("r,7s, O')h“ (r,o, 7')(Mr)h(i (s,0,7) ®X)
(Yirom) @ Yisom)-

Hence, by comparison and taking into account that Y, ;) ® Y 57 is invertible, we
arrive at (22).
To prove (23) let v, 7,0 € I'and r € 7,G = 7,G. We have the diagram

Ho(rory) X

X X
‘Qﬂm T@V
3
X, Xor
Ty
W (ro,my) @ X 2 Y () 1 Y 4 (o) @ X

HE(17,y) & Xrv,
Xo, Xry

5 \
/T(’"V ro) T(T’V no)

X X
(T ® X

where we have written X by Xor,. In this diagram, regions 1-4 are commutative
by (49) and region 5 commutes by the property P6. Hence, the outside region is
commutative (since Y57, is invertible) and (23) follows.
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Since F = (F,® =id, ®, =id): [ (m,G,7,G,h") — G, where

: ®X) Yo
Fir =22 9 = (x, S22 ),

is easily recognized as an equivalence (actually an isomorphism) of graded categorical
groups with mF = id; g, 1 = 0, 1, the proof of the theorem is complete. ]

It is a consequence of Theorem 3.3 that the cohomology class of cocycle (46), hoe

Z3(m,G, m,G), depends only on the homotopy equivalence class of G. We denote it
by
KG) = d(h") € H(r,G, m,G).

The classifying functor (33) in Theorem 3.1,
d: CG—H, G (m,G,7G k(G)),

is the composition of the functors over the category r Pairs,

f;l cl
r€G ——= Hor €S Ho Z.% E—— J‘f%,
wj\l) U
(mo,m1) / U
r Pairs

where .CG — Ho CG is the homotopy class functor, fr ~! denotes a quasi-inverse,
over . Pairs, of the equivalence induced by f1 _between the homotopy categories, and

cl: Z2 — 3 is the cohomology class functor (29).
Therefore, Theorems 3.1 and 3.2 follow from Theorem 3.3 and Propositions 2.1
and 2.2.

4 Equivariant Group Extensions

For G and N two given I'-groups, by an equivariant group extension of G by N we
mean a short exact sequence of I'-groups and equivariant homomorphisms

(50) ENSES G

thus, N can be identified with a normal I'-subgroup of E and E/N 2 G as I'-groups.
If E and E’ represent two such equivariant group extensions, then we say that they
are equivalent if there exists a I'-group homomorphism g: E — E’ such that gi = i’

and p’g = p. Note then that g must be an isomorphism. We denote by

(51) Ext.(G,N)
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the set of equivalence classes of equivariant group extensions of G by N.

In this section, we show a cohomological solution to the problem of classifying
all equivariant group extensions of any prescribed pair of I'-groups, (G, N). The
treatment is parallel to the known theory [8] of extensions of groups, which appears
now as the particular case in which I' = 1, the trivial group. However, the proofs
here bear only an incidental similarity with those by Eilenberg and MacLane, since
we derive the results on equivariant group extensions from the results obtained on
the classification of graded categorical groups.

Our conclusion here can be summarized as follows.

If N is a I'-group, then the group Aut(N) of all (group) automorphisms of N
is also a I'-group under the diagonal I'-action, 7 f: n — ”f("fln), and the map
C: N — Aut(N) sending each element # € N into the inner automorphism given
by conjugation with n, C,,: n’ — nn’n™!, is a I'-group homomorphism. Then, the
center of N, Z(N) = Ker(C), and the group of automorphism classes Out(N) =
Aut(N)/In(N) = coker(C), are both I'-groups. Furthermore, Z(N) is a I'-equi-
variant Out(H)-module with action fla = f(a).

If (50) is an equivariant extension of G by N, then the assignment to each e € E
of the operation of conjugation by e in N induces an equivariant homomorphism
p.: G— Out(N). A pair (N, p), where p: G — Out(N) is a homomorphism of
I‘igroups, is what we call an equivariant G-kernel (cf. [8]).

We state the following theorem.

Theorem 4.1 Let G, N be two I'-groups.

(i)  There is a canonical partition

Ext, (G,N) = | |Ext, (G, (N, p)),
4

where, for each equivariant homomorphism p: G — Out(H), Ext, (G, (N, p))
is the set of classes of equivariant extensions E: N — E — G, of G by N, which
realize p, that is, with p, = p .
(ii) Each equivariant G-kernel (N, p) invariably determines a 3-dimensional coho-
mology class
Obs(p) € H (G, Z(N)),

of G with coefficients in the center of N (with respect to the equivariant G-module
structure on Z(N) obtained via p). This invariant is called the obstruction of
(N, p).
(iii) An equivariant G-kernel, (N, p) is realizable, that is, Ext, (G, (N, p)) #* O, if
and only if its obstruction vanishes.
(iv) If the obstruction of an equivariant G-kernel, (N, p), vanishes, then there is a
bijection
Ext, (G, (N,p)) = H(G,Z(N)).
This theorem is in fact an application of Theorem 3.2 for two particular I'-graded
categorical groups, G = dis G and H = Hol N, canonically built from the I'-groups
G and N as follows:
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The discrete I'-graded categorical group dis G defined by a I'-group G, has the
elements of G as objects and their arrows o: x — y are the elements 0 € I with
?x = y. Composition is multiplication in I" and the grading gr: dis G — T is the
obvious map gr(o) = o. The graded tensor product is given by

(52) (x = 9)® (x = y) = (xx = yy),
and the graded unit I: I' — dis G by

(53) Ix %) =01 - 1)

the associativity and unit isomorphisms are identities.

The holomorph T'-graded categorical group of a I'-group N, Hol N, has the el-
ements of the I'-group Aut(N) as objects. An arrow of grade o, 0 € T, is a pair
(n,0): f — g, where n € N, with °f = C,g. The composition of two arrows

f (n—ogg(m—@) h is given by
(54) (mvT) : (n70-) = (Tnm; TU)7
the graded tensor product is

(n¥n’ ,0),0)

(55) (f "2 g 2 g = (ff 2D g,
and the graded unit I: I" — Hol N is defined by

(56) I(+ 25 %) =id, “2id, .

The associativity and unit constraints are identities.
Observe that the complete invariants (33) of these I'-graded categorical groups
are of the form
d(dis, G) = (G,0,0),
(57)
c(Hol N) = (Out(N), Z(N), k(N)),

where we are writing k(N) for k(Hol N) € H?(Out(N), Z(N)) . Hence, a mor-
phism of I'-pairs (p, q): (m,dis G, m dis G) — (m,Hol N, 7 Hol N) is the same as
an equivariant G-kernel, p: G — Out(N).

To apply Theorem 3.2 in order to get Theorem 4.1, we develop next the device
of factor sets for equivariant group extensions, such as Schreier [16] did for ordi-
nary group extensions. This allows us to show how the graded monoidal functors
dis G — Hol N are the appropriate systems of dates to construct the manifold of all
equivariant group extensions of G by N.

Theorem 4.2 (Schreier Theory for Equivariant Group Extensions)  For any I'-
groups G, N, there is a bijection

(58) Homl,eg [@r G, H_OIFN] = EXtr (Ga N)a

between the set of homotopy classes of graded monoidal functors from dis G to Hol N
and the set of equivalence classes of equivariant extensions of G by N.
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Proof First, let us recall from Lemma 1.1 that every graded monoidal functor is ho-
motopic to one F = (F, ®, ®_) in which FI = I and ¢, = id;. Hence, we can restrict
our attention to this kind of graded monoidal functors F = (F, ®): dis G — Hol N.

Second, observe that the system of data describing such a graded monoidal functor
F = (F, @) consists of a pair of maps (f, ¢), where

(59) f:G— Aut(N), ¢:(GxGU(GxT)—N,
such that we write
o o (¢(x,0),0) (¢(x,0),1)
(60) Flx —— %) = f, ——= for, @y = ffy —— fo

forall x,y € Gand 0 € I'. When we try to write the conditions of (F, ®) being a
graded monoidal functor in terms of (f, ), then we find the following conditions

for (f,¢):

(61) fi=idy,elx,1) =1=¢(1,y),

(62) fefy = Cotxy) fys

(63) 7 fe = Cotxo) foxs

(64) o(x, )exy,2) = f((r,2) plx, y2),

(65) “o(x, y)p(xy, o) = @(x,0) f ((y,0)) p(Ox7y),
(66) p(x,07) = Tp(x,7)p("x, 0),

forall x,y,z € G, 0,7 € I'. To prove this in full, several verifications are needed,
but they are straightforward: conditions (62) and (63) say that ((x,y),1) and
(<p(x, o), O’) in (60) are, respectively, morphisms in Hol N; (64) expresses the co-
herence condition (7), while (65) means that the isomorphisms @, , are natural and
(66) that F preserves the composition of morphisms. The normalization condition
(61) says that F preserves both identities as the unit object.

Let us note that when I' = 1, the trivial group, then a pair (f, ¢) describing a
graded monoidal functor from disG to HolN is just a Schreier system of factor sets
for a group extension of G by N.

Suppose (f', ") describes another monoidal functor F’ = (F’,®"): dis G —
Hol N. Then, any homotopy : F — F’ is given by a map

(67) g:G— H,

such that one writes

(68) 6. = f. % 1,

for all x € G. In terms of map g, the conditions for  to be a homotopy are:
(69) g() =1

(70) fo=Cuw 17

(71) p(x, y)gxy) = g £ (80)) 9" (x, ),

(72) p(x, 0)g(7x) = "g(x)p’ (x,0),
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forall x,y € G, o € I'. Condition (70) expresses that ¢, is a morphism in Hol N
from f, to f/, (72) is the naturalness of # and (71) and (69) say that the coherence
conditions (9) hold.

We now are ready to prove bijection (58).

Every graded monoidal functor (f, ¢): dis, G — Hol N gives rise to an equivari-
ant I'-group extension

(73) A(f,9): N — NX(£,p)G L G,

that we call a crossed product equivariant extension, in which: I'-group N x ()G has
the same elements as N x G, multiplication according to the rule

(74) (n,x)(m, y) = (nf(m)p(x, y),xy)
and T-action given by

(75) 7(n,x) = “np(x, o), x).

The maps i and p are defined by

(76) in) = (1), plnx)=x.

It is well known (see [13, Lemma 8.1]) that operation (74) in fact defines a group
structure on N'X(s,)G thanks to conditions (61), (62) and (64). Furthermore, a
routine calculation shows that (63) and (65) yield 7 [(n,x)(m, y)] = 7(n,x)°(m, y),
and that (66) yields " ("(n, x)) = "7(n,x). Hence, N X (1,)G is a I'-group and it is
easy to check that then A(f, ¢) is actually an equivariant group extension of G by N.

Suppose (f',¢"): dis.G — Hol N is also a graded monoidal functor. If there
is a I'-group isomorphism, say g: N s/, ,/)G — NX(f,,)G, establishing an equiv-
alence between the corresponding crossed product equivariant extensions, then we
can write g in the form g(n,x) = g(n, 1)g(1,x) = (n, 1) (g(x),x) = (ng(x),x) for
amap g: G— N. Since g((l,x)(n, 1)) = g(fx’(n),x) = (fx’(n)g(x),x) , while
g(1,x)g(n,1) = (gx)fi(n),x), then f] = Cyu fi that is, (70) holds. Because
g(7(1,x) = (¢'(x,0)8(°x),"x) , while °g(1,x) = (“g(x)p(x, ), 7x) , we see that
(72) holds. Therefore, g defines a homotopy between (the graded monoidal functors
defined by) (17, ') and (f, ¢).

Conversely, if (f’, ¢’) and (f, ¢) are made homotopic by a g: G — N, thus sat-
isfying (69)—(72), then they lead to isomorphic crossed product equivariant exten-
sions, just by the map g: (n,x) — ( ng(x), x) , as we see by retracing our steps.

Finally, we prove that any equivariant group extension of G by N, (50), has an
associated factor set, that is, it is equivalent to a crossed product extension A(f, ¢)
for some graded monoidal functor (f, ¢): dis G — Hol N.

i P o . .
LetE: N — E — Gbean equivariant group extension of G by N. There is no loss
of generality in assuming that 7 is the inclusion map.
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For each x € G, let us choose a representative u, € E, so that p(u,) = x, with
u, = 1. Since p(ucu,) = xy = p(uy,) and p(“u,) = °x = p(u-x), there are unique
elements ¢ (x, ¥), p(x,0) € N, foreach x, ¥ € G, and ¢ € T, such that

(77) Uxly = QD(xa y)uxyy
(78) U”x = <P(x7 U)u”x~

Moreover, each x € G induces an automorphism f, of N:

(79) fe: e uenu;

It is not true that f: x — f, defines a I"-group homomorphism f: G — Aut(N)
(recall that I' acts diagonally on Aut(N)), but by (77) and (78) we have ff, =
Cox,y) fry and 7 f, = Cy(x,0) frx; that is, the pair of maps

(f: G—= Aut(N),p: (Gx G)U(G xT) = N)

satisfies conditions (62) and (63) for being a graded monoidal functor. To observe
the remaining conditions (64)—(66), note that every element e € E has a unique
expression of the form e = nu,, withn € N and x € G. Because (79) can be written
as uxn = fy(n)uy, it follows that the I'-group structure of E can be described in terms
of the I'-group structures of N and G and the pair (f, ¢) by

(80) (nuy)(muy,) = nf.(m)o(x, y)uy,,
(81) (nuy) = “np(x, o)ioy.

It is well known that (64) follows from the associative law wu,(u,u,) = (u.u,)u, in
E; and similarly it is not hard to see that (65) follows from the equality 7 (u,u,) =
7u,"u,, while (66) is a consequence of the equality " (“u,) = " u.

Hence, (f, ) defines a graded monoidal functor, and we recognize that it is a
factor set for the given equivariant group extensions by the existence of the I'-group
isomorphism

N X(f,0) G E} E, (I’l, x) — Ny,

Thus, we have proved that the map (f, ) — A(f,¢) induces the announced
bijection (58), whose inverse is induced by the correspondence mapping any of its
associated factor sets to an equivariant extension of G by N, and the proof of the
theorem is complete.

As an additional comment, let us observe that our Schreier theory, for equivariant
group extensions, may be viewed as an special case of Grothendieck’s general theory
of extensions of groups in a topos [11], when it is applied to the topos of I'-sets, that

. . . p .

is, to I'-groups. To be more specific, recall that a group extension N ~ E = Gin
any topos consists in the underlying N-bitorsor E — G in the topos, together with a
bitorsor map E A" E — E (where EA" E is the quotient of the fiber product E x E
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by the relation (en, e’) ~ (e, ne’)), corresponding to the group multiplication in E,
and for which the associativity diagram is commutative.

This geometric point of view would make more intelligible the various cocycle
conditions for a pair (f, ), (59). The bitorsor E = N x G = G is defined by
the map f (by putting n’ - (n,x) = (n'n,x) and (n,x) - n’ = (nfx(n’),x) ). The
fact that the bitorsor is in the topos of I'-sets is expressed by the elements ¢(x, o),
such as in (75), and equations (63) and (66). Similarly, the group multiplication
bitorsor morphism is given by the elements ¢(x, y) satisfying equation (62), and the
fact that this multiplication is equivariant translates to equation (65). Finally, the
commutativity of the associativity diagram is given by (64). ]

The bijection (58) is all one needs to obtain the classification of equivariant group
extensions as stated in Theorem 4.1 from Theorem 3.2.

Some readers may be interested in seeing an explicit construction of a 3-cocycle
h? € Z*( G, Z(N)), representing the cohomology class

Obs(p) = p*(k(N)) = [p*h * 1 € H*(G, Z(N)),

for a given equivariant G-kernel p: G — Out(N). As a final comment, let us observe
how the general construction of 3-cocycles hﬂ, (46), specializes to H_oer , leading

to the following construction of h? = p*(hH*OI"N): in each automorphism class p(x),
x € G, let us choose an automorphism f, of N; in particular, select f, = id,. Since
plxy) = p(x)p(y) and “p(x) = p(°x), for x,y € G, and 0 € T', we can select
elements ¢(x, y), p(x,0) € N, such that f, f, = Cyx ) fxy and 7 fu = Cy(x.0) fox, With
plx,1) =1=p(,y) = ¢(1,0). The pair of maps

(f: G — Aut(N),p: (GXx G UG xT) —>N),

satisfies conditions (61), (62) and (63), but (64)—(66) need not be satisfied. The
measure of such a deficiency is given by the map

W:G UG xT)U(GxT?) = ZN
determined by the equations:

WP (x, y, 2)p(x, y)p(xy, 2) = f((y,2) o(x, y2),
W (x, y,0)" @(x, y)p(xy,0) = o(x,0) f, ((y,0)) 9("x,7y),

hp(xa T, U)‘p(x7 T, U) = T‘p(xa U)‘p(gxy 7-)7
forx,y,z € G, 0,7 € I. This h? is a 3-cocycle such that cl(h?) = Obs(p) (cf. [8]).
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