
A NOTE ON LOWER RADICAL CONSTRUCTIONS 
F O R ASSOCIATIVE RINGS 

1 
A . G . He in icke 

( r ece ived July 28. 1967) 

1. In t roduc t ion . In [2], a c o n s t r u c t i o n for the lower 
r a d i c a l c l a s s R (n) with r e s p e c t to a c l a s s n of r i n g s was 

given a s the union of an induc t ive ly defined a scend ing t r a n s f i n i t e 
cha in of c l a s s e s of r i n g s . It was shown t h e r e that this 
c o n s t r u c t i o n t e r m i n a t e s , for a s s o c i a t i v e r i n g s , at GJ , the 

f i r s t inf ini te o rd ina l , in the s e n s e that if {r\ : a an o r d i n a l ) 
a 

i s the chain , then R (r\) - r\ . Also , e x a m p l e s of c l a s s e s n 

for which R (n) = TK, r\~, ri0 w e r e given, 
o '1 '2 3 

The p u r p o s e of this note is to give an e x a m p l e which shows 
that oo i s the b e s t lower bound that c an be ob ta ined . We 

o 
d e s c r i b e a c l a s s of r i n g s -n for which R (r\) = -n , but for 

O GO 

which R (n) f r\. for any f ini te o r d i n a l k. 
O K 

As a p r e l i m i n a r y to e s t ab l i sh ing this r e s u l t , we a l so show 
that , for any f ini te o r d i n a l k, t h e r e a r e c l a s s e s r\ for which 
R (n) >̂  T] • The p r o b l e m of showing whe the r or not, for a g iven 

f ini te o r d i n a l k, t h e r e is a c l a s s n f ° r which R (n) = TI. , 
1 o k 

i s s t i l l open. 

1. The au thor at p r e s e n t holds a MacMi l l an F a m i l y F e l l o w s h i p 
for g r a d u a t e study at U . B . C. 
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2. Notat ion and P r e l i m i n a r y L e m m a s . A , f r i n g n in th is 
note wi l l m e a n an a s s o c i a t i v e r i ng (not n e c e s s a r i l y p o s s e s s i n g 
a uni ty) , and an " i d e a l " wi l l a lways m e a n a two sided i d e a l . 
The s i tua t ion in which A i s an i dea l of B wi l l be denoted 
A < B . 

If A and B a r e s u b r i n g s of a r i ng K, and if A C B, 
the s m a l l e s t i dea l of B conta in ing A wi l l be denoted by <A> 

It i s e a s i l y s een that < A>_ = A + BA -f AB + B A B . 
B 

B ' 

F o r the def in i t ions and p r o p e r t i e s of " r a d i c a l p r o p e r t i e s " 
for a s s o c i a t i v e r i n g s we r e f e r the r e a d e r to [ l ] . A c l a s s R 
of r i n g s wil l be a r a d i c a l c l a s s if and only if i t i s the c l a s s of 
$ - r a d i c a l r i n g s for s o m e r a d i c a l p r o p e r t y ^ . 

Given any c l a s s n of a s s o c i a t e r i n g s , the lower r a d i c a l 
c l a s s R (n) i s the s m a l l e s t r a d i c a l c l a s s conta in ing n. 

o 
Using the no ta t ion of [2], ( see a l so [ l ] , footnote , p . 12), 
R (r\) - r\ , w h e r e r\ i s the c l a s s of al l h o m o m o r p h i c i m a g e s 

of m e m b e r s in r\, and n (a an o r d i n a l > 1) i s defined 
a 

t r a n s f i n i t e l y as in [2]. E a c h r\ i s h o m o m o r p h i c a l l y c losed , 
a 

and, if a and p a r e o r d i n a l s , and a< (3, then n C n • 
_ a _ p 

F i n a l l y , we say that a sub r ing B of a r ing K i s 
a c c e s s i b l e to K by a chain of length k if t h e r e is a cha in 

(1) B = A < l A o A . . . « A = K. 
1 2 3 k 

LEMMA 2 . 1 . If B i s a subr ing of K, if B i s a c c e s s i b l e 
to K bv a cha in of length k, and if B is in n , then < B > 

4 A. 
l 

i s in T] , for i = 2, 3, . . .k . (The A 's a r e the r i n g s in 
i- 1 i 

equat ion (1 ) ). 

Proof . T h e proof of the l e m m a , e s s e n t i a l l y an induc t ion 
on i, is conta ined in the proof of L e m m a 2 of [2] . 

LEMMA 2 . 2 Given any c l a s s n, and a f ini te o r d i n a l 
k > 0, a r ing K i s in n if and only if. for any n o n - z e r o 

k 
h o m o m o r p h i c i m a g e K' of K, t h e r e i s a chain 
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(2) K- = 1 ^ 1 ^ . . . > I 4 * 0 

w h e r e I i s in r\ . • 
1 '1 

Proof , i) "Only if". This i s c l e a r l y t r u e when k = 1, 
s ince r\ is h o m o m o r p h i c a l l y c lo sed . A s s u m e that i t i s t r u e 

for a l l s < k, and let K be in r\. • If K1 ^ 0 i s a h o m o m o r p h i c 
K. 

i m a g e of K, then K' has a n o n - z e r o idea l J in n , for some 
'n 

n < k, and hence J i s in n. . By our induct ive a s s u m p t i o n , 
K.-J. 

this g ives a chain 

K1 D> J = J > . . . > J i 0 
k - 1 1 

w h e r e J i s in -n . This i s c l e a r l y a chain of the d e s i r e d 
1 1 

f o r m . Hence the r e s u l t is t r ue for TL . 
'k 

ii) "If" Suppose we have K' a n o n - z e r o h o m o m o r p h i c 
i m a g e of K, and a cha in sat isfying equat ion (2). Define 
S = < I > T_,. By L e m m a 2 . 1 , S is in TL , . Thus any non- z e r o 

1 K' 'k-1 
h o m o m o r p h i c i m a g e of K has a n o n - z e r o idea l in ri, 

'k-1 
whence K i s in TL . 

k 

3. The F i r s t E x a m p l e . In this sec t ion , we give e x a m p l e s 
to show that, g iven an i n t ege r n > 2, t h e r e i s a c l a s s r\ of 
r i n g s for which R (n) i n 

o ' 'n-1 

Let R be the field GF(p) of p e l e m e n t s , w h e r e p is a 
p r i m e , and let F = R[x, t] , the r ing of po lynomia l s ove r R in 
two (commut ing) i n d e t e r m i n a t e s . F o r any n _> 0, let G be 

the subr ing of F cons i s t ing of a l l e l e m e n t s of the f o r m 

xp(x) + 2 t x r . (x ) , w h e r e p(x) and the r . (x) a r e 
1 = 1 

a r b i t r a r y po lynomia l s in x, and m is an a r b i t r a r y i n t e g e r 
>_ 1. Thus , for example , G is the se t of po lynomia l s with 

z e r o cons t an t t e r m . Also , wheneve r a power of t a p p e a r s in 

G , i t m u s t be mul t ip l i ed by x . It i s eas i ly ver i f ied that 
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we have 

G < G < G 0 < . . . G < G . 
n n - 1 n - 2 1 U 

Also , any i d e a l of G i s an i d e a l of F . In p a r t i c u l a r 

G < F . In fact , we have G = < G > . To s ee th i s , i t 
1 1 n F 

suff ices to show G C < G > , s ince G D G and G < F 
1 - n F 1 — n 1 

toge the r imp ly G D < G > . However , s ince any e l e m e n t of 

m i 
G is of the f o r m xp(x) + S t x r . (x ) , and s i n c e xp(x.) and 

1 i = l l 
m i 

x r . (x) a r e in G , we have that xp(x) + S t x r (x) e G + 
i n i=l i n 

F G C < G >_ . This p r o v e s the a s s e r t i o n , 
n - n F ^ 

Let n be the c l a s s of h o m o m o r p h i c i m a g e s of G . 
'1 n 

Then G < G â < . . . < G t < F , and G, = < G > . 
n n- 1 1 1 n F 

By L e m m a 2 . 1 , we have G e n . The proof of the e x a m p l e 
1 'n 

wi l l be c o m p l e t e if we can show G jk r\ 
1 'n- 1 

Suppose, to the c o n t r a r y , that G, i s in n r r 1 ' n -1 
By L e m m a 2 . 2 , t h e r e m u s t e x i s t a cha in 

G ^ O Y o>Y > . . . > Y. = Z ^ 0, 
1 n -2 n -3 1 

w h e r e Z i s a m e m b e r of r\ , that i s , a h o m o m o r p h i c i m a g e 

of G . We show tha t th is l e ads to a c o n t r a d i c t i o n , 
n 

LEMMA 3 . 1 . If <p i s a n o n - z e r o h o m o m o r p h i s m of G 

into F , then t h e r e i s a unique way of extending <p to an 
e n d o m o r p h i s m of F . 

P roof . R e c a l l that e v e r y e l e m e n t of G i s of the form. n 

xp(x) + Z t x r (x). If a) i s such a h o m o m o r p h i s m , 
i = l i . 

let <p(x.) = A, and cpftV1) = B. . Then B.B . = (pit1*1)?^*?) = B . .AT 

i i J i+J 
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The ring F has no divisors of zero. Therefore, if A = 0, 

2 n 
then B. = B^.A = 0, and hence B. = 0, for all i. Thus 

l 2 i i 

A = 0 implies that <p(w) = 0 for all w in G . Since we are 

assuming that q> is a non-zero homomorphism, we have A ^ 0. 

An extension of <p to all of F can be found if we can find 

an element Q e F such that B. = Q A for all i. If we have 
l 

such an element Q, setting \\i{x) - A and \\j(t) - Q induces an 

endomorphism \\i of F which is clearly an extension of (p. 

Furthermore, such a Q, if it exists, must be unique, since F 
is a unique factorization domain, and hence has no divisors of 
zero. 

In order to find such a Q, consider the relations 
^ 2 ^ A n ^ 3 ^ ^ A n ^ A 2n „ k „ A(k-l)n 
B. = B A , B. = B B A = B A B, = B. Av 

1 2 1 1 2 3 I k 
By considering the prime factors of B and of A , we see 

n (k-1 ) k n 
that [A Y divides B , for all k > 1, implies A 

divides B . Suppose B, = QAn. Then B i = B, A1 " , n 

1 1 I k 
k kn (k-l)n 

gives Q A = B A . Since F has no divisors of zero, 
K 

A (k- l)n _ _k n 
we can cancel A to get B = Q A for all integers 

K 
k >• 1. This completes the proof of the lemma. 

We thus have Z = Y < Y ^ O . . . < Y , = G < F, 
1 2 n-1 1 

and Z = (p(G ) for some endomorphism f of F. We are 

denoting <p(x) by A and <p{t) by Q. 

There are two possible cases which can occur - either 
Q and A are algebraically independent over R, or they are 
not. 

Case 1. Q and A are algebraically independent over R. 
In this case, it follows (see [3], p. 37) that the endomorphism 
<p of F will be one-to-one. Since G O F, and A e Z> 

Q e F, we have QA £ GA, QA2 e Y QAR" 1 E Y 4 = Z . 
1 n - 2 1 
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Since Z = w(G ), t h e r e i s a g e G such that 
n n 

n - 1 n - 1 n - 1 
<p(g) = QA = <p(tx ). Since <p i s o n e - t o - o n e , tx = g z G , 

a c o n t r a d i c t i o n . 

C a s e 2 . Q and A a r e a l g e b r a i c a l l y dependen t ove r R. 
In th is c a s e t h e r e m u s t be an e l e m e n t B € F which is 
a l g e b r a i c a l l y independen t (over R) of A. F o r if A ç R, then 
B = x wil l do . If A is not in R, then e i t he r the d e g r e e of A 
in x (deg A) i s g r e a t e r than or equal to 1, or deg (A) >_ 1. 

Suppose that deg (A) >_ 1. Then e v e r y n o n - z e r o W e AF h a s 

deg (W) >_ 1, and AF con ta in s no e l e m e n t s which a r e p o l y n o m i a l s 

ove r R in t a lone . Then A and t a r e independen t , for 

o t h e r w i s e we would have h (A)t + h (A)t +. . • +h (A) = 0, 
o 1 n 

w h e r e e a c h h.(A) is a p o l y n o m i a l in A with coef f ic ien ts in R. 

Any c o m m o n f ac to r A of a l l the h . (A) ! s m a y be cance l l ed , 

and so we m a y a s s u m e that at l e a s t one h.(A) has a n o n - z e r o 

cons t an t t e r m . Col lec t ing the t e r m s in t a lone g ives 
0 = q(t) + Ar(x , t), w h e r e q(t) i s a p o l y n o m i a l in t ove r R, 
and r (x , t) i s a p o l y n o m i a l in X and t ove r R. Th i s g ives 
q(t) € A F , a s i tua t ion which cannot o c c u r . S i m i l a r l y , if 
deg (A) >_ 1, then A and x a r e i ndependen t ove r R. 

Let B and A be independen t . As in Case 1, we have 
n - 1 

BA e Z. Since cp(G ) = Z, and f rom the f o r m of e l e m e n t s of 
n 

G , we see that we m u s t have BA = Ap(A) + 2 . A QA r (A), 
n i = l i 

w h e r e A i- 0. 

If A e R (i. e. if A i s i n v e r t i b l e ) , then B i s a p o l y n o m i a l 
in Q ove r R. If A i s not in R, s ince F is a UFD, it 

fol lows that the p o l y n o m i a l in A, p(A), i s d i v i s i b l e by A 
n -2 

and that we can w r i t e p(A) = A q(A) w h e r e q(A) i s , in fact , a 

p o l y n o m i a l in A. We then ob ta in B = q(A) + 2 . t Q1Ar. (A) e RfA, Ql. 
i = l i 

In e i the r c a s e R[A, Q] D R[A, B] D R[A] . 
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However, A and Q are dependent over R, -which 

implies R[A, Q] is algebraic over R[A]. On the other hand, 

A and B are independent, which implies R[A, B] is 

transcendental over R[A]. Again, in this case, we have a 

contradiction. 

Thus we have GJ ç r\ , G i r\ 
I n 1 r ' n - 1 

We h a v e a c t u a l l y p r o v e d s l i g h t l y m o r e ; n a m e l y 

L E M M A 3 . 2 . If w e h a v e 

G > Y r> Y P> . . . O Y \ 0, 
1 n - 2 n - 3 1 

t h e n Y c a n n o t b e a h o m o m o r p h i c i m a g e of G . 
1 n 

4 . T h e S e c o n d E x a m p l e . In t h i s s e c t i o n w e g i v e a n 
e x - a m p l e , b a s e d o n t h e p r e v i o u s e x a m p l e , of a c l a s s r\ and a 
r i n g K fo r w h i c h K i s R (n) r a d i c a l * b u t K i s n o t i n n 

o • 'n 
fo r e a c h f i n i t e o r d i n a l n . 

L e t p p , . . . b e a n e n u m e r a t i o n of t h e p r i m e n u m b e r s . 

and l e t G (p ) b e t h e e x a m p l e of t h e p r e v i o u s s e c t i o n , w i t h 
n n 

R = G F ( p ). We t a k e r> to b e t h e c o l l e c t i o n of a l l t h e 
n 1 

h o m o m o r p h i c i m a g e s of t h e G (p ) fo r a l l n, and w e s e t 
n n 

00 
K = y?t G (p.), the (weak direct sum) ring direct sum of the 

i = l 1 l 

Gi<Pi>-

Since each G (p.) is in the radical class R (n), K is 
1 l o ' 

also in R (r\ ). 

We claim that, for all finite n, k is not in r\ • For, 
'n 

since rj is homomorphically closed, if K is in n , then 

G (p ) is in ri for all i. By Lemma 2.2, this implies that 
l i n 

we have a chain, for each i, 

(1) G > . ) o I > I > . . . >1 t o 
1 l n-1 n-2 1 
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and a h o m o m o r p h i s m <p of G (p ) (for s o m e t) onto I . 

Since e v e r y e l e m e n t of G (p ) i s of c h a r a c t e r i s t i c p , we 
n l l 

m u s t have i = t. 

In p a r t i c u l a r , for i = t = n+ 1, we have 

G (p ) O I O . . . > I 
1 n+1 n - 1 1 

w h e r e I i s a n o n - z e r o h o m o m o r p h i c i m a g e of G (p ) . 
1 n+1 n+1 

L e m m a 3 .2 (with n r e p l a c e d by n+1) shows this i s 
i m p o s s i b l e . 

Th i s c o m p l e t e s the proof . 
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