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ON THE LOCAL CONNECTEDNESS OF pX-X 

BY 

R. GRANT WOODS 

Let X be any completely regular Hausdorff topological space, and let (IX denote 
its Stone-Cech compactification. This note is devoted to proving the following 
result: 

5. THEOREM. Let X be realcompact and noncompact. Then pX—X is not connected 
im kleinen at any point. 

The question of when ($X itself is locally connected was settled in [2], in which 
the authors prove that /3Xis locally connected if and only if the (completely regular 
Hausdorff) space X is locally connected and pseudocompact. 

All topological spaces considered in this paper are assumed to be completely 
regular and Hausdorff. The notation and terminology used in the Gillman-Jerison 
text [1] will be used here without further comment. If p is a point of a space X, 
then X is said to be locally connected at p if every neighborhood of p contains a 
connected open neighborhood of/?. The space X is said to be connected im kleinen 
atp if every neighborhood ofp contains a connected neighborhood of p. The latter 
property is strictly weaker than the former, but a space is connected im kleinen at 
every point if and only if it is locally connected at every point (see [3, Ch. 3]; the 
definition of connectedness im kleinen given therein is different from the one given 
here, but is easily seen to be equivalent to it). 

ACKNOWLEDGMENT. The author wishes to thank the referee for suggesting a much shorter 
proof of Lemma 3. 

1. Notation. Let A be a closed subset of a space X. The set (c\fiXA)—X will be 
denoted by the symbol A* (in particular Z*=j8Z— X). The symbol aR will denote 
the one-point compactification of the space R of real numbers. The cardinality of a 
set S will be denoted by \S\. 

The following result is an immediate consequence of 8.4 of [1]. 

2. LEMMA. Let X be a realcompact, noncompact space and let p e X*. Then there 
exists fe C(X) such thatf*(p)=oo, where f* denotes the Stone extension to [5X of 
the mapf:X->a.R, and {co}=c(.R—R. 
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3. LEMMA. Let X be any space. The family {mtx+A*:A closed in X} is a base for 
the open subsets of X. 

Proof. Let V be open in (SX and let/? e V—X. As (SXis regular, there exists an 
open subset W of (SX such that/? e W^dpxW £ V. It follows quickly from 0.12 
of [1] that W ç cl^CX n z\fiXW)\ h e n c e 

peW n X* s cl^CX n cl^xPF)-Z s F - X . 
Thus 

peintx*[X n cl^PF]* c V-X, 

and the lemma follows. 
The next result is Lemma 2.4 of [4]. 

4. LEMMA. Let X be realcompact, let A and B be closed subsets of X, and let 
A* c B*. Then clx(A—B) is compact ifA = clx (intx^4). 

We can now prove Theorem 5, stated at the beginning of the paper. 

Proof of Theorem 5. Let/? e l * . By Lemma 2 there exists fe C(X) such that 
f*(p)=zco; without loss of generality assume t h a t / > 0 . Obviously/is unbounded 
on X, so there exists a sequence (qn)neN ^f[X] such that qn+1>qn+\ for each 
neN (N denotes the set of nonnegative integers). Let (In)neN and (Jn)neN be two 
sequences of closed subintervals of [0, oo) such that: 

(a) If i^j then It n / , = / , C\J~0. 

(b) 4 W i e intjR / w - U*e^^* a n d ?2n e intB J w - \JkeN Ik for each /z e JV. 
(c) [0, oo)—\JneNIn and [0, oo)—(Jneiv*^ a r e completely separated in R. 
It is obvious that (In)neN and (Jn)neN can be chosen as described, and that if 

pneln for each neN, then limn_00/?n=co. Put Z ^ / ^ U ^ i ^ J and Z 2 = 
/*~[LLeiv/J- Evidently Zx and Z2 are in Z(X). We claim that in t x *Z* U in t x , 
Z*=X*. To verify this we note that by (c) above there exist disjoint zero-sets Sx 

and S2 of [0, oo) containing [0, co)—\JneNIn and [0, oo)—\JneNJn respectively. 
Hence f*~[S2] and f*~[S2] are disjoint zero-sets of X containing X—Z1 and X—Z2 

respectively. Thus c\fiX(X—Z-ù n c l^ x (Z—Z 2 )=0 (see [1, 6.5]). Now 

^X-[intpxc^xZ1 UmtfiXclfiXZ2] = (fiX-intfiXclfiXZJ n ( ^ Z - i n t ^ cl^xZ2) 

= c l ^ X - c l ^ Z J n c l ^ X - c l ^ Z , ] . 

Since (pX-cl^Zj) n Z = Z - Z 1 ? it follows from 0.12 of [1] that 

c\pxW-à,*zù = cl^CX-ZO. 

Hence by the preceding remarks it follows that intyjX c l ^ Z i u * n W cl^xZ2=/?Z. 
As intx«Z* ^ intpXclpxZi—X (7=1,2), our claim immediately follows. Hence 
without loss of generality we may assume that/? G i n t x , Z*. 
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We now claim that if W is an X*-neighborhood of p contained in intx*Zf, 
then W is not connected. This will show that X* is not connected im kleinen at 

/?. If Wis such a neighborhood, by the regularity of X* and Lemma 3 we can find 
a closed subset G of X such that G=c\x (mtxG) and 

p e int^* G* c G* c Jf c intx* Zf ç Zf. 

By Lemma 4 clx(G—Z^ is compact, and so 

G* = (Gn z,r u [cl^G-z,)]* 
= ((?n z j * . 

Let M = { « e N : G n / * - [ / J ^ 0 } . We claim that |M|=X 0 . For since peG* = 
(G n Zx)* c c\pX(\JneMf+-[In]), it follows that 

/*(P)G/*rci,x(ur[/j)l 
L \neM / J 

=cu(/*r u /*-[/«]]) 
\ Lweikf J / 

=ciaijr u / J 
LneM J If Af is finite, then c\aR[\JneM In] = \JneM h — R> which contradicts the fact that 

f*(p)=a>. Hence M is infinite. 
Thus we can find subsets Nx and N2 of N such that: 

(a) Nx U iV2=i\Tand JV\ n 7V2=0 

(b) liVi| = |JVi|-K0 

(c) | { i i e i V i : G n / * - [ / J ^ 0 } | = «o, i = l , 2 . 

Put E=\JmNinin] and F = U « ^ i / ' " [ U Then E* u * * = ( £ U iO*=Z*, and 
£* n F *= 0 as E and .Pare disjoint zero-sets of X (see [1, 6.5]). For each n e Nl9 

choosey e G n /*~[ / J . Put P=(pn)neN. Then clxP is not compact, so 

0 ^ (clxP)* ^ G* n E*. 

A similar argument shows that G* C\F*?£0. Thus {W n £*, Ĥ  n i^*} is a dis­
connection of W into two disjoint closed nonempty subsets whose union is W 
(since E* U F*=Zt). As PF was an arbitrary neighborhood of p contained in 
intx* Zf, it follows that X* is not connected im kleinen at/7. Asp was arbitrary, 
the theorem follows. 

6. REMARK. It follows from Problem 9K of [1] that if X is any completely 
regular Hausdorff space, then there exists a pseudocompact space Y such that 
j8 Y— Y is homeomorphic to X. This suggests that a characterization of those 
pseudocompact spaces Y for which (3 Y— Y is locally connected may be somewhat 
involved. 
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