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In a recent paper Cooke [1] obtained a solution of the integral equation
1 x + t
3(0 log

by using the identity

x + t

x~t
= nf(x) (0<x<l ) , (1)

ilog
x-t

/•min(*,i) a du

= J0 (x2-aW-a2)*
and the technique, first used by Copson, of interchanging the orders of integration and hence
fcducing the problem to that of the successive solution of two Abel integral equations. It
is also shown in [1] that the above identity can also be used to solve the dual series equations

(0<x<c),
n = l

n = l
ansinnx = 0 (c < x < n). (3>

The kernel in equation (1) is a particular member of a general class of kernels which the
author [6] has shown to be such that the resulting integral equation is directly soluble by
using Copson's technique. The particular example of equation (1) is given in [6] and the
identity of equation (2) was used by the author [7] to obtain the solution of equation (3).

It is also shown in [6] that the identity of equation (2) can be used to solve the " aerofoil "
equation and the explicit solution is obtained. The form of solution obtained is not the usual
one quoted for the solution of the aerofoil equation in that it does not involve a Cauchy
principal value integral, but it can be reduced to the usual standard form. The same general
approach was also used independently by Peters [3] to solve the aerofoil equation and it is
interesting to note that the form of solution obtained in references [6] and [3] is identical
with one obtained by Cooke [1], who transformed Carleman's solution for an equation of the
form

f (4)

so as not to involve Cauchy principal value integrals. Differentiation of equation (4) produces
the aerofoil equation and hence the solution of this latter equation may be found provided
that equation (4) can be solved.

The transformation of an equation of the general form of equation (4) to a form amenable
to solution by direct use of equation (2) was sketched in [6] but the explicit solution was not

https://doi.org/10.1017/S0017089500001518 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500001518


120 W. E. WILLIAMS

given. The most direct method of solving equation (4) seems to be to transform it by
differentiation to the aerofoil equation and then employ the results of [6] or [3]. It follows
immediately from equation, 13, of [3] that the solution of equation (4) is

where c = \b
ag{t)dt.

Equation (4) may be rewritten as

(6)

where G(t) = g[i(b-a)(t+ l)+a], F(x) =f[i(b-a)(x+ l)+a]. Equation (6) is of the form
considered in [6]; from equation (28) of that paper, JLt G{t)dt and hence \b

ag{t)dt may be
calculated, and we have that

**fc = J g(t)dt = - _a)]Jfl (x_a)Hb_x),
dx-[2 log 2 -log (b-

Equation (5) with c defined as above agrees with the result derived by Cooke.
It was also pointed out in [6] that another simple example of the general class of kernel is

the kernel \x—11~" and an explicit solution was given for the integral equation

^Wlx-tf'dt^fix) (0<X<1,0<«<1). (7)r
Jo

Equation (7) has also recently been solved by Lundgren and Chiang [2] by means of the
Wiener-Hopf technique and they also applied this technique to the problem of solving the
equation

•I
g(t)sgn(x-t)\x-t\-*dt=f(x) (0 < x < 1, 0 < a < 1). (8)f

JoThough the analysis of [2] relating to equation (7) and the representation of the kernel of [6]
break down for — 1 < a < 0, the final form obtained for the solution is valid for a within this
range and hence the solution of the equation

f
Jo

g(t)\x-t\l-'dt=f(x) (9)

can be obtained from the solution of equation (7) on replacing a by a - 1 . It can be shown
that the solution so obtained agrees with that obtained by Lundgren and Chiang who, by
differentiation, reduced equation (9) to the form of equation (8). The demonstration that the
two forms of the solution are equivalent is not completely straightforward and is sketched in
the Appendix.

Various generalisations of equations (7) and (8) to equations where the path of inte-
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gration is a curve in the complex plane have also recently been considered by Peters [5] and
the reduction of singular Cauchy integral equations of the second type to the successive
solution of two Abel equations has been presented by Peters in [4].

APPENDIX

The solution obtained for equation (9) by replacing a by a— 1 is given by

2r(2 - a)F2(ia) cos i<xng(t)

(A.I)

and that given by Lundgren and Chiang is

f
Jo

+ ^,*« T £-«(£_,)**-! d£ I r " " f>(P)dfi. (A.2)
dt J, Jo (1-a)

It can be established by integration by parts that

f4 4. 4.-1 - T *«-i *»-! d H *«-i

Jo Jo " dz)0

(a > 0). (A.4)

The equivalence of the two solutions can now be established by applying (A.3) to the inner
integral in (A.2) and then applying (A.4) to the integral arising from the first term of (A.3).
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