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1. Introduction

A variety of groups is an equationally defined class of groups: equiv-
alently, it is a class of groups closed under the operations of taking cartesian
products, subgroups, and quotient groups. If I and ¥ are varieties, then
U is the class of all groups G with a normal subgroup N in I such that
G|N is in B; UV is a variety, called the product of Ul and B. We denote by
€ the variety generated by the unit group, and by O the variety of all
groups. We say that a variety %8 is indecomposable if 8 £ €, B # O, and
% cannot be written as a product X%), with both X 7 € and §) £ €. One of
the basic results in the theory of varieties of groups is that the set of varieties,
excluding O, and with multiplication of varieties as above, is a free semi-
group, freely generated by the indecomposable varieties. Thus one would
like to be able to decide whether a given variety is indecomposable or not.
In connection with this question, Hanna Neumann raises the following
problem (as part of Problem 7 in her book [7]):

ProBLEM 1. If U £ B, and B £ W, prove that [, B] is indecomposable
unless both W and B have a common non-trivial right hand factor.

(If G is an arbitrary group, and Il any variety, denote by U(G) the
intersection of all normal subgroups of G whose quotient group is in U:
clearly G/U (G) e 1, and U (G) is the smallest normal subgroup of G with this
property. Then [, B] is the variety of all groups G for which U(G) and
V(G) centralize each other.)

In this paper, we solve Problem 1 for a class of varieties which includes
many of the well known varieties. To state our theorem, we need some
notation. Following Philip Hall, we denote by & the class of all finite
groups, and by 4" the class of all nilpotent groups: then & A" denotes the
class of all groups which have a finite normal subgroup whose quotient
group is nilpotent. The main result of this paper is then

THEOREM 1. Suppose that 1 and B are varieties each of which can be

! The author is a Fulbright-Hays scholar.
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generated by a group in FAN . Then if W #B, [0, B] is indecomposable
unless both W and B have a common non-trivial right hand factor.

Theorem 1 has a couple of special cases that are worth noting. Firstly,
if both Il and B are nilpotent, then they are indecomposable ([7] Theorem
24.34), and hence we have

COROLLARY 1. If both W and B are nilpotent, and N # B, then [U, B]
is indecomposable.

Another special case, which is a partial result on the way to Theorem 1,
is

THEOREM 2. If either U or B cannot be generated by a finite group (but
each can be generated by a group in FN), then [, B] is indecomposable.

2. Notation and preliminaries

The main tool used in the proof of Theorem 1 is the (standard) wreath
product of groups, and we will assume familiarity with the construction
and basic properties of this wreath product: for a detailed description,
see [7] Section 2.2. We will also adopt the notation used there.

Other notation is in general standard. We denote the fact that H is a
subgroup of G by H < G: if H is a proper subgroup, by H < G. When H
is normal in G, we put H 2 G. As usual, [#,y] =2 'y tay: if H <G,
K =< G, then [H, K] is the subgroup of G generated by all [4, k], he H, k e K.
If S is a subset of G, the centraliser of S in G is denoted by C(S). If Sisa
subset of G, the subgroup of G generated by S is denoted by (S): if
S={x, - 2,} (S =<z, =, The centre of a group G is denoted
by {(G).

If I, B are varieties, then 1 < B means that U is a subvariety of
LB : 1l < B means that U is a proper subvariety of 8. The union N U B of
two varieties is the variety generated by the union of the classes 1 and B:
the intersection 11 n & is just the class of all groups G such that G ell and
G € B. If € is a class of groups, then var € denotes the variety generated by
€: if € consists of a single group G, var G = var €. If G is finite, we call
var G a Cross variety. If 1l is locally finite, there is a smallest integer ¢
such that the exponent of any group in U divides e: we call ¢ the exponent
of U. U, will denote the variety of all abelian groups of exponent dividing
n: A denotes the variety of all abelian groups. If p is a prime, £, denotes
the variety of all groups which are central extensions of elementary abelian
p-groups by elementary abelian p-groups and are of exponent dividing p2.

If G is a finite group, and 1 <N { H < G, we say that H/N is a
factor of G: if either 1 £ N or H # G, we say that H[N is a proper factor.
If G is not in the variety generated by its proper factors, we say that G
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is critical. If G is critical, then G has a unique minimal normal subgroup,
called the monolith of G, and denoted by 6G.

Next, some observations about varieties which can be generated by
a group in &A4. In [4], Philip Hall showed that #A4" was also the class
of all groups in which some finite term of the upper central series was of
finite index: it is this characterisation of the class &#.A4" that seems more
useful from the viewpoint of varieties. Groups in FA" are closely related
to both finite and nilpotent groups, and in fact the varieties they generate
enjoy many of the pleasant properties of nilpotent and Cross varieties.

LemMMA 2.1. Suppose that | and B are varieties which can be generated
by a group in FN . Then we have

(@) WU B can also be generated by a group in FN.

(b) U and all its subvarieties are generated by finitely generated groups.

(c) Every finitely generated group in 1 is in FN .

(d) U s generated by its finite groups.

(e) There is a bound on the class of nilpotent groups in 1.

(f) There is a bound on the minimal number of generators of chief factors

of finite groups in .
These results are either easy to prove or are contained in [2].

We often need the following fact that, though well known, does not
seem to be readily available in the literature. Denote by C(p, g) the critical
group with an elementary abelian normal p-subgroup, with quotient group
of order g, p, ¢ distinct primes: we have var C(p, q) = %, ¥,.

LeEmMmaA 2.2. If U is a variety which contains non-abelian finite groups,
then it contains either a non-abelian group of order p3 for some prime p,
or a non-nilpotent group C(p, q), p, q distinct primes. If W contains non-
nilpotent finite groups, it contains a C(p, q) for distinct primes p, q.

Proor. We give a sketch of the proof. There are two cases to consider.

If every non-abelian finite group in 1l is nilpotent, 11 contains finite
non-abelian groups which are nilpotent of class two. Let G be a non-abelian
nilpotent finite group in U such that every proper factor of G is abelian.
Firstly, G will be a p-group for some prime p, and if z, y € G are such that
[z, y] # 1, then we must have {z, y> = G. Also, every proper homomorphic
image of G is abelian, and so, by Theorem 5 of M. F. Newman [9], G is
either non-abelian of order 3 and exponent $, in which case we are finished,
or G is isomorphic to a group of the form

{a,b,z:a? =0 = 2,27 = [a,b), [a, 0] = 1},n = 1.

In this case, var G is defined by the laws2*™" = 1, [z, y]? = 1, [%, 9, {] = 1,
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and any non-abelian group of order p® satisfies these laws, and so is
contained in var G and hence in II.

Now, suppose that 11 contains a non-nilpotent finite group. Let G be
a non-nilpotent finite group of minimal order in 1. Then every subgroup
of G is nilpotent, and so G is soluble (L. Redei [11]). Let N be a minimal
normal subgroup of G : N is an elementary abelian p-group for some prime
$. Also, N cannot be in the centre of G, for G/N is nilpotent. It follows that
there is an element x € G of prime order g such that x ¢ C¢(N). But then
(N, z> = N{x)> is non-nilpotent, and so G = N{x)>. It now follows that
G ~ C(p, q) ([10] p. 364).

Another trivial but important fact is

LEMMA 2.3. For any varieties U, B, we have
MBI =MUuB,UUB] =AU U B).

Thus, for G e [U, B], there is an abelian normal subgroup N of G such that
GINeluB.

LEMMA 2.4. If G is a non-abelian finite group, H a finite group, and if
A is a maximal abelian normal subgroup of Gwr H, then there is a maximal
abelian normal subgroup A, of G such that if B(= G¥) is the base group of
Gwr H,
A ={feB:f(h)ed,, forall heH}.

ProoF. We claim firstly that 4 < B. For suppose that fhe 4, fe B,
heH, and Ah#1. Let A, = A n B, and for ke H the epimorphism
@, + B — G be defined by

fmow = [(R).

Then A;m, is abelian: in particular 4, is abelian. Since G is non-abelian,
there is an z € G, such that « ¢ 4,7,. Define g e Bby g(1) =z, g(k) = 1,
k +# 1. Now since both A4 and B are normal, [g, fA]e A n B = A;. Since
hs£1, (Fght*(l) = fgf(h1) =1, from the definition of g, and so
[g, fA](1) = a:i.e. x € Aym,, a contradiction. Thus 4 < B.

Now, it is easy to check that An, = A=, for all 2 e H. Thus if 4yis a
maximal abelian normal subgroup of & containing Azx,,

A={feB:f(h)e A, heH}
But clearly
{feB:f(h)ed, heH}

is an abelian normal subgroup of G wr H, and hence the result follows.
Then we have as a consequence of Lemma 2.4 and Theorems 22.11 and
22.12 of [7] the following lemma.
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LemMA 2.5. If G is a non-abelian finite group, H a finite group, A a
maximal abelian normal subgroup of W = G wr H, B the base group of W,
then W|A contains a factor isomorphic to C,wr H, where C , is a cyclic group
of order p, for all primes p dividing |B|A|.

Finally in this section we prove:

LEMMA 2.6. If U and B are varieties, such that & £ B, and both U and B
are generated by their finite groups, then

AU N B) # [U, B].

Proor. First, we show that it is sufficient to prove the lemma for
1l < B, and B generated by its finite groups. For suppose 1 « B, T « U,
and [I1, B] = AU n B). Then

AU A B) = U n B, U N B]
=Un% 3]
=, 3]
=AU n B)

and so [1n B, B] = A((1 n B) n B).

Now, if I <« 8B, and 8B is generated by its finite groups, then there is a
finite group G of minimal order such that G € 8, G ¢ . Then we have that
G is critical and G[/oG ell. If oG is non-abelian, then clearly G ¢ [U, 11].
Hence oG is abelian: and so — as a minimal normal subgroup of ¢ —
elementary abelian of exponent p for some prime p: hence G € A U. Let
B, be the variety generated by G. Then for some positive integer », if 4
is the relatively free group of rank # of B,, U(H) is a non-cyclic elementary
abelian p-group. Let I be the absolutely free group of rank #,

U[V\(F) = U(F[Vy(F)).

Then F|V,(F) is a finite group ([8] Theorem 14.2), and so by Schreier’s
theorem U is an absolutely free group of finite rank. To complete the proof
of Lemma 2.6, it is now sufficient to prove:

LEMMA 2.7. Let F be an absolutely free group of finite rank, N a normal
subgroup of F such that F|N is a non-cyclic elementary abelian p-group for
some prime p. Then F|[F, N] is non-abelian.

Proor.2 With p as in the statement of the lemma, we have N > Q,(F).
Put H = F|Q (F), M = N|Q,(F): then it is sufficient to prove that
H|[H, M] is non-abelian. Observe that since F is of finite rank, » say, H
is finite. Now H/®(H) = M|®(H)x L|®(H), where @(H) is the Frattini

# This proof was suggested to me by Professor G. Baumslag.
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subgroup of H. Let z,®(H), - - -, , P(H) be a minimal set of generators
for L/®(H), and y,P(H), - - -, y,.P(H) be a minimal set of generators for
M |®(H). Since H is a finite relatively free group of rank #, and H is gener-
ated by {2, * * -, @, ¥1, * * *, Yp_x} = S, it is freely generated by S. Thus the
commutators [&,, ;1,1 %1, 1 <4, ] <k [2;, 94, 1 STt =k 1 =27 < n—k,
[y, ¥;1, 1 < 1,1 =4,7] < n—~k, are allindependent. But [H, M] is generated
by [z,y4,, 1<tk 1Z7=n—k [y,y;],05%7,1=54,7<n—k and
since H/M was non-cyclic, # = 2. Hence [z,, z,] ¢ [H, M], and Lemma 2.7
is proved.

3. The proof of Theorem 1

Suppose that Il and ¥ are varieties which can be generated by a group
in A and U 5= B. Then, using Lemmas 2.1 and 2.3, finitely generated
groups in [11, B] are abelian-by-nilpotent-by-finite, and so, as a consequence
of Theorem 1 of P. Hall [5], are residually finite. Hence [U, B] is generated
by its finite groups.

The proof is broken up into several steps, which we number consec-
utively. The first step gives some necessary conditions which varieties
X, 9 must satisfy if [I1, B] is to equal X9.

3.1 Suppose that X and Y are varieties: then [U, B] # XY if any of the
following conditions hold:

(a) X is abelian,

b) X contains a non-abelian group of order p3 for some prime p, and
9,
c) WA, =X, A, =9, for distinct primes p, g,

(d) X contains a non-abelian finite simple group G, and for some prime
P dividing |G|, A, < 9.

ProOF. (a) Suppose that X is abelian and [U1, 8] = X¥). Then
9 =N N YB ([7] Theorem 24.31), and so

[, B] = £Y
=AU N B)
é J:u) %]1
giving [, B] = AU n B), contradicting Lemma 2.6.

(b) Suppose [U, B] = XY, and that G e X is a non-abelian group of

order p3, and C, is a cyclic group of order p. Then the set
{GwrCp:n=1,2,---}CX9.

But then, applying Lemma 2.5,

%,

— N <
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{CowrCy:n=12---}CUNU

But C, wr C} is nilpotent of class #(p—1)+1 ([6] Theorem 5.1), and so
U U B contains nilpotent groups of arbitrarily large class, contradicting
Lemma 2.1 (e).

(c) Again, suppose [U1, B8] = XY, and let C(p,q)eX, C,e9, for
distinct primes p, g. Then the set {C(p, g) wr Cj :n =1, 2,---} C XJ). Now
C(p, q) has a unique maximal abelian normal subgroup, which has index g¢:
hence we may conclude from Lemma 2.5 that

{CowrChin=1,2---}1CNUY,
again giving a contradiction.

(d) If G € X is a non-abelian finite simple group, p a prime dividing
|G| such that C, €9, then {GwrCy:n=1,2,---}CX9. But Gwr ()
has no non-unit abelian normal subgroups, and so, using Lemma 2.5 again,

{C,wrCy:n=1,2---}CNULUYB

if [U, B] = X9: again giving a contradiction.

Now suppose that [U, B] is decomposable: that is [U, B] = XY for
some %, 9. Then we have that X is non-abelian, and § = U n B. If Y is not
locally finite, then A < 9), and we see from Lemma 2.2 that ¥ and ¥} must
satisfy either (b) or (c) of Lemma 3.1, giving a contradiction. Thus ) is
locally finite: let the exponent of ) be e.

3.2 Suppose that G is a finite group in X. Then G has an abelian normal
subgroup N such that (e, |G/N|) = 1, and for some integer k, |N| divides €.

Proor. If H is any subgroup of G for which there is an integer & such
that [H| divides ¢*, then H is abelian: for otherwise, we may conclude from
Lemma 2.2 that X and 9) satisfy either (b) or (c) of 3.1, a contradiction.

We now use induction on the length of a chief series of G. If the length
is one, the result is trivial. Suppose now G has a chief series of length #,
and the result is true for groups in X with a chief series of length n—1. Let
M be a minimal normal subgroup of G: then G/M has a chief series of length
n—1. Hence G/M has an abelian normal subgroup N/M satisfying the
requirements of the lemma. Now, either |M| = p* for some prime p dividing
e, or |[M|is prime to e. In the first case, N is abelian, from the first paragraph
of the proof, and we are finished. For the second case, M is complemented
in N, by L say, using the Schur-Zassenhaus theorem: let C = C,(M). If
C # L, then N is not nilpotent, and so by Lemma 2.2 and the assumption
on L contains a factor isomorphic to C(p, q), for p, ¢ distinct primes, with
g dividing e. But then %, %A, < X, A, < 9, a contradiction. Hence C = L,
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and so N = M XL, and now L has the properties required of ‘N’ in the
statement 3.2.
We now prove:

3.3 Y is abelian.

Proor. Since X is non-abelian it contains a group G isomorphic to either
a non-abelian group of order $* or a C(g, p), p, ¢ distinct primes: it is an
immediate consequence of 3.2 that p does not divide e. If 9) is non-abelian
it contains a non-abelian group H. Then the set

{(GwrH" :n=1,2,---}CXY).
But then, using Lemma 2.5, we have that
{C,wrH":n=1,2,--}CUNUB.

Now the base group of C, wr H" may be regarded as a vector space over
GF(p), the field of p elements, on which H™ acts as a group of linear trans-
formations. Since p is prime to [H|, the base group is completely reducible,
and it contains irreducible components of degree at least 2. These irreducible
components may then be thought of as chief factors of C, wr H", and so
the set {C, wr H" : » = 1, 2, - - -} contains groups with chief factors having
an arbitrarily large minimal number of generators, contradicting Lemma
2.1 (f). Hence ) is abelian.

Now U and B can be generated by finitely generated groups, ¢ and H
say. Now we can choose G and H such that §) = var G/Y (G) = var H|Y (H).
Since 9 is abelian of finite exponent, G/Y (G) and H|Y (H) are finite. We
have further:

3.4 With G and H as above, Y (G) and Y (H) are finite, and
(IGIY (@)1, Y (G)]) = (IH/Y (H)|, |Y (H)]) = 1.

Proor. By the symmetry of the situation, it is enough to prove 3.4
for G. Note that if Y (G) is of finite exponent, it is finite. Hence if Y (G) is
not finite, then A < U. Let B be a free nilpotent group of class two and
rank 2, generated by z and y: then B € [1l, B]. Also B, = {2, ¥°) = Y (B),
and by [1] Theorem 1, B, is also a free nilpotent group of class 2 and rank 2.
If now p is any prime dividing ¢, B; has non-abelian factors of p-power
order. But B, € X, and so X and ) satisfy condition (b) of 3.1, a contra-
diction. Thus Y (G) is finite.

Put Y(G) = A: by 3.2, there is an abelian normal subgroup N of 4
such that (|[4/N|, e¢) = 1, and [N| divides ¢* for some integer k. Suppose
that N # 1. There are two cases to consider

(i) C4(N) # A. Then there is an element « of prime order such that
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x¢C4(N). Then from Lemma 2.2, C(p,q)evar (N{zD) <Xnl for
primes p, g: from the choice of N<{x), it follows that p divides e, and g¢
does not divide e. Now (i) divides into two subcases. Firstly, suppose
that V(C(p, q)) < C(p,q). Then, if GeQ, YU, U(G) < (V(G)), and so
0,4, = U, 8] = X9. If [¢C(p, q)| = p*, let F be the free group of O,
of rank 2¢ freely generated by x,, - - -, x,, ¥, - -+, 9,: let

Hy = (& {(F), - -, 2,0(F)),
Hy = (g 8(F), - -+ 9.8(F)>.

On each of H,, H,, define the action of C,, the cyclic group of order g,
by the action of C(p, q)/oC(p, q) on oC(p, q), and extend this action to F.
Let G = FC,: from its definition it follows that G has no quotient groups
of p-power order, and so we may conclude that G € X. But G has a non-
abelian Sylow p-subgroup, and so %, 9) satisfy (b) of 3.1, a contradiction.

Thus, suppose V(C(p, g)) = C(p, q): it follows that ¢ does not divide
the exponent of B. Further A, A, A, < X9, and A, A, A, cannot be generated
by a finite group ([7] Theorem 24.62). Since G is finite, Il can be generated
by a finite group, and so there is a critical group F e 9, %%, such that
1<M<K<«F, with M, the unique minimal normal subgroup of F,
and F/K elementary abelian p-groups, and K/M an elementary abelian
g-group. Further, F has the property that [M,K]s1, and U(F) =
M,U(F) = K. Hence [U(F), V(F)] # 1, a contradiction.

(i) C4(N) = A. Then A = N xN*, where N* @ A/N, N* < G. Thus
G/A and G/N* generate different varieties. We have var (G/4) = 9: put

var (G/N*) = 9),. If F is a free group of finite rank such that Y (F)/Y,(F)
is non-cyclic, we have, using Lemma 2.7, that

F > Y(F) > Y, (F) > [Y(F), Y(F)],

and Y (F)/[Y,(F), Y(F)] contains non-abelian factors of p-power order for
some prime p dividing e¢. But

FIIY((F), Y(F)] e [1, 9] = [, B] = XY,

and so Y (F)/[Y,(F), Y(F)] € X, again giving that X and 9) satisfy (b) of
3.1, a contradiction.

Thus N =1, and 3.4 is proved.

From 3.4 it follows immediately that if either of G or H is infinite,
[U, B] is indecomposable, and so the proof of Theorem 2 is complete.

Now, with G and H as above, put II; = var (Y(G)), 8, = var (Y (H)).
Then U; and B, are locally finite of exponents prime to e. The next step is
to prove

3.5 I, 8,] < &.
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Proor. Since [I1,, B,] is generated by its finite groups, if [U,, B;] <« %,
there is a finite group A of minimal order such that 4 e [U,, B,], 4 ¢ X.
Observe that [11;, B,] = [U, B] = X9, and so 4 € X9). If 4 has order prime
to e, then 4 € X.

Since 4 is critical, if U;(4) n V;(4) = 1, then 4 has order prime to e,
a contradiction. Now N = U,(4) n V,(4) is an abelian normal subgroup
of A: since A4 is critical it must be a p-group for some prime p, and since
A ¢ X, p must divide e. Further, if NV, is the subgroup of N generated by the
P powers of the elements of N, A/N, ¢ X and N = ¢A. Also, N # A since
A ¢X. SinceY(A) #1,Y(A) = N. But then Y(4)/N = Y(4/N), and since
A/Nelly u®,, Y(A/N) = A/N. Hence Y(4) = A, and 4 € %X, a contra-

diction.

3.6 [u1sy» %1@] = [ll, %l

Proor. Using 3.5, [6] Theorem 21.23, and the fact that U =< 1,9),
B < B,Y, we have
i, B] = £
= [, B,]9
= 1,9, B, 9]
= [, 8],
and the result is proved.
We now want to show that in fact I = 1,9, B = B, ). As a step in
this direction, we prove:

3.7 U, and B, are nilpotent.

Proor. Suppose that 11, is not nilpotent. Then since 11, is generated by
its finite groups, we may conclude from Lemma 2.2 that %, %, < U, for
some distinct primes p, g. Also, if 7 is any prime dividing ¢, we have that
(p.7r)=1(¢,7) =1, and A, AN, <1,9. Put 4, = C(g, 7)*: by a theorem
of Gaschutz [3], 4, has a faithful irreducible representation over GF(p).
Let M, be a vector space over GF(p) on which 4, acts faithfully and
irreducibly as a group of linear transformations. Put B, = M, 4,,, the split
extension of M, by 4, : observe that B, e A A A,. Then M, is the unique
minimal normal subgroup of B,, and the minimal number of generators of
M, is at least 2. Hence, using Lemma 2.1 (f), there is an integer & such
that B, ¢UW v ®B: U(B,) = M,, V (B, = M,, for B,/M,ell, B, ¢ %, and
M, is the unique minimal normal subgroup of B,.

Suppose that V(B,) > M,: then C(g,7) ¢ %, but A < B, and so
V(B,) = M,A;. But then [U(B,), V(B,)] # 1. However, U,(Y(B,)) = 1,
and so [U,(Y(By)), V1(Y(B,))] = 1, contradicting 3.6.

Hence V(B,) = M,. If |[M,| = ¢, then ¢ = 2: let F be the free group
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of rank ¢ of Q,. On F[{(F), which is elementary abelian of order p¢, define
the action of 4, by its action on M, and extend this action to give an
automorphism group of F: put D = FA4,.

Then V(D) = U(D) = F, and so [V(D), U(D)] # 1. But

U (Y (D)) < {(F), and V,(Y(D)) £ F,
giving
[UL(Y (D), V(Y (D))] = L,
contradicting 3.6 again.
Thus I1; and similarly 8, are nilpotent.

3.8 U =1,9, % =%,9.

Proor. Suppose that I << ;9. Then there is a group 4 of minimal
order such that 4 el,¥), A4 ¢ : A is critical, and U(4) = oA. There are
two cases to consider.

(i) V(4) = 1. Then let p be a prime which does not divide the exponent
of 1 U B. By the theorem of Gaschutz [3], 4 has a faithful irreducible
representation over GF(p). Let M be a vector space over GF(p) on which
A acts faithfully and irreducibly as a group of linear transformations, and
put B = M A, the split extension of M by A. Then

U\(Y(B) = Vi(Y(B)) = M,
and so
[U(Y(B)), V(Y (B))] = 1.

But U(B) = MoA, and V(B) = M. since the centralizer of M in B is M,
[U(B), V(B)] # 1, contradicting 3.6.

(ii) V(4) # 1. Observe that Y (4) is nilpotent and
(IA/Y (4)], 1Y (4)]) = 1:

since A is critical, Y (4) is a p-group for some prime p, and is the Fitting
subgroup of A (that is, the maximal normal nilpotent subgroup of A4),
and so 04 < (Y (4)). Also, since §) < B, we have 04 =<V (4) = Y(4).

Now, let 4, be isomorphic to the direct product of two copies of 4.
Let F be a free group of finite rank with a normal subgroup N such that
FIN = A,. Then if M|N = U(F|N), M|N is a non-cyclic elementary
abelian p-group. Also, put Y/N = Y(F/N). As in Lemma 2.7, consider
Q,(M): let Fy= F|Q, (M), N, = NJQ,(M), My = M[Q,(M), Y; = Y[Q,(M).
Then M,[[M,, N,] is non-abelian. Further, it is easy to deduce from the
fact that M, /N, is central in Y,/N,, and M,/[M,, N,] is nilpotent of class 2
that N,/[M,, N,] is central in Y,/[M,, N,]. Then we have that
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F,/[M;, N,] e Y, B, Y],

Fy|[M,, N, ¢ [1, B,

but

again contradicting 3.6.
The proof of 3.8, and with it the proof of Theorem 1, is now finished.
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