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Well-bounded operators on general Banach spaces

QINGPING CHENG

The theory of well-bounded operators has found many applications and has formed
deep connections with other areas of mathematics. For example, it has been applied
successfully to Sturm-Liouville theory, Fourier analysis and multiplier theory (see [1]).
Although the theory of well-bounded operators is well established, there are a number
of unresolved and interesting questions which are potentially fruitful areas for further
research, and there are also a few errors in the literature. The general aim of this work
is to answer some of these questions, to correct and clarify certain aspects of the theory,
and to establish a more complete well-bounded operator theory, including a dual theory
on general Banach spaces and a theory of compact well-bounded operators.

We first give a general method to construct well-bounded operators with special
properties, such as non-uniquely decomposable, non-decomposable in X and non type
(B). This technique can be used to produce rich examples of well-bounded operators.

An operator is well-bounded if and only if its adjoint is. On the other hand,
if the underlying Banach space is nonreflexive, many of the porperties that a well-
bounded operator may possess do not pass to the adjoint operator. One would hope
that a suitable family of projections for the adjoint of a well-bounded operator could
be formed by taking the adjoints of decomposition of the identity associated with this
operator. We show that on a wide range of nonreflexive Banach spaces it is not possible
to do this. We give a necessary and sufficient condition under which the hoped for
relationship between corresponding decompositions of the identity holds. We have also
included some results on quotients and restrictions of well-bounded operators. These
results also appear in [4].

In [9], Ringrose showed that if T is a well-bounded operator, there exists a decom-
position of the identity for T whose projections commute with T*. He conjectured that
it is possible for a well-bounded operator to have a decomposition of the identity whose
projections do not all commute with T*. Turner [10] introduced scalar-type decompos-
able operators of class F and showed that this class of operators includes all adjoints
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of well-bounded operators [10, Theorem 3.5]. Furthermore, he proved that for a well-
bounded operator T on a Banach space X, every decomposition of the identity for T
is an s -decomposition of the identity of class X for T* whose projections commute
with T* (see [10, Theorems 3.5 and 3.6]). This gives a negative answer to Ringrose's
conjecture. That is, if T is well-bounded then T* comutes with any decomposition of
the identity for T.

It seems that some details of the proof of [10, Theorem 3.5] appear to have been
skipped over a little lightly. We give complete proof to [10, Theorem 3.5] which will
bring the solution to Ringrose's conjecture to completion. We also give a sufficient
condition for a scalar-type decomposable operator of class F to be a well-bounded
operator decomposable in X.

In an attempt to overcome some of the problems surrounding general well-bounded
operators, several subclasses were introduced in [9] and [2]. Two of them are a class
of well-bounded operators which are decomposable in X and the class of well-bounded
operators of type (A). The two classes have been studied extensively. It is a simple
consequence of the definition that a well-bounded operator of type (A) is decomposable
in X. Several examples of well-bounded operators which are decomposible in X, but
which are not of type (A) have been given in the literature. We show, however, that
none of these operators is decomposable in X. Furthermore, contrary to examples in
the literature, we show that every well-bounded operator which is decomposable in X
is automatically of type (A). This result corrects a mistake in the literature which has
gone unnoticed for over 25 years. Some intresting consequences are given.

It is well-known that every well-bounded operator on a reflexive Banach space
is of type (B). and hence the three sublcasses of well-bounded operators, uniquely
decomposable well-bounded operators, type (A) and type {B), coincide with the class
of well-bounded operators on this space. One of the most important questions in the
theory is whether the spaces with this property are necessarily reflexive. Furthermore, it
would be interesting to identify Banach spaces on which two subclasses of well-bounded
operators coincide. We present some significant results towards the solution of these
open problems. Some of the results also appear in [3].

Ricker [6] and [7] initiated the study of scalar-type spectral operators and well-
bounded operators of type (B) on GDP-spaces. He proved that every well-bounded
operator of type (B) on a GDP-space has a finite spectrum. We shall show that the
Banach spaces on which every well-bounded operator operator of tyep {B) has a finite
spectrum are those which do not contain any complemented subspace with Schauder
decomposition. Furthermore, we show that a Banach space contains no complemented
subspaces with finite Schauder decompsoition if and only if every compact well-bounded
operator on it has a finite spectrum. Pisier [5] constructed an example of such a Banach
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space. We also discuss well-bounded operators on hereditarily in-decomposable Banach

spaces. Ricker [8, Theorems 1-5] gave a complete description of the structure and

spectral properties of type (B) well-bounded operators on such spaces. We shall show

that the main results of [8] hold not only for well-bounded operators of type (B), but

also for general well-bounded operators.
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