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A NOTE ON THE RATE OF CONVERGENCE OF 
HERMITE-FEJÉR INTERPOLATION POLYNOMIALS* 

BY 

R. B. SAXENA 

The Hermite-Fejér interpolation polynomial Hn[f] of degree <2n—1 is defined 
by 

(1) Hn[f; x] =2f(xkn)(l-xxkn)\
 Tn(x) T 

*-i Ln(x-xkn)J 

where 

(2) xkn = cos(fc-J) - , k = 1, 2 , . . . , n 
n 

are the zeroes of Chebyshev polynomial of first kind Tn(x)=cos n(a,rc cos x). 
According to L. Fejér [2] the polynomials Hn[f], « = 1 , 2 , . . . converge uniformly 
to a continuous function/(jt) defined on [— 1, 1]. As to the rapidity of convergence 
E. Moldvan [4] (also O. Shisha and B. Mond [5]) has given the estimate 

(3) i|iU/]-/ll < Cû>/(l£jp)> (^4>-

Here ||/||=sup_1<a;<1 \f(x)\ and cof is the modulus of continuity oîf(x). 
Recently R. Bojanic [1] has given the estimate of the rate of convergence of the 

sequence Hn[f], « = 1 , 2 , . . . in terms of the arithmetic means of the sequence 
{co/(l/«)}. Let CI be an increasing subadditive and continuous function on x(x>0) 
with £}(0)=0 and let CM(Q) be the class of continuous functions on [—1,1] 
defined by 

fe CM(Q)o(of(h) ;< MQ(h). 

THEOREM. (R. Bojanic). There exist constants c and C (0<c<C<oo) such that 
for n>2 we have 

(4) s*io(i)*TUrj/wisÊ*io(i). 
n fc=2 \k! fecMai) n *-i \kl 

In this note we show that a better local approximation can be obtained at the 
end points of the interval, namely we prove the following: 
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THEOREM. There exists a constant C* such that for n>2 and for —1<*<1 we 
have 

C*Mn /(l—x*}1/2 1 \ 
(5) \Hjf;x]-f{x)\ < — 20(^-p-+U 

n fc=i \ k k J 

2. For the proof of this result we shall need the following Lemma which is a 
modified form of a Lemma of R. Bojanic [1]: 

LEMMA. For m>2 we have 

m—l 

m Jjr/m r y=lV \ m / m Jn/m t 

and 

m—l 

Y~ 

The proof depends on the inequalities 

mJir/m t y-1 V \ m I mJnlm t 

^ w f(y+1),r/w &(* sin 0) T 1 ^ / y + 1 . A 8TT f<r+i)/m Q(r s i n $) , 
(8) ~ 2

 Jdt£-Q ^ ^ T r s i n e < - V , ' dt 
m Jyv/m t y \ m J m Jyvlm t 

(9) \m-Hn[f; x]l < Cà i [ û ( Z ± J w sin * ) + 0 ( ( ^ * ) ' ) ] 

on following the same pattern as in [1]. 

3. Proof of the theorem. 

We shall require the following estimate due to Vértesi [6]: 

where x=cos 6. 
On using the Lemma for m=n+l, we get from (9) 

, SirCtrÇ' Q(fsin0) , f» Q(f2) 1 
(10) \f{x)-Hn[f; x]\ £ — 7 . * + - y dt • 

n + 1 LA/fn+l) r Jv/(n+l) t J 

f* Q(*sin0) fw+i /7Tsine\ , 
V

 2 ^ = Q )dt 
JvHn+l) t Jl \ t J 

Now 

(11) < CA Q\ )dt f<fr) 
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Similarly we can show that 

Thus (10), (11) and (12) complete the proof of our theorem. 
Since the modulus of continuity cof of any continuous function/on [—1, 1] has 

the same properties as Q, it follows from the theorem that for any continuous 
function/on [—1, 1] we have for — 1 < X < 1 

(13) \f(x)-Hn[f;x]\£-2œf 
n k=i 
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