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Estimation of the integral

of a stochastic process

Noel Cressie

Consider the class of stochastic processes with stationary

independent increments and finite variances; notable members are

brownian motion, and the Poisson process. Now for Xt any

member of this class of processes, we wish to find the optimum
4

sampling points of Xt , for predicting J Xtdt . This design
o]

question is shown to be directly related to finding sampling

points of Yt for estimating B in the regression equation,

Yt = Bt2 + Xt . Since processes with stationary independent

increments have linear drift, the regression equation for Yt is
the first type of departure we might look for; namely quadratic

drift, and unchanged covariance structure.

1. Introduction

Statistical inference on stochastic processes, in particular for
problems of design, is an area of research which has been neglected until

recently. In this paper we concentrate on processes Xt , with stationary

independent increments, with finite variances, and with X0,= 0 ; this

includes both the brownian motion, and the Poisson process as special

cases. Define I to be

Received 2 November 1977. The author gives due acknowledgement to F.
Samaniego, who originally posed this problem.
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A
(1) Iz J X dt ,

0
which is well defined as the limit in quadratic mean of the approximating
Riemann sums. We are interested in the design problem of predicting this

integral, based on observing the process at n distinct time points,

0< t1< t2< vea < 215 A

Sacks and Yivisaker [1]studied this problem for a large class of random
processes; we show here that for processes with stationary independent
increments, and finite variance, the design points can be found explicitly.

A

The motivation for considering the prediction of J Xtdt was given
0

by Sacks and Ylvisaker . They showed that the problem arose naturally from

the following interesting question. Let Yt be a stochastic process with

YO = 0 . Now suppose Yt can be regressed on a deterministic function

f(t) , with X, as error; that is

t

Y, = Bf(t) + X, , 0<t=4

Let R(s, t) be the covariance function of X, , and suppose

(A
f(t) =J R(Sa t)¢(3)d3 >
0
¢ continuous. Then finding the design that minimizes the variance of

¥ Zth , the best linear unbiased estimator of B based on
7

t = [tl, cees tn) , can be shown to be equivalent to finding the optimal

A

(minimum mean squared error) design to predict J ¢(t)Xtdt
0

For our case ¢{t)} = 1 , and we will see below that

R(s, t) = oz.min(s, t) . Hence the regression equation becomes

1, = B'tg + X, ,
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2
where B' = -Bo /2 , and X; = Xt + LABOz]t , which is still a process with

stationary independent increments. In general, Xé has a drift
proportional to t (see below). Clearly then, adding the quadratic term

6't2 to the drift is the first type of departure (from brownian motion

for example) we might seek for the process Yt . Hence finding the right

design to estimate B is of primary importance. Subsequently, our
interest will be in the equivalent problem of finding the optimal design to

A
estimate j X dt .
0 t

Define t = [tl, ey tn) . Using minimum mean squared error as the
optimality criterion, the optimal predictor becomes

(2) I, =E(T | X, 5 .s X
(TR )

When Xt has stationary independent increments, E(Xt | Xt s eeny Xt ]
1 n

may be shown to be the polygon obtained by linearly connecting the points
(o, 0), [tl, th], cees (tn, th) ; and for t > tn , we have a straight

line from (tn, th) with slope m , where m = E(Xl)

Also, the Lé&vy representation of the characteristic function of Xt

tells us that

_ 2.2
E(thé) = s(c +m t) , 8<t,
where
var(X ] E[X )
02 = -——Z—t- and m = tt

Therefore, cov(Xt, XSJ = 02.min(s, t)

In what is to follow, Sections 2 and 3 completely solve the design

problem as posed above. Then Section 4 extends the problem to prediction
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v

of J Xtdt s O0<u<v=4,; again the optimal design can be found
u

explicitly.

2. To calculate the mean squared error
Define
(3) MSE, = E[(I-?t)zj ,
where I and }t are given in (1) and (2). Our task is to find the t
which will minimize MSEt . Firstly, we will show that without loss of

generality, we may consider m = 0 .

Define Z, = X, -mt ; then E(2,) =0, for all t= 0 , and

E}

B, | x, o oox, ) =E(x, 12z, , ..., 2,)
1 n 1 n

E(zt | Ztl, zt] + mt
n

Therefore,

£ th) =2, - E(zt | ztl, Ztn)

X, - E(x, | x
Hence we can do all our calculations on MSEt as if m = 0 ; that is as
if

E(xt) =0,

1}

() E(xx) =o.min(s, ¢)

We will also show that MBEt can be partitioned into a sum of squares of

orthogonal components. Consider, with a<b <e ,
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EU: [Xt-E(Xt | X, Xy, Xc)]dt)Q
b c 2
= EUa [x-Elx, | x,, x,)]dt + Jb [xt-E(xt | x,, Xc)]dt)

= EUZ [x,-E(x, | x , Xb)]dt)z + EU: [x,-E(x, | X, Xc)]dt)z

This is because

EUZ €, | X, x,)1ds - r [, E(x, )]ds]
= J: Jb E[E{t - w -X“ (t-a —X:H: (s—b)—X]]dtds
L1
=0 .

Therefore, using the identical argument Jjust given, we may write

t

1 2 t, 2
(5) MSE, = E[Jo [Xt-E[Xt | th)]dt} + E[L [Xt“E(Xt | th, Xt2)]dt}
1

t

n
+ ... +E J

t

2
x-E(x, | x, .x, )]dt]
n-l n-1 n

" 2
+ EUT (x,-E(x, | xtn)]dt] .

n
We will now calculate the contribution of each of these terms to MSEt .

Consider
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EUZ [x,-E(x, | X, xb]]dt]2

2
b X, +X
E“a x,dt - (I’Ta] (b-a)]

a ‘a a

b (t (ty+x ) b (x,+x ) 2
E[ef [ XaXtdsdt) - 2E[LE 2 (pg) j x,dt| + E|-E ()|
which, by repeated usage of (U4), is equal to

2 3
g (b-a)
(©) BT

The end interval [tn, A) is a special case. Using similar arguments to
the above, we may obtain

4 2 Pur)’
(7 E L [Xt-E(Xt | xtn)]dt =

n

Therefore, (5), (6), and (7) give us

3 3
n-1 (t. .-t.) fa-t )_l
_ 2 4l ¢ n
(8) MSEt =0 2 13 + 3

|

where to =0.

3. Minimizing the mean squared error

We will now minimize expression (8), by putting

This gives us the following =7 equations:

t. . +t,
+] -
(9) ¢, = it 21'1,7,=l,...,n-l,
t
24 n-1
= — 4+ .
(10) t, =3 3

Solving (9) we get
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=4
t. =%t

g o j=la"-9n,

and putting this into (10) allows us to solve for t, . Hence the solution

to (9) and (10) is

0 __2
7 2n+l

(11) t A, 2=1, «c.on .

Substituting (11) into (8), we get

o3

MSE | = ——s
3(2n+1)

tO
which can be shown to be greater than or equal to MSEt for all t

Therefore, choosing t = to gives us the optimal design.
v

4, Optimal design for predicting J Xtdt
u

v
We now wish to find the optimal design for predicting [ Xtdt , where
u

0<u<v=Ad . Recall that our sampling points ¢ tn are such

1° t2’ sy

that 0 < tl < t2 < ... < tn <A . Since Xt has stationary independent

increments, common sense tells us that we are going to want to sample all
our points in [u, v] . To show that this is in fact true, suppose that we

have

tj—l € [Os u] ’

and

tk+l € [v, 4],

vhere 2 < j =k =n-1 . Define
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12

v

5y = E“ (e, 1 X%, . .o X, ]]dtJ
u 1 n
ts 2
= EU“ x-E{x, | x, ., x, )]dt
J-1
tin 2
+ E Jt [x-Ex, | x, , x, )at

7 J J+1

v
o+ EI x-e(x, | x,,x, )]dt
t &t e

The middle contributions to St are, as before,

2 3
o ynty)

12 ) i=j’j+l: ""k‘l'

The end contributions can be found by a method almost identical to the

method used to obtain (6). They are

3 i
t .- t.-u
2(41“)_1(:1] t. . € [0, ul
3 I timtia| 0 91 > e
and
3 L
- (v—tk) 1 (v-tk] e clo. )
- = s v, .
3 In tra1tk k+1
Obviously, over all choices of tj—l and tk+1 » the one which makes St
the smallest is
tj-l =u and tk+l =v .

In other words, if we restrict tj to belong to [0, u] , then the best

1

to belong to

choice of ¢,
J- 1

1 is u , and similarly, if we restrict tk+

[v, A] , then the best choice of is v .

tk+l

Common sense also tells us that a design with j as small as

possible (allowing more points to be sampled in [u, v] ), that is, with
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=2, k=n-1, will have smaller mean squared error. This can also
be verified, with a little algebra.

Let us now try to minimize St for t satisfying

uitl<t2<...<t =V .

¢ 2 t, 2
5, =E J |x,-E(x, | x, )|dt| +E I lx,-E(x, | x, , x, )|at
u 1 ty 1“2
2
v
+ ... +E I |x,-Ex, | x, )ldt
tn n

As before, the middle contributions are
2 3
o {t;,17t;)

(12) B s 1

and from (7) the last term is

2 3
o (v-¢,)

(13) 3

The first term is derived using the method identical to the one used

to get (6) and is equal to

3.3 2 2
(14) . Wt ) -+ ) |
3 1 L t, J :

Add together (12}, (13), (14} to give St , and then set

This results in the following set of 7n equations:

_ 2
t2—2tl-u/tl,
t. _+t.
+1 ~1 . ’
(15) ti=i—2—L', 1 =22, viuy n=1 ,
t
2v n-1
== 4 .
T3 Y3
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Solving (15) recursively gives

(16) 20 = v o),
1

2n+l ’
and
0 _ .0 _ (F1u®
(17) tj=,7t1- 5 > d=1, ceam
t
1
From equation (16),
2
0 0
o |8 -2
(2n-1) ’
and putting this into (17) gives
0 _ 2(j-1)v  [2n-24+1] .0 .
(18) tj i e e _ltl s 4 =1, ooy n,

resulting in mean squared error

Therefore

o
1A

S 0o~ min{St rust

R v}
t 1 n

1A

min{St:t =u, t_ =v}

=min{S, : £, € [0, ul, ¢t € [v, 4]}
smin{sy 1 ¢, €0, ul, g, €lv, 4]}, 22sk=n1,

that is § S5, , for all t € [0, A)" . Hence the optimal design for
t

v
predicting J Xtdt , Where Xt is any process with stationary independent
u

increments, is given by (16) and (18).
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