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1. Introduction. In this note the ar i thmet ic functions 
L(n) and w(n) denote respect ively the number and product of 
the distinct p r ime divisors of the integer n > 1 , and L(l) = 0 , 
w(l) = 1 . An ar i thmet ic function f is called multiplicative if 
f (1) = 1 and f(mn) = f(m)f (n) whenever (m, n) = 1 . It is known 
([!•]> [3]> [4]) thaLt every multiplicative function f sat isfies the 
identity 

(1.1) £(mn) = 2 f (m/a)f (n/b)f l (ab) C(a ,b) , 
a |m 

b | n 

where m and n a re a rb i t ra ry positive in tegers , V is the 
Dirichlet inverse of f defined by the relat ion 
2 I f (d)f '(n/d) = [ l / n ] (here as usual [x] is the g rea tes t in-

d |n 
teger not exceeding x ) , and 

' ( - l ) L ( n ) , if w(m) = w(n) 
C(m, n) = { 

0 , otherwise. 

We apply the identity (1.1) to derive some resu l t s on the 
generating function for a class of ar i thmetic functions closely 
allied to those previously obtained in [2] by one of the au thors . 

1 
Work supported in par t by National Science Foundation Grant 
Number GP 1222. 

Canad. Math. Bull. vol . 9, no. 4, 1966 

427 

https://doi.org/10.4153/CMB-1966-051-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-051-9


2. Ma in r e s u l t s . An a r i t h m e t i c funct ion f is said to 
be uncond i t iona l ly m u l t i p l i c a t i v e if f ( l ) = 1 and f(mn) = 
f (m) f (n) for a l l p o s i t i v e i n t e g e r s m and n . The a r i t h m e t i c 
i n t e g r a l of an a r i t h m e t i c funct ion f i s the funct ion h defined 
by h(n) = S d , f (d). 

L e t us define 

€ (a, n) = < 
1 , if a | n 

0 , o t h e r w i s e . 

T H E O R E M 1, Le t a > 1 be a fixed i n t e g e r wi th 
p , p , . . . , p as i t s d i s t i n c t p r i m e d i v i s o r s . L e t g(n) be a 

p o s i t i v e valued uncond i t i ona l ly m u l t i p l i c a t i v e funct ion and h(n) 
i t s a r i t h m e t i c i n t e g r a l . Then 

(2.1) 

CO 
r 

2 h(an)x 
n=l 

2 H ( a , n ) g ( n ) x n / ( l - x n ) 
n= l 

w h e r e H(a, n) i s a p e r i o d i c funct ion of n wi th l e a s t p e r i o d 
w(a) and in fac t 

(2 ,2 ) H(a ,n ) = h(a) - 2 h ( a / p . ) € (p., n) + 2 h ( a / p . p . ) € (p .p . , n) -
P i i i p . , p . r i r J *i*J 

P r o o f . Since g(n) i s uncond i t iona l ly m u l t i p l i c a t i v e , it 
2 

is e a s i l y p r o v e d tha t for any p r i m e p , h ' (p ) = g(p) and 

h ' (p ) = 0 for i > 2 , w h e r e h1 i s the D i r i c h l e t i n v e r s e of h . 
Hence f r o m the iden t i ty (1 .1 ) we ob ta in 

h(an) = 2 h (a /d )h (n /d )g (d ) u (d) 
d |a 

d i n 

= h(a)h(n) - 2 h (a /p . )h (n /p . )€ (p. , n)g(p.) 
i 

+ r ,Z
 n M a / p p )h(n/p p )e (p p , n)g(p p ) 

P̂ > P- X J 1 J 1 J 1 J 
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Thus 
00 00 00 ^ 

n n zip • 
2 h(an)x = -h(a) . 2 h(n)x - 2 h(a/p.)g(p.) 2 h(n)x 1 + ... 

n=l n=l P i 1 x
 n = l 

00 

= h(a) 2 g (n)x n / ( l -x n ) 
n=l 

00 

- 2 h(a/p.)g(p.) 2 g(n)xn p i / ( l - x n p i ) + . . . . 
P i * ' n=l 

Remembering that g is unconditionally multiplicative, we have 
g(p.)g(n) = g(np. ) , so 

00 00 

2 h(an)xn = h(a) 2 g (n )x n / ( l - X
n ) 

n= 1 n= 1 

oo 
- S h(a/p.) 2 g(n)€ ( p . , n ) x n / ( l - x n ) + . . . 

P- X A 1 

^i n=l 

oo 
= 2 H(a ,n )g (n )x n / ( l -x n ) , 

n=l 

where H(a, n) is given by (2.2) . 

Since € (a, n) is a periodic function of n with a as a 
period, it follows that H(a, n) has w(a) = p p . . . p as a 

1 2 r 
per iod. That w(a) is in fact the least period of H(a, n) follows 
from Theorem 2 of [2]. 

Remark . A par t of this theorem (that H(a, n) is per iodic 
with least period w(a) ) was previously proved by one of us [2] 
by a different method. However, our theorem here gives an 
explicit form of H(a,n) . The function g(n) need not necessa r i ly 
be unconditionally multiplicative for H(a, n) to be periodic in n 
with least period w(a). That g(n) can in fact belong to a wider 
class of functions is shown by 

THEOREM 2. Let g(n) be a positive valued mult ipl i ­
cative function and h(n) its ar i thmetic in tegra l . Let H(a, n) 
be defined by 
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CO CO 

2 h ( a n ) x n = S H(a, n ) g ( n ) x n / ( l - x n ) f 

n=l n= l 

w h e r e a i s an a r b i t r a r y i n t e g e r > 1. Then H(a, n) , a s a 
funct ion of n, i s p e r i o d i c with l e a s t p e r i o d w(a) if and only if 
the funct ion F(n) = g (nW) /g (W) , W = w(n) , i s uncond i t i ona l ly 
m u l t i p l i c a t i v e . 

P roo f . Applying T h e o r e m 1 of [2] we have H(a, n) = 
h ( r )g ( sn ) /g (n ) , w h e r e r i s the l a r g e s t d i v i s o r of a which i s 
p r i m e to n and a = r s . F o r a g iven i n t e g e r a i t i s c l e a r tha t 
r and s a r e u n a l t e r e d by r e p l a c i n g n by n + w(a) . Hence if 
for e v e r y a the funct ion H(a, nj , as a funct ion of n , has 
p e r i o d w(a), i t fo l lows by s p e c i a l i z i n g a to be a p r i m e p o w e r 

p , i > 0 , and taking n = p , j > 0 , tha t for a l l p r i m e s p and 

a l l i , j > 0 , g(p ) /g(p ) i s a funct ion of p x only and i s i n d e ­
penden t of j . Thus 

FCp1) = g ( P
i + 1 ) / g ( p ) 

= [g tp^J /g tp^tg tpS/g tp 1 " 1 ) ] . • .[g(p2)/g(P)j 

= F ( p ) F ( p ) . . . F ( p ) = (F(p)) 1 . 

Th is r e s u l t t o g e t h e r wi th the def in i t ion of F(n) shows 
tha t F(n) i s uncond i t iona l ly m u l t i p l i c a t i v e , thus conc luding the 
proof of the n e c e s s i t y of the cond i t ion . 

We now p r o c e e d to e s t a b l i s h the suf f ic iency . In v iew of 
the m u l t i p l i c a t i v e p r o p e r t y of g(n) and the a s s u m e d p r o p e r t i e s 
of F(n) we have , for any g iven a > 1 and wi th r and s as 
p r e v i o u s l y defined, 

(2 .3 ) H(a, n) - h ( r )g ( sn ) /g (n ) = h ( r ) F ( s ) . 

Since r and s a r e u n a l t e r e d if n i s r e p l a c e d by n + w ( a ) , 
it fol lows tha t H(a, n) ha s w(a) a s a p e r i o d . 

To p r o v e tha t w(a) is the l e a s t pe r iod of H(a, n) we p r o ­
ceed as in [2] , Le t R be the l e a s t p e r i o d , so tha t H(a, n) = 
H(a, n+R) for a l l n . Taking n = a and us ing (2. 3), we ge t 
h ( l ) F ( a ) = h( t )F(u) , w h e r e t i s the l a r g e s t f ac to r of a s u c h 
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that (t, a-KR) = 1 and a = tu . Since g(n) is positive and mult i ­
plicative, so is h(n) , and h(l) = 1 since g(l) = 1 . Thus 
h(t)F(u) = F(a) = F(ut) = F(u)F(t), giving h(t) = F( t ) , so that 

(2.4) g(W)h(t) = g(W)F(t) = g(tW), W = w( t ) . 

We a s s e r t that t = 1 . For otherwise, if t = p p . . .p " 

is the p r ime factor decomposition of t > 1, (2,4) gives 

q c. q c. + l 
n g(p.)[i +g(p.) + . . . +g(p. " ) ] = n g(P . x ) . 

i=l * ' i=l 1 

Since g(n) is positive valued, this is c lear ly impossible , unless 
c = c = . . . = c = 0 . Thus t = 1 and hence every p r ime fac-

1 2 q y ^ 
tor of a is a pr ime factor of R, proving that w(a) is the 
least period of H(a, n) . 

Remark . The class of multiplicative functions g(n) for 
which Theorem 2 holds may be character ized as follows. Starting 
with an a rb i t r a ry unconditionally multiplicative function F(n) , 
we define g(p) for each pr ime p in an a rb i t r a ry manner , and 

i i- 1 
then define for each i > 1 , g(p ) = g(p)(F(p)) . The part icular 
choice g(p) = F(p) for each pr ime p makes g(n) unconditionally 
mult ipl icat ive. 
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