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Abstract

Let M be an n-dimensional complete Riemannian manifold with Ricci curvature bounded from
below. Let M be an N-dimensional (N > n) complete, simply connected Riemannian manifold with
nonpositive sectional curvature. We shall prove in this note that if there exists an isometric
immersion @ of M into M with the property that the immersed manifold is contained in a ball of
radius R and that the mean curvature vector H of the immersion has bounded norm ||H| < Hy,
(Hy > 0) then R > Hg'.
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Generalizing a result by Aminov (1973), Hasanis and Koutroufiotis proved that
if there exists an isometric immersion ¢: M — EV such that ||H|| < H, and
@(M) C By, then R > H,', where H is the mean curvature vector of the
immersion and By a ball of radius R. In this paper we shall generalize the above
result considering isometric immersions of M into M. To prove the main
theorem we need the following

LEMMA 1. Let M be a complete Riemannian manifold with Ricci curvature
bounded from below. If a smooth function f on M has an upper bound, then for any
€ > 0 there is a point where the Laplacian Af < e.

This is obtained easily from Theorem A of Omori (1967). For a proof see
Hasanis and Koutroufiotis (1979).
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LEMMA 2. Let M be a complete, simply connected Riemannian manifold with
nonpositive sectional curvature. Let v: [0, 1] > M be a geodesic parametrized
proportional to arc length. If X is a Jacobi vector field along vy such that X(0) = 0,
then

VX, X5 3 (X, X >,

where V is the Riemannian connection and T the tangent vector of vy.

ProOOF. We consider the function

8y Y =4V X — X, X).
We have
%‘% =KV VX, XD+ Ve X — X, V. XD
() =t(-R(X, T)T, X> + t{V, X,V . X> — (X, V, . X)

> VX, VXD — (X, VX ).

Since (X, VX > < (X, X)» {V X, VX ) we have
3) VX, VXY 3 (X, VXD (X, X)> fort > 0.
From (1), (2), (3) we get
@ dy X VXD

dt X, X>
We put 2 = (X, X >!/2 It follows that

1dh _ <X VX

h dt (X, X

Hence (4) gives
& _
dt - dt > 0.
Thus
) ' %(%) >0 fort>0.

But lim,_,¢/h = 0 and so from (5) we have /h > 0 and hence ¢ » 0 which
implies the desired inequality.

THEOREM. Let M be a complete Riemannian manifold with Ricci curvature
bounded from below. Let M be a complete, simply connected Riemannian manifold
with nonpositive sectional curvature. If there exist an isometric immersion @:
M — M such that |H|| < Hy = const > 0 and o(M) C Bg, then R > H;".
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PRrOOF. Let Q be the centre of the metric ball B, in M. Consider a vector X
tangent to M at P and a geodesic B(x) in M such that B(0) = P, 8'(0) = X. Let
a(t, u), 0 < ¢t < 1 be a parametrization of the unique geodesic in M from 0 to
B(u) (proportional to arc length). Let T, X be the vector fields along o defined
by

0 9

T = O*E’ X=O'*3;.

It follows easily from this construction that, for fixed u, X is a Jacobi field along
the geodesic t — a(t, 1) with X(0) = 0.
Now, we consider a function F on M defined by

F(P) = 3(d(Q, P))}

where d(Q, P) is the distance from Q to P in M. We will estimate the Hessian
form V2F.
We put f(u) = d(Q, B(u)) = [g||T|| dt. We obtain easily that

() = L
50) = T X Yy

Since || T|| = f(u) we get f(u) - f'(u) = {T, X >,_,, that is
F’(u) = <T’ X>1-1'

If V is the Riemannian connection of M then
F"(u) = <VXT’ XD +L<T, —V—XX>1-I = <_‘71X’ XDpay +<T, V){X>:-|

since [X, T] = 0.
Using the Gauss equation, the fact F”(u) = V?F(X, X), and Lemma 2 we
obtain

VIE(X, X) > (X, X)> + (T, a(X, X)),

where a is the second fundamental form of immersion. Taking the trace of this,
we have

AF > n+ n{T, H)>.

But by assumption {7, H)| < RH, Hence AF > n(1 — HyR). If we had
R < Hg' then 1 — HyR = ¢ >0 and so AF » nc = const > 0 but this con-
tradicts Lemma 1, hence R > H,'.

COROLLARY. If M is a complete, simply connected Riemannian manifold with
nonpositive sectional curvature, then a complete minimal submanifold of M, whose

Ricci curvature is bound from below, is extrinsically unbounded.
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