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1. Introduction. In 1955, J. Suranyi and P. Turfin [8]
introduced the nomenclature (0, 2)-interpolation for the problem
of finding polynomials of degree < 2n-1 whose values and
second derivatives are prescribed in certain given nodes.

In a series of papers ([2], [3], [8]) Professor Turan and his
associates discussed the problems of existence, uniqueness,
explicit representation and convergence of such interpolatory

(x),

2
polynomials when the nodes are the zeros of (1-x )P;1 1

P 1(x) being the Legendre polynomial of degree n-1.
n-

Later Mathur and Sharma [5] have considered the zeros
of the Hermite polynomials as nodes for (0,2) and (O, 1, 3)
interpolation. Kis [4] and Sharma and Varma [7] have
considered (0,2) and (0, M)-interpolation respectively
by trigonometric polynomials.

If n is odd and if the nodes are only known to be
symmetric about the origin Suranyi and Turan [8] have shown
that the interpolatory polynomials either do not exist or are
not unique. However in the literature on (0, 2)-interpolation
(where the values, first and third derivatives are prescribed)
and also in the other extensions of lacunary interpolation,
the zeros of Laguerre polynomials do not appear to have been
considered as possible nodes for such an interpolation problem.

* We express our gratitude to Prof. A. Sharma for his
generous help in preparation of this paper.
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For a complete history of the problem and for a detailed
bibliography, we refer to a recent paper by J. Balazs [1].

The object of this note is to consider the problems of
existence, uniqueness and explicit representation for polynomials
R (x) of degree < 2n-1 for (0,2) interpolation when the nodes

n =

are the zeros of x L;l(x):

(1.1) 0 = x <x <...<x < ©

and where L (x) denotes the Laguerre polynomial of degree n.
n

We shall prove the following:

THEOREM. If ¢« and B (v=0,1, ... ,n-1) are any
— v — v

preassigned numbers then there exists a unique polynomial
Rn(x) of degree < 2n-1 satisfying

(1.2) R(x) = a,R"(x) =B (v =-0,1, ... ,n-1)
n vy

v n v v

where x are given by (1.1). For the explicit form of this
v

polynomial we have

' n-1 n-1
(1.3) R (x) =2 oU(x+Z pV(x)
n v v v v
v=0 v=0

where U and V (x) are given by (5.14), (5.15), (5.3) and 5.4.
e v — v —_—

If we consider (0, 2)-interpolation of the above type on

()

the zeros of Ln (x), o> -1, then it is possible to prove the

existence and uniqueness of the interpolatory polynomials for

-1 < o< 1, but explicit forms of the interpolatory polynomials
become more complicated. So we restrict ourselves to the case
treated in the above theorem. 1Itis interesting to observe that
the interpolatory polynomials exist for both n odd and even.

We shall return to convergence problems later.

2. Preliminaries. In this section we shall state certain
well-known formulae which we shall use later on.
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(2.1) xL"(x) + (1-x) L' (x) +nL (x) = 0
n n n
is the differential equation satisfied by Ln(x).

It is easily verified that

(2.2) L'(0) = -n
n

L"(O) =
n

L) - - Becd) (2)

6
and
(2.3) x L'x.) = -nL (x.)
n j nj
x, LU(x) = (x.-2) L'(x) = -n(1-%) L (x)
Jj o n ] j nj o0
x. Liv(x_) S (x. +6— -n-3)L (x).
jom x. ] X noJ

J J
We shall denote by £ (x), the fundamental polynomials of
v
Lagrange interpolation based on x 's (v=10,1,2, ... ,n-1),
v

the zeros of XLlll(X) i.e.

x L' (x)
(2.4) ¢ (x) = - n ) v>1
v x (x-x ) L'"(x )
v n vy
L' (x)
2 (x) = - —=
(0] n

from which it can be easily seen that

(2.5) 2 (x) = 1

~
—
»
(S
~
il
o
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. _ 1
(2.6) IV(XV) =5
) = 5ROy
V) x (x-x ) L' (x)
v ] 1% n v
" _ 1. n
)= 35
v
\ _ (n-1)
(2.7) EO(O) = - >
11(0) = (n-1) (n-2)
I} 2
' o1
ﬂv(o) T ox L (x)
v n v

We also require the following well-known relations

(2.8) nL (x) = (-x+2n-1) L (x)-(n-1) L (x)
n n-1 n-2
and
n v
(2.9) Lx == ()&
n o VW

3. We shall now prove the following lemma which we shall
use in the sequel.

LEMMA 3.1. We have

(3.1) jg)_w 2 L' (t)dt = 3%y
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Proof. We have

/ e L' (t)dt = | “the g, (-t)dt
0 n 0 n
n-1 %)
_ n! -t/2 r
- Z: r!'(r+1)' (n-1-1)! fo € e dt

(making use of (2.9)). Now substituting t/2 = u we have

-0 t/2 n-1 ot 2r+1 %) ‘
! -u
! =
fO € Ln(t)dt rZ::O r'(r+1)!' (n-1-1)! ‘[0 e udu
) 2;1 nt 2"
N =0 (r+1)' (n-1-1)!
i nt 2"
=z r! (n-r)!
r=1
o n _r
-z M2"a]
r=0
= (37-1),

from which the Lemma follows.

4. Proof of Theorem. The existence and uniqueness
assertion will be proved if we show that the polynomial
€50 1(x) of degree < 2n-1 satisfying the conditions

: = n =0 = 0.1, ..., n-
(4.1) g, 4x) = 0 g5 ,(x) ;v 1 n-1

is identically zero. To prove this we write

(4.2) g, ,(x) = xL(x)q ,(x)

1

which satisfies the first condition in (4.1) with arbitrary
polynomial q 1(x). In order that the second condition in
n-

(4.1)is also satisfied, we have on differentiating (4. 2) twice
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and using (2.1):

1 =0 =1,2, ...,n-1
an—i(xv) + qn_1(xv) v n

whence

(4.3) 2Clr'l_i(X) + qn_1(X) = cLl(x)

where c¢ is a numerical constant. Setting

n-1

(4.4) q =) = o a, L (x)

and using the recurrence relation ([6] p. 299)

(4.5) L (x) = L'(x) - L' (x),
n n n+1

we have from (4.3):

n
> (3

) L' (x) - a
k=1 k

- 1 - 1
a-a ne1 Ln(x) c Ln(x) .

Equating coefficients of various powers of L{((X) in the above

we get

(4.6) 3a, - a =0, k =1,2,...,n-1

From (4.6) we have

(4.7) 1

ak = 3k ao, k = 1,2, , n-1
a , 7 -c
Further we should also have g:‘a'n 1(0) = 0 which requires
L' 1 " - .
2L (0} g! _,(0) +2L1(0)q__,(0) = O
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Now using (2.2), (2.3), (4.4) and (4.5) we have

n-1
z [(n-1) a

- (n-3) a, ]k +n(n-1) a =0
k=1 -1 k n

k -1

From this on using the second part of (4.6) we get

n-1 n+1 n+3 + 3n-3

[ + + +... lJa =0
2 -
1 3 3 30 1 o
i.e. a = 0. Hence from (4.6)
= = a = = a =0
ao a1 2 n-1

This shows that g (x) =0.
2n-

5. Explicit form of U (x) and V (x) :
v — v

In this section we determine the explicit form of the
polynomials U (x) and V (x) in (1.3), which satisfy the
v v

following conditions:

0 for j+#uv
5.1 U . . , U"(x.) = 0
(5.1) )=y e DY e
(5.2) V(x) =0, Vi) = 0T Itvo oy
v ] v ) 1 for j=v
The polynomials V (x) .
v
We have
x
- t/2
(5.3) V (x) = o) [ ot L' (t)dt - (37-1)]
o 2 _n n
n (3 -3)
where w(x) = xL;l(x) e~%/2 and for 1<v< n-1
565
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- X t/2
(5.4) V(x) = wlx) [Cifo L'(t)e ' dt

x t/
+ 1 J1 (e dt
2x L'"(x) v
v n v
+c2]
where
-0
(5.5) c. = - 1 Joo 1) t? 4y
1 n 0 v
2(37-3)x L'"(x)
v n v
(5.6) c, = -2 <,

First we show that (5.3) and (5.4) satisfy (5.2). For this we
start with constants <y and <, to be chosen suitably. Since

o) = e X% 1i(x)
n
therefore we have
(5.7) wlx) = o"x) =0
v v
and
-x /2
(5.8) w'(x) = -ne YV L (x) v = 1,2,...,n-1.
v n v
Also
w(0) =0
w'(0) = -n
w"(0) = n’

Due to (5.7) and (5.9) the first condition of (5.2) is satisfied.
In order to satisfy the second condition of (5.2), we have on

account of (5.7) V”(Xj) =0, j#v at any choice of ¢ 1 and <,
v
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Similarly

x /2
w'(x) e v

(5.10) VI'/'(XV) = x L"(x)
v n v

Hence from (5.10), using (2.3) and (5.8) we have

-nL (x)
n v

" = —— =
Vv(xv) < L'(x) 1.
v n vy

On account of (2.2) and (5.9) we have

(5.11) V\'}'(O) = C2 w'"(0) + 201 w'(0) Ll'_l(O) .

Using (2.2) and (5.9) we have for VL‘(O) = 0

(5.12) CZ+ZC1 = 0.

In order that Vv(x) is a polynomial we must have with the help

of Lemma 3.1

1 -0

n t/2 _
(5.13) (3 -1)c1+————2xVL;(Xv) fo 1v(t)e dt+c. = 0.

2

Thus (5.12) and (5.9) are simultaneously satisfied if we choose

<, and c, as given by (5.5) and (5.6).

Similarly we can verify the conditions (5.2) for Vo(x)

given by (5.3). We omit the details.

The polynomials U (x) .
v

X

12
(5.14) U (x) = 3 L) + o) [e, fo et/

2 L1 (t)dt
n

x/2
+ e
2
4n

{ZLg(x) - 3L;1(x)} + c4]
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where

x/2
w(x) = xL'(x)e /
n
5n2 - 6n+1
C = U
2
3 4n”(37-3)
2
~3"14 5n°- 6n+1
€4 T " Tn ’ 2
3 -3 4n

and for 1 <v<n-1

(5.15) Uv(x) = Elz/(x) + w(x) [c5 fOX Lll’l(t) et/Z dt
« (1+x -t)2 (t)-24'(t)
v v v t/2
+C6 fo o= e dt
v
+C7]
where
(5.16) i 1 f—oo (t—xv—'l)fv(t)+2£1'/(t) t/z.dt
05 = o 0 e
2x (3 -3)L'"(x) t-x
v n vy v
1
(5.17) C() = —Zx Lix)
vV n v
and
(5.18) c, = -2 c5 .

We shall only give the details of the verification that U (x)
v
given by (5.15) satisfies (5.1). For Uo(x) the verification

can be done similarly.

We see from (5.15) that on account of (2.5), (5.7) and
(5.9) the first condition of (5.1) is satisfied. Now from (5.15)
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using (2.6), (5.7) and (5.8) we have

5 2x.2 L"Z(x.)
U'(x) = 20'°(x.) - ! 2“ - =0
v v x (x-x) L'"x)
v J v n vy

if ¢, is chosen as in (5.17).

6

Now from (2.6), (5.8), (5.17) and (2.1) we have

g _ (L 2n +2 1 1 L YAL XV/Z
M) = () #2e, w0l [0 ) - £ (x) - 207(x)] e

14

if < is given by (5.17). It remains to show that U'(0) = 0
v

and the expression of U (x) is a polynomial of degree 2n-1.
v

To show this we get from (5.15), (5.9), (2.7) and (5.17)

2¢ 1! (0)
U"0) = ——2— +n°c_ +20'(0)[c, L' (0) + —E—¥—
v 2.2 7 5 n b4
x L (x) v
v n v
2 2 2
= +n c¢c_ +2n c_ -
2_2 2_2
x L (x) 7 > x L (x)
v n v v n vy
= 2n c_ tn c¢
= 0
if
. + = 0.
(5.19) 2c te,

In order that U (x) is a polynomial of degree 2n-1 we must
v

have from (5.15) and Lemma 3.1,

I 1 - (t-xv-i)z v(t)+2z L(t)

c5(37-3) - 2x L'(x) Yo t-x
v n vy

t
5 e/zdt:O
v
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or

1 -0 (t-x -1)2 (t)+24'(t)
v v v

—_— t/2
2x L'"(x) Yy t-x €
v n vy

(5.20) (37-3) e at

v

(5.19) and (5.20) are simultaneously satisfied by the values

of g and <, given in (5.16) and (5.18) respectively.

Results analogous to those of Baldzs [1] under the
conditions used by him can be obtained in this case also.
In other words we could replace (1.2) with

Lo
(1.2a) R(x) = a, e 2x ° R (x) =B
n vy v n

=
2

However we shall not pursue the subject here.
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