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A characterization of boolean spaces

C.E. Dickerson and M.E. Moore

A boolean space is a compact Hausdorff space which is zero-

dimensional. In this paper, a boolean space X is characterized
in terms of its ring of real-valued functions C(X) . The result
is sharpened for the case when X 1is an F-space (every finitely

generated ideal of C(X) is principsal).

1. Introduction

A boolean space is a compact Hausdorff space which is zero-
dimensional. The purpose of this paper is to characterize a boolean space
X in terms of its ring of real-valued continuous functions C(X) . The
result will be sharpened for the case when X is an F-space (every

finitely generated ideal of C(X) is principal).

2. B-rings
Let S be a commutative ring with identity 1 , and let {M& | o € A}

be the set of all maximal -ideals of S . The Jacobson radical of S is
the set J(S) = ﬂ{Mh | o € A} . S 1is called a B-ring if for each integer

n = 3 and each 81’ ey sn

1le¢ (sl, ceey sn) » there exists ¢ € § such that

€ 8 such that (sl, cees 8, 5) $J(S) end

1€ (sl, cees +tsn) ; see [4] for details. Here, the notation

fp-2® ®p1

ces 8

(sl, vees sn) means the ideal of S generated by &, . "

Since every set of the form M& = {f € C(X) | flx) = 0} is a maximal

ideal of C(X) , it folléws that if g € J{C(X)) then g € M, for each
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x € X so that g{(x) =0 for each z € X , or equivalently, g =10 .
Hence, J(C(X)) = (0) . We can now simplify the definition of B-rings in
the special case of C(X) .

PROPOSITION 2.1. c(Xx) <is a B-ring if and only if f, g, h € C(X)
with f#0 and 1 € (f, g, h) <impliee there existe t € C(X) such that
1 € (f, g+th) .

Proof. The direct implication is obvious. To see the converse let
n=3 with (fi, «.., n-2) ¢ () and 1€ (f, ..., fn) ; then

ff+_,,+f’21_2;éo and Z[f‘i+...+ ]=¢,where Z[f2+"'+fi]

1

T
denotes the zero set of the function fi + ... F fi . Note that

2
Z[[fi + .0+ frzz-z] +f721—1+fﬁ] = # must also hold. Consequently,

1 € [fi + ...+ f)21—2’ fn-l’ fn] . By hypothesis, there exists t € C(X)

such that 1 € [ff + ... 4+ fs_2, fn_l+tfn] . From this we see that
2
2] _ 2| _
z[fi + cel ffl_z, + n_l+tfn] ] = z[[fi + o4 fi-z] +[f,_1*tf,]) ] =9 .

Therefore, 1 € (fl, cees fn-—z’ fn_l+tfn] .

3. B-rings and boolean spaces

In this section we shall assume that X is a compact Hausdorff space.

We begin by proving a lemma similar to Lemma 4.3 of [7].

LEMMA 3.1. et £, g» h €C(X) and denote g (0, ») as Plg) and

g_l(-‘”, 0) as Nlg) . If there is a connected subset Z of Z(f) such
that (2nz(n)) n Plg) # @ and (202(h)) nN(g) # B , then for each
t €c(x), 1¢(f, gtth) .

Proof. Note that there must be =z, y € Z such that (g+th)(z) > 0
and (g+th)(y) < O . Since Z is connected, the continuity of g + th
implies the existence of some =z € Z such that (g+th)(z) = 0 . This
shows that Z(f) n Z(g+th) # @ , or equivalently, 1 § (f, gt+th) .

LEMMA 3.2. If c(X) <8 a B-ring, then for each closed connected
get 7 and each closed set S , Z n S must be conmmected.
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Proof. The proof follows Lemma 4.5 of [1]. Suppose that 2 is a
closed connected set and that S is a closed set such that Z n S is not

connected. Write Z2 n S = Fl V] F2 where Fl, F2 are disjoint non-empty

closed subsets of Z N S , hence closed subsets of X . Bince X is
assumed to be a compact Hausdorff space, and therefore normal, there are

open sets Ul 2Fl and U2 D F, wvhose closures are disjoint. Put

2

U= Ul (VR /j The closed sets 2 - U and S - U are disjoint, hence

5 -
contained in disjoint open sets Vl, V2 respectively. By Urysohn's Lemma,
choose f, g, h € C(X) such that f(Z) =0 and f(X—Vl-U] =1,

g(il) =1 and g(ﬁz) =-1, h(S)=0 and h(X-Vg-U) =1. Then f, g, h

satisfy the hypothesis of the previous lemma and 1 € (f, gs Ry . It
follows that C(X) is not a B-ring.

THEOREM 3.3. Let X be a compact Hausdorff space. If C(X) is a
B-ring, then X 18 a boolean space.

Proof. Let x € X . If C is the connected component of X
containing x , then C 1is a closed connected set. If C # {x} then it
would follow that the discrete set C n {x, y} = {z, y} must be connected,
where y € C - {zx} . We conclude that C = {z} and, hence, X is totally

disconnected. By compactness, X 1is zero-dimensional,

Next we prove the converse of Theorem 3.3. We begin by defining A(X)
to be all those functions f € C(X) whose range is a finite set. In
particular, A(X) contains the constant functions. It is well known that
for compact spaces X , we may apply the Stone-Weierstrass Theorem to
conclude that A4(X) is demse in C(X) , under the topology of uniform

convergence, if X 1is zero-dimensional.
THEOREM 3.4. If X <e a boolean space, then C(X) i8 a B-ring.

Proof. If f, g, h € C(X) with 1 € (f, g, h) , then a straight-
forward computation shows that there exist &8, € > 0 such that if
f'sg's k' €cC(x) with |f-f'| <e, |g-g'| <e ,and |h-h'| <€ then
[f'l + lg'l + |»'] > 8 . let & = min(e, 6/3) and choose
f's g's B' € A(X) within £ of f, g, h respectively. Note then that
IF'F+ lg'l + |n'| > 6 .

Since functions in A4(X) have finite range, it follows that there
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exist functions u, v, w € A(X) satisfying uf' = |f'| , vg' = |g'| ,
wh' = |k'| , and |u| = |v] = || =1 . Define c € A(X) by

e =1/(|f'|+lg'|+|n'|) < 1/8 . Choosing p=ue , g=ve , and t = w/v
gives 1 =pf' + q(g'+th') . Thus, ve have appropriately written the
identity in the subring A4(X) .

Now set d1=f'—f, d2=g'-g,a.nd d3=h'-h; then

Idil < E for each 7 and

1 = p(fed)) + q[lg+d,)+¢(n+d;))
= |pfeqlgrtn)| + |pd *qd,*qtd,| .

Letting & = |pd;+qd +qtd3| it follows that 1 - & < |pfq(g+th)| . By

2

direct calculation,
55 lplelgyl + lal-1d,| + lqt]-]4;]
< (1/8)E + (1/8)+& + (1/8)-E =1 .
This gives that 0 < 1 - g < |pftq(g+th)| so that pf + q(g+th) 1is a unit

in C(X) . Since pf + q{g+th) € (f, g+th) , it follows that
1 € (f, g+th) .

Thus, we have shown that & compact space X 1is a boolean space if and
only if C(X) is a B-ring. It is interesting to note that we did not
need f#0 .

By assuming X is Lindelof and using the Stone-Cech compactification
of X , one can easily show that X is zero-dimensional if and only if

c*(X) is a B-ring.

4. SB-rings and boolean F-spaces

Let S be a commutative ring with identity. S 1is called an SB-ring
if for each 8, c, d, e € S with 8 € (¢, d, e¢) and e [ J(5) , it
follows that 8 € (¢, d+te) for some ¢t € S ; see [4] for details.

A topological space X 1is called an F-space if every finitely
generated ideal of C(X) 1is principal. X is called a T-space if C(X)
is an Hermite ring; and X is called a U-space if for each f € C(X)
there exists a unit u € C(X) such that f = u|f| . In [1] it is shown

that every U-space is a T-space.
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THEOREM 4.1. Suppose X 18 a compact F-space. Then X 1is a
boolean space if and only if C(X) i8 an SB-ring.

Proof. Since every 5B-ring is a B-ring [4, p. 457], it suffices to
show that if X is a boolean F-space then C(X) is an SB-ring. Now,
every boolean F-space is a U-space [1, Theorem 5.5]. Hence, X 1is a
T-space and C(X) is a Hermite ring. Since Hermite B-rings are SB-rings
[4, Theorem 3.3], it follows that C(X) is an 8B-ring.
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