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We seek the conditions in which Alfvén waves (AW) can be produced in laboratory-scale
liquid metal experiments, i.e. at low magnetic Reynolds Number (Rm). Alfvén waves are
incompressible waves propagating along magnetic fields typically found in geophysical
and astrophysical systems. Despite the high values of Rm in these flows, AW can undergo
high dissipation in thin regions, for example in the solar corona where anomalous heating
occurs (Davila, Astrophys. J., vol. 317, 1987, p. 514; Singh & Subramanian, Sol. Phys.,
vol. 243, 2007, pp. 163–169). Understanding how AW dissipate energy and studying
their nonlinear regime in controlled laboratory conditions may thus offer a convenient
alternative to observations to understand these mechanisms at a fundamental level. Until
now, however, only linear waves have been experimentally produced in liquid metals
because of the large magnetic dissipation they undergo when Rm � 1 and the conditions
of their existence at low Rm are not understood. To address these questions, we force
AW with an alternating electric current in a liquid metal in a transverse magnetic field.
We provide the first mathematical derivation of a wave-bearing extension of the usual
low-Rm magnetohydrodynamics (MHD) approximation to identify two linear regimes: the
purely diffusive regime exists when Nω, the ratio of the oscillation period to the time scale
of diffusive two-dimensionalisation by the Lorentz force, is small; the propagative regime
is governed by the ratio of the forcing period to the AW propagation time scale, which
we call the Jameson number Ja after (Jameson, J. Fluid Mech., vol. 19, issue 4, 1964,
pp. 513–527). In this regime, AW are dissipative and dispersive as they propagate more
slowly where transverse velocity gradients are higher. Both regimes are recovered in the
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FlowCube experiment (Pothérat & Klein, J. Fluid Mech., vol. 761, 2014, pp. 168–205),
in excellent agreement with the model up to Ja � 0.85 but near the Ja = 1 resonance,
high amplitude waves become clearly nonlinear. Hence, in electrically driving AW, we
identified the purely diffusive MHD regime, the regime where linear, dispersive AW
propagate, and the regime of nonlinear propagation.

Key words: high-Hartmann-number flows

1. Introduction

The main purpose of this work is to determine whether Alfvén waves (AW) produced in
liquid metal experiments can bear relevance to those in stellar or geophysical systems.
Specifically, the question is whether AW can be excited and can reach sufficiently high
intensity to generate complex, possibly nonlinear, dynamics despite the high dissipation
they undergo.

In the absence of dissipation, AW are incompressible, non-dispersive waves propagating
in electrically conducting fluids along a background magnetic field B0 at a phase velocity
VA = B0/

√
ρμ, where ρ is the fluid’s density and μ the magnetic permeability of the

vacuum (Roberts 1967; Moreau 1990; Davidson 2001; Finlay 2007). In a medium of
finite conductivity σ , they dissipate over a time scale τd = L2/η, where η = (σμ)−1 is
the magnetic diffusivity. Because of the very large scale L of stellar and geophysical
systems, τd is many orders of magnitude (typically 10) greater than the propagation time
scale τA = L/VA. Hence, AW propagate practically unimpeded in the very low density
stellar and interstellar media, the solar wind, planetary magnetospheres but also in much
denser planetary interiors, where they play an important role in energy transport and
dissipation (Nakariakov et al. 1999; Tsurutani & Ho 1999; Jault & Finlay 2015). The
low dissipation favours large amplitudes and nonlinearities that underpin energy transfers
between them. The solar wind offers a good example of Alfvénic turbulence, where such
transfers operate across a very wide range of length scales (Salem et al. 2012; Howes 2015).
In the Sun, AW are one of the main candidates for explaining high temperatures in the
solar corona (Grant et al. 2018; Li, Beloborodov & Sironi 2021). They are also commonly
encountered in magnetised planetary cores, under the form of torsional AW propagating
between concentric cylinders aligned with planets rotation (Bragingsky 1970; Gillet et al.
2010), or as magneto-Coriolis waves (Finlay 2008; Gillet et al. 2022; Varma & Sreenivasan
2022; Majumder & Sreenivasan 2023). Unfortunately, these waves are extremely difficult
to study in their natural environment. Accessibility is an obvious reason, but by no
means the only one: observational data produced by satellites deliver limited local data.
Furthermore, AW compete with several other magnetomechanical oscillations, for example
incompressible oscillations of solar coronal loops, or magnetoacoustic waves arising
out of the medium’s compressibility (see Nakariakov & Kolotkov (2020) for a review).
Distinguishing AW amongst these, especially with limited observational data, poses a
significant challenge. Numerical simulations are challenging too because of the extreme
Reynolds and magnetic Reynolds numbers at which these systems operate.

For these reasons, producing carefully controlled AW in a laboratory formed an
appealing proposition to understanding their role in natural systems ever since they
were first theorised by Alfvén (1942) in his seminal, yet remarkably simple paper. The
immediate obstacle to such an endeavour arises from the 108 to 1010 factor between length
scales of experiments and natural systems, which inflicts just as drastic a reduction in the
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Diffusion, Alfvén waves and nonlinear propagation at low Rm

ratio τd/τA. While higher magnetic fields linearly reduce τA, even the highest magnetic
fields available to date (10 T or more) ever regain three or four orders of magnitude at
best. Such is the challenge of keeping this ratio sufficiently high to observe AW, that it
was named after the pioneer who made the first attempt (Lundquist 1949): the Lundquist
number Lu = VAL/η. Lundquist tried to force AW with a conducting disc oscillating
across a background magnetic field in a mercury vessel and measured the intensity of these
oscillations farther down the field lines. The amplitude of the oscillations was weak with
a frequency dependence relatively far from the non-viscous model he tried to match it to.
Lehnert’s subsequent attempt (Lehnert 1954) was based on a similar mechanical principle.
Despite improved instrumentation and control he arrived at a similar result. While
Lundquist and Lehnert’s experiments set milestones as the first laboratory experiments
seeking to produce AW, the most convincing evidence of AW in liquid metals is due to
Jameson (1964). The basis for his success was two new ideas: he showed theoretically that
forcing waves electromagnetically instead of mechanically led to higher amplitudes and
took advantage of the spatial inhomogeneity of the waves to place his probes at the locus
where a local resonance maximised their amplitude. Jameson’s AW precisely matched
the linear theory but their amplitude was still too low for nonlinear effects to even be
noticeable. Alboussière et al. (2011) tried to venture in this regime by taking advantage
of electromagnets delivering up to 13 T in a 160 mm diameter bore: these authors tried
to produce a self-interacting wave with an electromagnetic pulse bouncing against the
ends of a vessel filled with Galinstan, a eutectic alloy liquid at room temperature. Alfvén
waves were produced but their decay was too fast for the reflected and incident waves to
interact. Being poloidal, these waves differed from Alfvén’s theory and previous liquid
metal experiments on parallel, transversal waves. Further recent experiments focused on
different aspects of linear AW: Iwai et al. (2003) extracted the signature of AW from the
pressure fluctuations. Magneto-Coriolis (Nornberg et al. 2010; Schmitt et al. 2013) and
torsional AW were produced more recently in liquid metal spherical Couette experiments
(Tigrine et al. 2019). The most extreme AW experiment to date is without doubt due to
Stefani et al. (2021), who produced AW within a small capsule of rubidium subjected
to a 63 T pulsed magnetic field of 150 ms. In this regime, compressibility enables these
authors to excite a parametric resonance between magnetoacoustic and AW, when the
velocities of sound and AW coincide (Zaqarashvili & Roberts 2006). This mechanism
involving compressibility bears relevance to those generating heat in the solar corona and
this experiment is the only liquid metal experiment to have reached a nonlinear AW regime.

These experiments clearly identified a propagative behaviour with some resemblance to
AW. However, the discrepancies with theory observed by Lundquist (1949) and Lehnert
(1954) raise the question of the nature of the waves observed and how different these
may be from Alfvén’s ideal waves. While Jameson (1964) and Alboussière et al. (2011)
obtained a much better agreement with theory, they did so by better incorporating the effect
of diffusion but stopped short of characterising how AW, their topology and propagation
properties were affected by it. Lastly, the question of the conditions in which AW even
exist in the presence of diffusion is still largely unexplored.

Independently, liquid metal magnetohydrodynamics (MHD) at laboratory scale has
developed since the 1960s with the common assumption that the induced magnetic
field is small enough for the magnetic induction diffusion to be several orders of
magnitude greater than its advection by the flow, i.e. that the magnetic Reynolds number
Rm = UL/η is vanishingly small (except where a dynamo effect is specifically sought).
It became common, and sometimes justified to assume that the time scale of magnetic
field fluctuations is the flow advection time scale L/U, i.e. ∂tB ∼ u · ∇B. This widely
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used assumption effectively merges the low-Rm approximation with the quasistatic
MHD (QSMHD) approximation, where magnetic field fluctuations are smeared out by
diffusion (Sarris et al. 2006; Knaepen & Moreau 2008; Favier et al. 2011; Sarkar et al.
2019). Merging these two time scales implies that Alfvén waves cannot exist at low
Rm, which is incorrect (Ennayar, Karcher & Boeck 2021) when this assumption is not
justified (Jameson 1964; Roberts 1967). This context and the limited success of liquid
metal experiments in producing AW led to the idea that low-Rm liquid metal experiments
could not produce AW of relevance to their natural settings where Lu � 1 and Rm � 1.
Plasmas, by contrast, soon appeared as an alternative to liquid metals due to their naturally
high Lundquist numbers, especially when plasma technology for nuclear fusion emerged
in the 1950s. The first indisputable evidence of AW was indeed obtained from a measure
of wave velocity in a plasma (Allen et al. 1959), followed by further experiments (Wilcox,
DeSilva & Cooper 1961; Jephcott & Stocker 1962; Woods 1962), and the generation of
linear interferences between AW (Gekelman et al. 1997). The first AW nonlinearities
in plasmas were, however, obtained much more recently: the observation of parametric
instabilities and nonlinear transfers between AW (Carter et al. 2006; Dorfman & Carter
2016) achieved an important step towards Alfvénic turbulence in the laboratory (Howes
et al. 2012, 2013). While the compressibility of plasmas makes it more difficult to isolate
AW from other waves, for example magnetoacoustic waves (Dorfman & Carter 2013), it
also makes them relevant to the solar corona and the solar wind. Plasmas also pose serious
challenges in terms of metrology and require much heavier technological environments
than liquid metals. Liquid metals, by contrast are incompressible, very dense and bear
close similarities with planetary cores, but current experiments with them are scarce and
mostly target the linear regime.

As a result, the current state of understanding of AW is relatively limited, considering
they were discovered over 80 years ago. To this date there have been no experiments
reproducing Alfvénic turbulence or any which are able to reproduce any of the complex
nonlinear effects taking place in solar or geophysical systems. Even deriving reliable laws
for their reflections against walls poses considerable challenges (Schaeffer et al. 2012).
Yet, evidence of their role in stellar and planetary interiors accumulates in simulations,
and observations (Tomczyk et al. 2007; Gillet et al. 2010; Grant et al. 2018; Nakariakov
& Kolotkov 2020; Li et al. 2021; Gillet et al. 2022; Schwaiger et al. 2024). A new form
of helioseismology and planetary seismology using AW is even emerging as powerful
means of probing the interior of the Sun and Jupiter (Hanasoge et al. 2012; Hori et al.
2023). It is also becoming increasingly clear that wherever AW play a role, they do so
through dissipation and nonlinearity, rather than in a regime of ideal linear AW. In the
solar corona, thin dissipation layers may be the missing heat source that could explain high
temperatures there (Grant et al. 2018), and high dissipation occurs at small scales energised
by nonlinear transfer from larger scales (Davila 1987). In spherical shells representing
planetary interiors, dissipation layers are required to obtain a correct solution describing
the propagation of quasi-two-dimensional torsional AW (Luo & Jackson 2022). These
examples illustrate that the regions where AW play the most crucial role are much smaller
than the planetary or solar scales, so at these scales, the local Lundquist number may fall
in a range accessible to liquid metal experiments 1 � Lu � 102 (Cattell 1996; Singh &
Subramanian 2007). The dissipative behaviour of liquid metal experiments may therefore
not be as irrelevant to astrophysical and geophysical problems as the staggering values
of Lu and Rm in these problems suggest. At the same time, liquid metal technology has
made strides since Jameson’s success: experiments (Klein & Pothérat 2010; Baker et al.
2018) conducted in very high magnetic fields (up to 10 T and rising) now offer extensive
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flow mapping based on ultrasound velocimetry (Brito et al. 2001; Franke et al. 2010)
and low-noise high-precision electric potential velocimetry (EPV) (Kljukin & Thess 1998;
Frank, Barleon & Müller 2001; Baker et al. 2017).

The role of dissipation and nonlinearities, the mounting need to understand complex
AW and the availability of these technologies prompts us to seek the conditions in which
AW can be obtained at low-Rm and whether these can be obtained sufficiently far from the
QSMHD regime for AW to incur nonlinear effects. To do this, we take advantage of electric
forcing and transverse inhomogeneity as Jameson (1964) did, and implement these ideas
in high magnetic fields by adapting the FlowCube device (Klein & Pothérat 2010; Pothérat
& Klein 2014; Baker et al. 2017, 2018; Pothérat & Klein 2017), which we previously
developed to study MHD turbulence. We seek to answer the following questions.

(i) In which conditions do AW propagate at low Rm, despite diffusion?
(ii) How do dissipative AW differ from the ideal non-dissipative, non-dispersive AW,

especially where they are not homogeneous in planes normal to the field?
(iii) Can a nonlinear regime of AW be reached in liquid metals at low Rm?

We first revisit the low-Rm approximation, to specifically allow wave propagation, i.e.
outside the QSMHD regime (§ 2). Based on this approximation, a semianalytical model
for the propagation of linear AW in a plane channel normal to a background magnetic field
is derived. Using this model, we analyse the flow in a channel forced by an alternating
current (AC) injected at a localised electrode embedded in one of the walls, to identify
the diffusive and the propagative regimes (§ 3). Then, a similar flow is experimentally
generated with FlowCube whose principle and electric potential measurement system are
summarised in § 4. By comparing theory and experiments, we finally identify the diffusive
and propagative regimes in the experiment, and seek nonlinearities where discrepancies
between model and experiment arise (§ 5).

2. Linear theory of confined Alfvén waves

2.1. General configuration and governing equations
We consider a channel of height h (figure 1) filled with an electrically conducting
incompressible fluid of density ρ, kinematic viscosity ν and electric conductivity σ and
subjected to an axial, homogeneous and static magnetic field B0 = B0ez. The domain is
bounded by two horizontal solid, impermeable and electrically insulating walls at z̃ = 0
and z̃ = h, thereafter referred to as Hartmann walls as they are normal to the magnetic field.
The flow is forced at the bottom wall by injecting an axial AC current density j̃z(r̃, θ, z̃ =
0, t̃) = j̃w(r̃, θ) cos(ωt̃)ez of angular frequency ω and magnitude j̃w. The amplitude of the
total current injected at the bottom wall is I0. Normalising distances by h, time by 2π/ω,
velocity by u0, magnetic fields by B0, current density by j0 = I0/h2 and pressure by ρu2

0,
the governing equations for the velocity u, pressure p and magnetic disturbance to the
external field b = B − B0ez are the Navier–Stokes equations, the induction equation, as
well as the conservation of mass and magnetic flux,

Rν∂tu + Re{u · ∇u + ∇p} = �u + Ha2Rm−1{∂zb + b · ∇b}, (2.1)

Rη∂tb = �b − Rm{u · ∇b − b · ∇u − ∂zu}, (2.2)

∇ · u = 0, (2.3)

∇ · b = 0, (2.4)
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h

B0

er
z̃

j̃w

b̃w

ez

eθ

Figure 1. Sketch of the general configuration, where Alfvén waves confined between two horizontal walls
spaced h apart evolve in the electrically conducting incompressible fluid subjected to a homogeneous, static
and axial magnetic field B0 = B0ez. An axial AC current density j̃

w
is injected at the bottom wall, which can

be expressed in terms of the magnetic disturbance b̃
w

by means of Ampère’s law. The top wall is electrically
insulated. Both walls are solid, no-slip and impermeable.

where Δ is the vectorial Laplacian operator. The five non-dimensional numbers governing
this system are, respectively, the Reynolds number, the magnetic Reynolds number, the
Hartmann number and the screen parameters for viscous and magnetic diffusion,

Re = u0h
ν

, Rm = u0h
η

, Ha = B0h
√

σ

ρν
, Rν = ωh2

2πν
, Rη = ωh2

2πη
, (2.5a-e)

where η = (σμ0)
−1 is the magnetic diffusivity.

Here, Rm measures the ratio of magnetic field advection by the flow to magnetic field
diffusion while Re measures the ratio between inertia and viscous forces. The square of
the Hartmann number Ha measures the ratio of Lorentz to viscous forces. Finally, Rν

(respectively, Rη) measures the square ratio of the domain’s size to the viscous diffusive
(respectively, resistive) penetration depth of boundary oscillations into the domain (see for
example Batchelor (1967)).

So far, the characteristic velocity u0 is not defined. However, driving flows with a
current I0 injected at a single electrode induces a circulation Γ = I0/[2π(ρσν)1/2], which
together with length scale h provides the usual velocity scale for electrically driven flows
and corresponding Reynolds number (Sommeria 1988),

u0 = Γ/h, Re0 = I0/[2πν(σρν)1/2]. (2.6a,b)

The quantity Re0 thus provides a non-dimensional measure of the forcing intensity (Klein
& Pothérat 2010). Additionally, the magnetic Reynolds number based on u0, Rm0, is also
determined by this choice, since the ratio Rm0/Re0 = Rη/Rν = Pm is the magnetic Prandtl
number and is fixed for a given choice of fluid. It should be noted that since the expression
of Γ accounts only for the Lorentz force due to the injected current and dissipation in
the Hartmann layers, the scale u0 may significantly overestimate the actual velocities in
the fluid. Hence, it should be better understood as a measure of the forcing. Reynolds and
magnetic Reynolds numbers based on actual velocities (defined in § 4.4) are discussed
in § 5.
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The kinematic boundary conditions at the top and bottom Hartmann walls are no-slip
impermeable,

u(r, θ, z = 0, t) = u(r, θ, z = 1, t) = 0. (2.7)

At the bottom wall (z = 0) the normal electric current is imposed and the top wall
(z = 1) is electrically insulating. These conditions are expressed in terms of the magnetic
disturbance b by means of Ampere’s law,

∇ × b(r, θ, z = 0, t) · ez = jw(r, θ) cos(t), (2.8)

∇ × b(r, θ, z = 1, t) · ez = 0. (2.9)

Integration in the plane of each Hartmann wall, respectively, leads to inhomogeneous and
homogeneous conditions for b at the bottom and top walls,

b⊥(r, θ, z = 0, t) = bw(r, θ)cos(t), b⊥(r, θ, z = 1, t) = 0, (2.10a,b)

where the subscript ⊥ stands for projection in the horizontal plane (r, θ) and bw is uniquely
defined by the choice of jw.

2.2. A propagative low-Rm approximation
We start by simplifying the governing equations in the limit Rm → 0 in way suitable
to describe the propagation of waves in liquid metals. In the low-Rm approximation, the
physical quantities b and u are expanded in powers of Rm. Thus, the induction equation at
the leading order, O(Rm0), readily implies

Rη∂tb = �b. (2.11)

Indeed, for the fluid motion to actually induce a magnetic field, the transport term and the
magnetic diffusion must balance which implies �b = O(Rm) and therefore b = O(Rm)

(Roberts 1967). Since u = O(Rm0), this implies that b/u = O(Rm) so that forcing AW
electromagnetically requires forcing amplitudes Rm times smaller than forcing them
mechanically. Hence, as noted by Jameson (1964), AW are much more efficiently forced
electromagnetically than using the sort of mechanical forcing of the early experiments of
Lundquist (1949) and Lehnert (1954). Denoting b̃ = Rm−1b and keeping O{Rm0} terms in
(2.1) and all highest remaining terms, i.e. of order O{Rm}, in the induction equation (2.2)
yields

(Rν∂t − Δ)u = Ha2 ∂zb̃, (2.12)

(Rη∂t − Δ)b̃ = ∂zu. (2.13)

Importantly, since these equations result from an asymptotic expansion in Rm, Rm
disappears in the linearised low-Rm approximation but three governing non-dimensional
numbers are left: the Hartmann number Ha and the two screen parameters Rη and Rν .
Eliminating either b or u reveals that both variables obey the same formal equation

((Rν∂t − Δ)(Rη∂t − Δ) − Ha2∂2
zz){u, b̃} = 0. (2.14)

Equations (2.12)–(2.13) or equation (2.14) are the mathematical expression of the
propagative low-Rm approximation in the limit Re → 0. They are different from the
QSMHD approximation discussed in § 2.3, which requires the additional assumption
that Rη → 0. The equations for the low-Rm approximation for arbitrary Re are obtained
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simply by retaining the nonlinear and pressure terms Re{u · ∇u + ∇p} in the left-hand
side of (2.12). Several authors used MHD equations resembling these. The equations
of Lehnert (1955) and Moffatt (1967) include the ∂tb term but are missing the u · ∇b
term in the induction equation, and the nonlinear term in the momentum equation.
While these are derived dimensionally, they are not obtained directly as an asymptotic
form of the full MHD equations in the limit Rm → 0 and only apply to infinitesimal
magnetic fields and velocity perturbations of a background state with a constant magnetic
field and no flow. Knaepen, Kassinos & Carati (2004) started from the dimensional full
MHD equations and dropped the u · ∇b term in the induction equation but kept the full
nonlinear terms in the Navier–Stokes equations. These equations, termed quasilinear, are
effectively the dimensional form of the propagative low-Rm approximation. They were
justified empirically by comparing numerical simulations of the full MHD equations and
the QSMHD equations but not analytically derived from the full MHD equations. Here,
introducing a separate time scale for the terms with time derivative enabled us to derive
the propagative low-Rm as an asymptotic limit of the full MHD equations for the first
time. This provides a rigorous justification to the equations used by Knaepen et al. (2004).
Indeed the numerical simulations conducted by these authors confirm the effectiveness of
the propagative low-Rm approximation for Rm � 1.

Up to this point, boundary conditions have only been specified at the top and bottom
walls, but the conditions at the lateral boundaries have remained unspecified. Let us now
assume that these allow for a solution of (2.14) to be found by separation of variables under
the form

{u, b̃}(r, θ, z, t) = {U⊥(r, θ, z)U z(r, θ, z), B⊥(r, θ, z)Bz(r, θ, z)} exp( jεt) + c.c.,
(2.15)

where ε = ±1 and j is the imaginary unit. Here, {U⊥, B⊥} and {U z, Bz} are the
eigenfunctions of the Sturm–Liouville problems, respectively, associated with the
directions perpendicular and parallel with the magnetic field directions, with respective
eigenvalues (−λ⊥, −λz) ∈ C2,

(Δ⊥ + λ⊥){U⊥, B⊥} = 0, (2.16)

(∂2
zz + λz){U z, Bz} = 0, (2.17)

with Δ⊥ = Δ − ∂2
zz. This decomposition leads to the dispersion relation,

λ2
z + (Ha2 + 2λ⊥ + εj(Rν + Rη))λz − RνRη + λ2

⊥ + εj(Rν + Rη)λ⊥ = 0. (2.18)

The boundary conditions at z = 0 and z = 1 impose that U z and Bz be of the form
C exp{ j(κ + js)z}, where λz = (κ + js)2 incorporates real wavenumber κ and spatial
attenuation s. The eigenvalues λ⊥ are determined by the geometry and boundary
conditions in the horizontal plane. These are left unspecified for now, but we shall simply
assume that λ⊥ = κ2

⊥ > 0 to cover the most common cases such as rectangular, periodic or
axisymmetric domains. This choice enables us to introduce a real transverse wavenumber
κ⊥ ∈ R. Under these assumptions, the dispersion relation admits four solutions λz,m =
±(κm + jsm)2, where m ∈ {1, 2}, expressed as

κm = ±1
2 [−Ha2 − 2κ2

⊥ + εma + {(−Ha2 − 2κ2
⊥ + εma)2 + (−Rν − Rη + εmb)2}1/2]1/2,

(2.19)

sm = ±ε 1
2 [Ha2 + 2κ2

⊥ − εma + {(−Ha2 − 2κ2
⊥ + εma)2 + (−Rν − Rη + εmb)2}1/2]1/2,

(2.20)
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Diffusion, Alfvén waves and nonlinear propagation at low Rm

with

a = 1√
2
[Ha4 + 4κ2

⊥Ha2 − (Rν − Rη)
2

+ {[Ha4 + 4κ2
⊥Ha2 − (Rν − Rη)

2]2 + 4Ha4(Rν + Rη)
2}1/2]1/2, (2.21)

b̃ = 1√
2
[−Ha4 − 4κ2

⊥Ha2 + (Rν − Rη)
2

+ {[Ha4 + 4κ2
⊥Ha2 − (Rν − Rη)

2]2 + 4Ha4(Rν + Rη)
2}1/2]1/2, (2.22)

and εm = (−1)m. The two families of solutions m = 1 and m = 2 have very different
damping and propagation properties. Solutions from the first family (subscript 1) decay
very fast in the z-direction, as the spatial decay rate s1 is always greater than the
wavenumber κ1, and so the corresponding profile mostly follows an exponential decay
away from the top and bottom boundaries, without achieving a complete oscillation.
Physically, this mode represents the Hartmann boundary layers that develop along the
bottom and top walls and we shall refer to it as Hartmann mode for this reason. As such,
s1 ∼ Ha in the limit Ha → ∞, keeping κ⊥ � Ha.

In contrast, solutions from the second family (subscript 2) are much less attenuated in
the z-direction. Depending on the value of parameters Ha and κ⊥, a range of values of Rη

may exist such that s2 < κ2. In other words, an oscillatory solution develops into the fluid
layer, which can describe the propagation of a wave. Hence, we shall refer to this mode as
the Alfvén mode. The properties of the Alfvén mode are best illustrated in the diffusionless
limit, where the acceleration term (with the time derivative) and the Lorentz force (last
term of (2.14)) balance each other, as the diffusive terms become negligible compared
with them. This regime is achieved in the limit where Rν → ∞ and Rη → ∞ keeping
Ha2/(RνRη) finite for the Lorentz force to remain finite. This number characterises waves
driven at a specific frequency ω such as in Lundquist, Lehnert and Jameson’s experiments.
It can be expressed as the inverse of a Lundquist number based on the time scale of the
oscillation instead of the magnetic diffusion time scale. However, since Jameson (1964)
was the first to have successfully produced strong AW resonances, precisely by adjusting
the forcing frequency, we propose to name this number after him and define the Jameson
number as Ja = (RηRν)

1/2/Ha = Rη/(VAh/η) = Rη/Lu, where VA = B0/(ρμ0)
1/2 is the

Alfvén velocity. When Ha2 → ∞ but keeping Ha2/(RηRν) constant and finite, (2.14) then
reduces to the purely hyperbolic equation for the propagation of these waves in an ideal
medium,

(∂2
tt − Ja−2∂2

zz){u, b̃} = 0. (2.23)

In the absence of viscous diffusion, the governing equations drop to second order and
the no-slip conditions at the top and bottom boundaries need not be satisfied. For an AC
injected current jw with sinusoidal waveform, a sinusoidal wave propagates through the
layer, with wavenumber found as the asymptotic value of κ2 in this limit,

κ2 ∼ ±Ja = ±(RηRν)

Ha

1/2
. (2.24)

Since the influence of the horizontal geometry (through κ⊥) disappears in the diffusionless
limit, diffusionless AW are non-dispersive. Hence, for a flow forced by imposing a
boundary condition at one of the Hartmann walls, this boundary condition simply
propagates uniformly and without dispersion along z at speed VA. This also illustrates that
the dispersive nature of the waves propagating outside the non-dissipative regime stems
from the magnetic and viscous dissipation.
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2.3. The QSMHD limit
While the set of governing equations (2.12)–(2.13) potentially supports waves, it only
does so when the magnetic field oscillations are not fully damped by magnetic diffusion.
By contrast, the waveless regime where waves are overdamped takes place in the
QSMHD limit, where magnetic diffusion acts much faster than the time scale of the
induced magnetic field fluctuations, i.e. when Rη → 0. In the Navier–Stokes equation,
on the other hand, since no assumption is made on Ha or Rν , RνRm = O(Rm),
Ha2∂zb ∼ Ha2Rm = O(Rm) so all terms in (2.12) are O(Rm) and must be retained.

In other words, while the resistive screen parameter Rη must be 0 in the QSMHD
limit, the viscous screen parameter Rν and the Hartmann number Ha may retain
finite values. Since, Rν remains finite whilst Rη vanishes, this approximation requires
that Pm = Rη/Rν → 0, and so applies to MHD flows of liquid metals or conducting
electrolytes (Andreev, Kolesnikov & Thess 2013; Aujogue et al. 2016; Moudjed, Pothérat
& Holdsworth 2020) but not necessarily to plasmas. In the end, the linearised low-Rm
QSMHD equations take the form

(Rν∂t − Δ)u = Ha2∂zb̃, (2.25)

�b̃ = −∂zu, (2.26)

and the governing equation for u and b simplifies to

((Rν∂t − Δ)Δ + Ha2∂2
zz){u, b̃} = 0, (2.27)

with the following dispersion relation:

λ2
z + (Ha2 + 2λ⊥ + εjRν)λz + εjRνλ⊥ + λ2

⊥ = 0. (2.28)

Formally, (2.27) expresses the eigenvalue problem for the dissipation operator Δ −
Ha2Δ−1∂2

zz, with εjRν as the eigenvalue (Pothérat & Alboussière 2003, 2006). The
corresponding eigenfunctions offer a minimal basis for the representation of MHD flows in
the QSMHD approximation (Dymkou & Pothérat 2009; Pothérat & Dymkou 2010; Kornet
& Pothérat 2015; Pothérat & Kornet 2015). In the QSMHD approximation, the Lorentz
force acts to diffuse momentum of transverse length scale l⊥ along the magnetic field over
distance lz in time scale τ2D = (ρ/(σB2))(lz/l⊥)2 (Sommeria & Moreau 1982). Structures
of sufficiently large scale for this process to overcome viscous dissipation and inertia
become quasi-two-dimensional (Klein & Pothérat 2010; Pothérat & Klein 2014; Baker
et al. 2018). Since waves do not propagate in the quasi-static limit, comparing solutions
from the QSMHD equations with those of the propagative low-Rm equations derived in
§ 2.2 provides us with an effective way to detect wave propagation.

2.4. Choice of the induction time scale
The time scale of the induction term ∂tb in the induction equation (2.2) is crucial and
deserves a more detailed discussion. Here, this induction time scale τb is set by the
frequency of the electric forcing such that τb = 2π/ω. Formally, this introduces a time
scale that is independent from other flow time scales and yields two non-dimensional
parameters Rν and Rη built on its ratio to the viscous and ohmic dissipation time scales.
The advantage of this approach is that the equations do not suffer from any a priori
assumption on that time scale, so in practice, τb can be varied arbitrary and represents any
process controlling the induction. In this sense this is the most general non-dimensional
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form of the induction equation. This also means that varying the frequency of the
electric forcing offers a practical means of controlling the induction independently of
other processes. The laws obtained with this approach can then be applied to particular
cases where the induction time scale is controlled by a specific process, be it advection,
convection (Roberts & Zhang 2000; Deguchi 2020) or anything else, simply by replacing
2π/ω by the relevant time scale.

Flows that are either not externally forced, or forced sufficiently slowly for the forcing
time scale 2π/ω to be much greater than other flow time scales are a very common and
important example. Alfvén waves may then be produced by fluid motion itself (i.e. by
advection), or occur as a result of a natural resonance. This leaves two possible time
scales for the induction: the advective time scale τu = h/U or the natural time scale of AW
τa = h/Va. This choice is decided by the Alfvén number Al = τa/τu. If Al � 1, the fastest
time scale is set by advection, so τb = τu and Rη = Rm, so that for Rm � 1, the induction
term becomes O(Rm2) and the low-Rm approximation reverts to the quasistatic (QS)
approximation for which no waves exist. If on the other hand Al � 1, then τb = τa,
Rη = Lu and waves can exist only if Lu � 1 (typically Lu � 10), i.e. if they overcome
ohmic dissipation. In this case, the low-Rm approximation does not revert to the QS
approximation and may support waves.

Yet, by far the most common choice for τb at Rm � 1 is τu = h/u0; see for example
Knaepen et al. (2004), Sarris et al. (2006), Knaepen & Moreau (2008) and Sarkar et al.
(2019). From the discussion above, this choice is only justified when Al � 1. When
Al � 1, setting τb = τu artificially eliminates waves from problems where they may exist.
It amounts to forcibly replacing the low-Rm approximation, which may support waves, by
the QS approximation, which cannot.

Finally, it is noteworthy that the condition on the Alfvén number expresses that waves
have to overcome advection to propagate too, and not just dissipation. Such a transition
between advective and propagative regimes has been extensively studied for inertial waves
in flows with background rotation. In particular, the transition exhibits a wavelength
dependence that may result in waves being confined to specific regions of the energy
spectrum in turbulent flows (Dickinson & Long 1978, 1983; Yarom & Sharon 2014; Brons,
Thomas & Pothérat 2020a,b)

3. Electrically driven waves

3.1. Wave driven by injecting current with a single electrode
We now turn to the more specific case where the flow is forced by injecting an electric
current at one electrode embedded in the bottom wall. This is a simplified representation
of the experimental device presented in § 4.1, in which an array of four electrodes is used
instead. To find the conditions for Alfvén waves to emerge and identify propagative and
diffusive processes, the solution is sought both in the QSMHD and in the propagative
low-Rm approximations.

We first consider a single electrode, located at the centre of a cylindrical container
of non-dimensional radius re. In the actual experiment, the current is fully localised
within the radius of the electrode (typically 0.5 mm) and drops abruptly outside it.
Mathematically, this would impose a discontinuity in jw. To circumvent the numerical
issues that would ensue, we therefore model the current injected at a single electrode
located at r = 0 by a sharp enough Gaussian distribution, on the basis that the impact
of this change on the flow is limited, at least in the QSMHD limit (Baker, Pothérat &
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Davoust 2015),

jw(r) = 1
πr2

0
exp(−(r/r0)

2)ez, (3.1)

where r0 = r̃0/h is the dimensionless radius of the electrode. The polar frame of
reference (er, eθ ) is centred on the electrode. Assuming that the magnetic perturbation
is axisymmetric (∂θ = 0) and the azimuthal magnetic perturbation vanishes at r = 0, the
Biot–Savart law yields the inhomogeneous Dirichlet boundary condition for the magnetic
perturbation (figure 2),

b̃⊥(r, z = 0, t) = bw
θ (r) cos(t)eθ = (2π)−1 1 − exp(−r2/r0

2)

r
cos(t)eθ . (3.2)

In the general case, a similar condition u⊥(r, z = 0, t) = uw
θ (r, z = 0, t)eθ can be imposed

on the velocity at the bottom wall to force the flow with a moving wall, as Lundquist (1949)
did experimentally. Here, for the purpose of modelling the experimental set-up (see § 4),
both Hartmann walls are considered as fixed, impermeable, with no slip solid walls and
the top wall is assumed electrically insulated,

u⊥(r, z = 1, t) = u⊥(r, z = 1, t) = 0, b̃⊥(r, z = 1, t) = 0. (3.3a,b)

Finally, the problem is closed with lateral boundary conditions that define the
Sturm–Liouville problems (2.16)–(2.17). Since the upper wall is electrically insulated, we
assume that the current injected at the electrode escapes radially at infinity (Baker et al.
2015). Axisymmetry imposes that for re/r0 � 1, jr ∼ r−1 so the corresponding boundary
condition for the Sturm–Liouville problem (2.16) is limr→∞ jr = 0. However, since we
solve the problem numerically, the boundary condition at infinity is approximated by one
at finite radius re � r0. Axisymmetric solutions of the Sturm–Liouville problems (2.16)
are Bessel functions of the first kind J1(κ

i
⊥r), where the transverse wavenumber κ i

⊥ is J1’s
ith root scaled by the dimensionless radius of the vessel re.

3.2. Boundary conditions and general form of the solution

With these conditions in the horizontal plane, the general form for b̃θ= b̃⊥ · eθ and
uθ= u⊥ · eθ is

{uθ , b̃θ }(r, z, t) =
N⊥∑
i=1

{ui
θ , b̃i

θ }(z, t)J1(κ
i
⊥r), (3.4)

with

{ui
θ , b̃i

θ }(z, t) = {exp(si
1z)({Ui

1, Bi
1} cos(t + κ i

1z) − {Ui
2, Bi

2} sin(t + κ i
1z))

+ exp(−si
1z)({Ui

3, Bi
3} cos(t − κ i

1z) − {Ui
4, Bi

4} sin(t − κ i
1z))

+ exp(si
2z)({Ui

5, Bi
5} cos(t + κ i

2z) − {Ui
6, Bi

6} sin(t + κ i
2z))

+ exp(−si
2z)({Ui

7, Bi
7} cos(t − κ i

2z) − {Ui
8, Bi

8} sin(t − κ i
2z))}, (3.5)

and where {κ i
1, κ

i
2} and {si

1, si
2} are the wavenumbers and spatial attenuations associated

with the transverse wavenumber κ i
⊥, respectively. To obtain the solution, we calculate

{κ i
1, κ

i
2} and {si

1, si
2} with the appropriate dispersion relation: for the solution within the
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B0

er

jwbw

ez

re

r0

I0

1

eθ

Figure 2. Sketch of the axisymmetric geometry considered for a wave driven by injecting current with
a single electrode. A cylindrical channel of radius re closed by two horizontal, solid, impermeable and
electrically insulating walls is filled with an electrically conducting incompressible fluid and subjected to a
homogeneous, static and axial magnetic field B0 = B0ez. All distances are normalised by the height of the
channel. An electrode of radius r0 injecting a current I0 is placed flush with the bottom wall. The bottom
boundary conditions on the current density and the magnetic disturbances are both represented. The right-hand
side shows the radial distribution of the axial current injected by the electrode and the left-hand side shows the
distribution of the azimuthal magnetic perturbation induced by the axial current. The current injected by the
electrode escapes radially at infinity through the side wall.

propagative low-Rm approximation, we use (2.18), whereas for the solution within the
QSMHD approximation, we use (2.28). Then, to find the real coefficients {Ui

l, Bi
l}l=1..8,

we expand the boundary condition (3.2) as

bw(r, t) =
N⊥∑
i=1

[
2

(reJ2(κ
i
⊥re))

2

∫ re

0
ζbw

θ (ζ )J1

(
κ i
⊥

ζ

re

)
dζ

]
J1(κ

i
⊥r) cos(t). (3.6)

From the above equation, Bi
w and U i

w are calculated for each transverse wavenumber κ i
⊥

so that they express the boundary conditions on the magnetic and velocity perturbations
for each term of the Bessel–Fourier series,

Bi
w = 2

(reJ2(κ
i
⊥re))

2

∫ re

0
ζbw

θ (ζ )J1

(
κ i
⊥

ζ

re

)
dζ

[
1 0 0 0

]T
, (3.7)

with
U i

w = [
0 0 0 0

]T
. (3.8)

The expressions of U i
w and Bi

w can be easily adapted to reflect different types of
electrical or mechanical forcing. For example, waves can be forced purely mechanically
with an oscillatory rotation of electrically insulating top or bottom walls (or both), or
electromagnetically as in the present study. Former experiments based on the generic
geometry of an axisymmetric vessel subject to an axial magnetic field involve more
complex types of forcing at the bottom wall: Lundquist (1949) mechanically forced a
wave, using a disk with radial strips at the bottom of the vessel. While the actuation
was mechanical and modelled as such by Lundquist, it is possible that the fluid between
the strips acted as a solid electrical conductor, whose motion induces electromagnetic
forcing. Lehnert (1954) indeed used such indirect magnetic forcing, by driving a copper
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disk in oscillatory rotation, thereby inducing an axial current. Whether electromagnetic
or mechanical, both experiments would be modelled by a different radial distribution of
velocity or magnetic field at the boundary than the one in the present study. In any case,
the question of which boundary conditions best represent these two experiments remains
one to clarify, as significant discrepancies exist between models and experiments in these
papers.

Once the boundary conditions are set for each transverse wavenumber (3.7)–(3.8),
the unknown coefficients {Ui

l, Bi
l}l=1..8 are determined using the Navier–Stokes equation

(2.12) and the Sturm–Liouville problem (2.16)–(2.17) (the expression of these coefficients
is detailed in Appendix A).

Finally, for the purpose of modelling the present experiment, where the flow is mapped
through electric potential measurements at the Hartmann walls, we need theoretical
expressions for these quantities. The electric field E and the electric potential gradient
∇φ along the transverse directions can be deduced from the magnetic and velocity fields
solutions. The radial electric field Er = E · er is directly obtained from uθ and bθ using
Ohm’s law j = E + u × ez and Ampère’s law,

Er = −∂zb̃θ − uθ , (3.9)

where the electric field is normalised by E0 = σu0B0. The radial component of the
potential gradient ∂rφ = ∇φ · er is calculated from Er and from the magnetic vector
potential A, where b = ∇ × A. The radial component of A is first obtained using the
Coulomb gauge ∇ · A = 0,

Ar = Δ−1∂zb̃θ , (3.10)

where Δ−1 is the inverse of the vector Laplacian operator. Thus, using the Faraday law
and (3.9)–(3.10),

∂rφ = −Er − ∂tAr = uθ + (∂z − ∂tΔ
−1∂z)b̃θ . (3.11)

Assuming the same form for Er and ∂rφ as for uθ , with corresponding coefficients Ei
l=1..8

and Φ i
l=1..8, the solutions for Er and ∂rφ are determined using (3.9) and (3.11), respectively

(see Appendix B).

3.3. Quantities for flow diagnosis
Being now in a position to express solutions semianalytically, we define three quantities
(represented schematically in figure 3) to best characterise how oscillations imposed at the
bottom wall propagate, damp and rotate across the layer, in both theory and experiments.

(i) The local phase shift with respect to the bottom wall based on ∂rφ, the electric
potential gradients along er (or based on ∇φ · ex = ∂xφ, in Cartesian coordinates, in
§ 5),

ϕ(r, θ, z) = ϕ0(r, θ, z) − ϕ0(r, θ, z = 0), (3.12)

where ϕ0(r, θ, z) = arg{∫ ts
0 er · ∇φ(r, θ, z, t) e−jt dt} is the phase of ∂rφ, obtained

analytically, and ts is the duration of a time series.
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∂rφ (r, θ, z, t)
ϕ0 (r, θ, z)

α (r, θ, z) = lnϕ (r, θ, z)

ϕ0 (r, θ, z = 0)

∂rφ (r, θ, z = 0, t)

Θ (r, θ, z = 0, t)

Θ (r, θ, z, t)

z

2πt

2πt

|∇rφ| (r, θ, z)

|∇rφ| (r, θ, z = 0)

|∇rφ| (r, θ, z)

|∇rφ| (r, θ, z = 0)

Figure 3. Illustration of the different diagnosis quantities for the oscillating flow: the local
phase shift ϕ(r, θ, z) = ϕ0(r, θ, z) − ϕ0(r, θ, z = 0); the local attenuation coefficient α(r, θ, z) =
ln(|∇̂rφ(r, θ, z)|/|∇̂rφ(r, θ, z = 0))|; the horizontal polar angle Θ(r, θ, z, t) of the horizontal electric
potential gradient ∇φ.

(ii) The local attenuation coefficient based on ∂rφ (or on ∂xφ, in § 5),

α(r, θ, z) = ln
( |∇̂rφ|(r, θ, z)

|∇̂rφ|(r, θ, z = 0)

)
, (3.13)

where |∇̂rφ(r, θ, z) = 2| ∫ ts
0 er · ∇φ(r, θ, z, t) e−jt dt| is the amplitude of the

oscillation of ∂rφ at unit angular frequency (dimensionally ω), also calculated
analytically.

(iii) The horizontal polar angle Θ of ∇φ with respect to the origin

Θ(r, θ, z, t) = − arctan
(

sin θer · ∇φ(r, θ, z, t) + cos θeθ · ∇φ(r, θ, z, t)
cos θer · ∇φ(r, θ, z, t) − sin θeθ · ∇φ(r, θ, z, t)

)
.

(3.14)
The first two quantities are defined so as to return the spatial attenuation and
phase shift of a pure sinusoidal planar wave of the form exp(αz) sin(κz − ωt). For
axisymmetric flows, Θ reduces to θ and thus is not of interest but will come in
hand in §§ 4 and 5, where the flow is forced with four electrodes and thus no longer
axisymmetric.

3.4. Numerical solver
An in-house MATLAB code was developed to numerically solve the axisymmetric
one-electrode problem, i.e. to evaluate time-dependent fields uθ , b̃θ , ∂rφ and Er on a
discrete grid. The code first solves for si, κzi in (2.19) and (2.20) and then solves the N⊥
systems of 16 equations (A2)–(A7) to determine coefficients Ui

l and Bi
l. Because |si| and

κ1 scale with Ha and appear as exponential arguments, the variable-precision arithmetic
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package in MATLAB was used to ensure a sufficient accuracy in computing the solutions,
with the number of digits set to 320. The code takes as input Rη, Rν and Ha, the radial
location r, the number of transverse modes N⊥, the outer radius re and the requested time
interval for evolution.

The discretisation in time and in the z direction are for display only and do not affect
the precision of the result. Similarly the precision of the solution for each mode κ i

⊥
depends only on the numerical precision set. On the other hand, the approximation of the
boundary condition from a Fourier–Bessel expansion leads to two errors: first, the finite
number of modes in the series N⊥ incurs a discretisation error; second, an error on current
conservation appears by setting boundary condition Jr = 0 at a finite radius re instead of
infinity. We assess both types of error relative to a high resolution run at Nmax

⊥ = 2500 for
re = {0.66, 1.32, 2.65}, respectively, as

ε(re, Nκ⊥) = ‖ ∂rφ(Nκ⊥) − ∂rφ(Nmax
κ⊥ ) ‖

‖ ∂rφ(Nmax
κ⊥ ) ‖ , (3.15)

and

εb(re) = ‖ bw(r, t = 0, re) − bw
θ ‖

‖ bw
θ ‖ , (3.16)

where ‖ · ‖ represents the L2 norm. Convergence tests performed with the propagative
low-Rm model show that εb ∼ r−2

e for re � 0.6 and ε ≤ 10−10 when N⊥ ≥
{400, 800, 1700} for re = {0.66, 1.32, 2.65}, respectively. Based on this result, a good
compromise between numerical cost and precision is reached by setting re and N⊥ so
as to ensure εb ≤ 1 % on bw for any r, and ε ≤ 10−10 for all forthcoming calculations. The
same test is conducted on the QSMHD model, with similar results, so that forthcoming
comparison between the two models is conducted with the same number of modes N⊥.

3.5. Propagative resonance versus oscillating diffusive maxima
We first seek to identify the parameter regime where propagation occurs and the purely
diffusive regime. To this end, we seek solutions of the one-electrode problem with both the
propagative low-Rm model and the QSMHD model that cannot produce waves for Ha ∈
{2.23, 2.66, 3.18, 3.80} × 104 and Rη ∈ [4.3 × 10−5, 5.1 × 101]. These values are chosen
to match the experimentally accessible range. Waves are expected where discrepancies
exist between the models. Figure 4 represents the variations of the attenuation coefficient
α(r = 0.1, z = 1) with Rη, renormalised with two different parameters designed to
highlight each of the two regimes. The first parameter Nω = Ha2/Rν represents the
ratio between the Lorentz force and the acceleration term ∂tu, present in both models.
As such, it does not account for propagative phenomena. We call it an oscillation parameter
by analogy with the interaction parameter that measures the ratio of Lorentz force to
the inertial terms in QSMHD (Moreau 1990). The solutions of the QSMHD and the
propagative low-Rm models collapse for all Ha numbers in the limit N−1

ω → 0 and exhibit
a maximum at N−1

ω = 1 × 10−3. As such, this maximum does not stem from propagative
phenomena. The solution of both models starts to diverge around this maximum (marked
1a–1d on figure 4), with a relative error from 3 % to 10 % for 2.23 × 104 ≤ Ha ≤ 3.18 ×
104. The two models diverge significantly more around a second set of maxima (marked
2a–2d on figure 4), which only exists in the propagative solution. Hence, this second set of
maxima necessarily results from a propagative process. On figure 4(b), the attenuation
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Figure 4. Attenuation coefficient α against N−1
ω (a) and Ja (b) for Ha = {1.9 × 104, 2.66 × 104, 3.18 ×

104, 3.8 × 104}: solid lines (——), propagative low-Rm model; dashed lines (- - -), QSMHD model.
Calculations are performed at r = 0.1. The attenuation coefficient α is calculated at z = 1.

coefficients are plotted against the Jameson number Ja = (RηRν)
1/2/Ha. All maxima

from the second set (2a–2d) collapse at the same value of Ja = 0.5, for all Hartmann
numbers. Dimensionally, the period associated with these maxima therefore scales with
the propagation time of AW across the channel and, thus, suggests a form of propagative
resonance.

Both maxima correspond to a reduced attenuation of the oscillations across the channel:
however, one is purely diffusive (henceforth referred to as oscillating diffusive), and the
other one is due to Alfvén wave resonances (henceforth propagative). To understand the
precise mechanism behind each of them, we now inspect the spatial distribution of the
local amplitude |∇̂rφ|, the attenuation α(r, z) and the phase ϕ(r, z) of the electric potential
gradients. Solutions from the QSMHD and propagative low-Rm models are represented
on figures 5, 6 and 7 for different values of the Jameson numbers Ja = 0.25 (figures 5a,e,
6a,e and 7a,e), 0.5 (figures 5b, f , 6b, f and 7b, f ), 0.75 (figures 5c,g, 6c,g and 7c,g) and 1
(figures 5d,h, 6d,h and 7d,h).

3.6. Phenomenology of the oscillating diffusive maxima
Understanding the mechanism underpinning the oscillating diffusive maxima requires a
closer look at the region near r = 0, where velocities are small. Since in the limit r → ∞,
u → 0, the flow reaches a maximum velocity at a radius rm(z) between the close and
far regions, represented by a dotted yellow line on the contour plots of the amplitude of
the electric potential gradients in figures 5 and 8. The fluid is accelerated in the region
r ≤ rm(z). In the limit Rν → 0, this region is governed by the balance between viscous
friction in horizontal planes and the Lorentz forces,

νΔ⊥ ∼ νHa2Δ−1
⊥ ∂2

zz, (3.17)

which, for a length scale along z scaling with z, leads to the classical scaling for the
thickness of vortex cores in high magnetic fields: r̃(ν)

m /h ∼ Ha−1/2(z̃/h)1/2. Crucially,
the vortex core becomes thicker as the axial distance to the injection point increases
(Sommeria 1988; Pothérat, Sommeria & Moreau 2000).
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Figure 5. Contours of |∇̂rφ| at Ha = 3.8 × 104 and for Ja = {(a, e) 0.25; (b, f ) 0.5; (c,g) 0.75; (d,h) 1}:
(a–d) propagative low-Rm model; (e–h) QSMHD model. The vertical dash–dotted line (-·-·-) is located at
r = 0.1 and the vertical dashed line (- - -) at r = 0.4. The dotted line (·····) shows the radial location rm(z) of the
maximal velocity.

For Rν sufficiently large, the oscillating, acceleration term ∂tu overcomes viscous
friction to balance the Lorentz force and so r̃(ω)

m /h ∼ (Ha2/Rν)
−1/2z̃/h = N−1/2

ω z̃/h. The
transition between these two regimes takes place when r̃(ω)

m ∼ r̃(ν)
m , i.e. when Rν ∼ Ha at

z̃ = h. Since the oscillating diffusive maximum is located at Rν/Ha = HaN−1
ω � 10 � 1

for all values of Ha considered, it is well within the regime dominated by the acceleration
term. The contour plots of |∇̂rφ| in figure 8 obtained with the QSMHD model for
N−1

ω = {0.75, 1, 1.25} × 10−3, illustrate the oscillating diffusive process at low N−1
ω . In

this regime too, the vortex core becomes wider at a larger distance from the electrode,
as evidenced by the slanted contours of |∇̂rφ| in figures 5 and 8. However, when z
reaches the axial wavelength of the oscillations 2π/κ , the second derivative ∂zz saturates
(at (κ̃)2/(4π2)) and so does the radius of the vortex core. This z variation implies that
for r̃ > r̃m, the point r = r̃/h = 0.1 on the bottom wall is always in a region of lower
amplitude oscillations than the point r = 0.1 on the top wall. This can be seen as the
r = 0.1 line crosses an isovalue of |∇̂rφ| in all examples at low N−1

ω . Here r̃(ω)
m also

depends on the forcing frequency. In fact, r̃(ω)
m becomes larger as Rν increases, i.e. as
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Figure 6. Contours of α(r, z) at Ha = 3.8 × 104 and for Ja = {(a, e) 0.25; (b, f ) 0.5; (c,g) 0.75; (d,h) 1}:
(a–d) propagative low-Rm model; (e, f ) QSMHD model. The vertical dash–dotted line (-·-·-), indicates the
radial position r = 0.1 where values of α are taken for figure 4. The solid line (——) is the locus of α(r, z) = 0.

N−1
ω increases. This is confirmed in figure 8 where the yellow dotted line which highlights

r(ω)
m = r̃(ω)

m /h along the vessel moves radially outwards as N−1
ω increases. The two different

dependences of r̃(ω)
m in the near- and far-region of the electrode incur a maximum in the

ratio of amplitudes of the oscillations at the top and bottom walls at a given Nω value,
N−1

ω = 1 × 10−3 in the present study (illustrated in figure 8b). This translates into the
maximum observed when varying Nω whilst measuring the amplitude ratio at a fixed
location.

3.7. Phenomenology of the propagative maxima
The propagative resonance is governed by the reflection of AW on the Hartmann walls, as
each propagative resonance corresponds to values of Rη (or of the frequency) for which
the wavelength lA = VA/2πω is an integer fraction of the channel height h or, equivalently,
Ja = {1/4, 1/2, 3/4, 1 · · · }.

Far from the electrode, the radial velocity and potential gradients are small compared
with the axial ones. This is made visible through the horizontal orientation of ϕ isolines
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Figure 7. Contours of ϕ at Ha = 3.8 × 104 and for Ja = {(a, e) 0.25; (b, f ) 0.5; (c,g) 0.75; (d,h) 1}:
(a–d) propagative low-Rm model; (e–h) QSMHD model. The solid line (——) marks the ϕ = 0 isovalue and
the dotted line (·····) the ϕ = −π isovalue.

as r increases (figure 7). In areas of low radial gradient, such as near r = 0.4, propagative
resonances appear at Ja = {1/4, 3/4} i.e. respectively, lA = {h/4, 3h/4}. This is illustrated
on figure 9, which shows the variations of α with Ja for two radial locations r = {0.1, 0.4}
at Ha = 3.8 × 104. The maximum in α results from the coexistence of a minimum of
|∇̂rφ| at the bottom wall and a maximum at the top wall. This is also visible from
the location of the node and antinode of |∇̂rφ|, α and ϕ along the dashed line (- -
-) r = 0.4 in figures 5(b,c), 6(b,c) and 7(b,c), respectively. This case corresponds to
theory and experiments by Jameson (1964), whose resonances also appear at Ja = 1/4
and 3/4, in our notations. Close to the electrode, by contrast, radial gradients increase
significantly. Comparing the values of α at r = 0.1 with those at r = 0.4 in figure 6 shows
that the attenuation coefficient decreases in absolute value in this region. Hence, waves
are more strongly damped in areas of higher transverse gradients, because of the extra
Joule dissipation that these incur. In this region, e.g. at r = 0.1, the propagative resonance
appears at Ja = 0.5 (marked 2a–2d on figure 4b). Plots of ϕ against Ja at r = 0.1 for
different values of Ha on figure 10 reveal that the phase shift between the two Hartmann
walls is −π at this resonance. Thus, propagative resonances in strong radial gradients take

1003 A19-20

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

11
65

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.1165


Diffusion, Alfvén waves and nonlinear propagation at low Rm

102

10–2 10–1 10–2 10–1 10–2 10–1

103 104

r

0

0.2

0.4

0.6

0.8

1.0

z

r

0

0.2

0.4

0.6

0.8

1.0

r

0

0.2

0.4

0.6

0.8

1.0

|∇rφ| (r, z)

(a) (b) (c)

Figure 8. Contours of |∇̂rφ| from the QSMHD model at Ha = 3.8 × 104 and for N−1
ω = {(a) 0.75; (b) 1;

(c) 1.25 } × 10−3. The dotted line (·····) shows the radial location rm(z) of the maximal velocity.

0.25 0.50 0.75 1.00

Ja

–1

0

1

2

α
(r

, 
z=

1
)

r = 0.1

r = 0.4

Figure 9. Here α from the propagative low-Rm model against Ja for r = {0.1, 0.4} at Ha = 3.8 × 104.

place in phase opposition, which is confirmed by the two antinodes of |∇̂rφ| located at the
Hartmann walls for this Ja value (see figure 5b).

Lastly, an ideal AW propagating between the Hartmann walls would incur a phase
shift with a linear dependence on Ja. From figure 10, by contrast, ϕ exhibits a nonlinear
dependence on Ja. The discrepancy to linearity is particularly pronounced when Ja � 0.8.
This regime overlaps the regime of wave propagation for Ja � 0.1, so in this regime,
dissipation causes AW to become dispersive. This effect, however, progressively vanishes
at higher values of Ja. Hence, in this limit, a nearly dispersionless propagative regime is
recovered, despite the dissipation.
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Figure 10. Phase shift ϕ from the propagative low-Rm model against Ja at r = 0.1 for Ha = {1.9 × 104,

2.66 × 104, 3.18 × 104, 3.8 × 104}. The dash–dotted line (-·-·-) ϕ is for an ideal unbounded wave.

4. Experimental methods

4.1. The FlowCube experimental device
The experimental device is an upgraded version of the FlowCube facility (Klein & Pothérat
2010; Pothérat & Klein 2014; Baker et al. 2017). It consists of a modular cuboid vessel of
inner height h = 10 cm and width L = 15 cm. The sidewalls are electrically insulated and
made of polycarbonate. The top and bottom Hartmann walls in contact with the fluid are
printed circuit boards made of an FR4 epoxy layer and a ROGER 4003 ceramic layer acting
as an insulator, all mounted on polyamide-coated brass frame. Both are fitted with injection
electrodes to drive the flow, and probes to measure electric potentials. The working liquid
metal, hermetically enclosed inside the vessel, is an eutectic alloy of gallium, indium
and tin that is liquid at room temperature, of electric conductivity σ = 3.4 × 106 S m−1,
density ρ = 6400 kg m−3, kinematic viscosity ν = 3.7 × 10−7 m2 s−1 (i.e. the magnetic
Prandtl number is Pm = Rη/Rν = ν/η = 1.6 × 10−6). The procedures described in Baker
et al. (2017) ensure hermetic filling of the vessel and good electrical contact between the
metal and both sets of probes and electrodes. The FlowCube is subjected to a static and
uniform axial magnetic field B0ez provided by the 12 MW M10 resistive electromagnet of
376 mm diameter bore at the LNCMI (CNRS) in Grenoble. The field homogeneity over the
vessel is approximately 5 %. The range of magnetic fields used B0 = {5.87, 7, 8.37, 10} T
corresponds to Hartmann numbers Ha = {1.9 × 104, 2.66 × 104, 3.18 × 104, 3.8 × 104}.

4.2. Flow forcing mechanism
As in Sommeria (1986), Klein, Pothérat & Alferenok (2009) and Baker et al. (2017),
the flow is driven by injecting a prescribed current through an array of electrodes fitted
flush at the bottom Hartmann wall located at z = 0. These are arranged on a 16 × 16
square lattice spaced 5 mm apart and a ring lattice of eight electrodes per side spaced
15 mm apart (figure 11). Each of the electrodes is made of 1 mm diameter copper
wire and surface-coated with a thin layer of gold to warrant the electrical contact
with the liquid metal. An AC electric current is injected through a subset of these
electrodes. In this paper, the corresponding forcing pattern is a near-central square of 2 × 2
electrodes spaced by d̃0 = 0.02 m (non-dimensionally, d0 = d̃0/h = 0.2), with adjacent
electrodes of opposite polarities (figure 11). The injected current is generated by a HP
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Figure 11. Sketch of the face of the bottom Hartmann wall in contact with the GaInSn alloy The injection
pattern used during the experiments is represented coloured circles. The red circles are connected to the phase
of the AC power supply and the blue ones to the neutral. The blue and red electrodes are in phase opposition.
Tail circles represent active potential probes.

33120A function generator feeding into two superimposed KEPCO 400 W BOP 20-20M
amplifiers. It is sinusoidal, with a frequency range ω/(2π) ∈ [1, 1330] Hz corresponding
to Rη ∈ [4.4 × 10−2, 5.8 × 101]. Different root mean square (r.m.s.) current intensities
|I0| per electrode were investigated, from 0.1 to 6.5 A. To overcome current variations
incurred by fluctuations in the contact resistance between metal and electrodes (of the
order of 1 × 10−2Ω), a constant ohmic resistance of 2Ω ± 0.25 % is added in series
to each electrode (Pothérat & Klein 2014). Injecting AC current in this way drives an
oscillatory flow of controlled frequency, amplitude, and transverse length scale given by
the pitch d̃0 between electrodes.

4.3. Measurement of electric potentials
The flow is diagnosed using two arrays of electric potential probes fitted flush at the
surface of each Hartmann wall. They are arranged on a 2.5 mm lattice made of a central
square of 14 × 14 probes, and two perpendicular arrays of 4 × 48 probes spanning the x
and y directions of the Hartmann walls (figure 11). The arrays of both walls are aligned
opposite each other along ez. Additionally, one of four potential probes located at the outer
ring of the wall serves as reference for potential measurements. Each potential probe is
made of 0.2 mm diameter copper wire touching the metal at the wall surface. From these
potential probes, the electric signals are gathered through printed circuit boards embedded
into the Hartmann walls and routed externally to two National Instrument PXIe-4303 data
acquisition modules housed in a PXI express chassis clocked at 10 MHz. Each module
synchronously records the signals of 32 probes to 24-bit precision at a sampling frequency
fs of up to 52.2 kHz per channel, with a low r.m.s. noise (3.2 μV). Such high acquisition
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frequencies are required to accurately capture the different physical processes at play in
the flow. The diffusive and propagative regimes of the Lorentz force act on respective time
scales τ2D = (ρ/(σB2

0))(h/d0)
2 and τA = h/VA, so fs � max{τ−1

2D , τ−1
A } ensures that the

both regimes can be captured. For instance, τ−1
2D ≈ 2 kHz and τ−1

A ≈ 1 kHz at the highest
magnetic field of B0 = 10 T, where both time scales are smallest.

4.4. Measured Reynolds and magnetic Reynolds numbers
The theory developed in § 3.1 applies in the limit Re → 0 and Rm → 0. Hence, we need
to appraise the extent to which these assumptions are valid in the experimental regimes.
The flow intensity depends a priori on I0 and ω/(2π). In the QS limit, Rη → 0. In this
limit, and for Ha � 1, Ha2/Re � 1, (2.6a–e) is a good estimate for the actual flow
velocity. As Rη increases, however, the high frequency shift in the forcing current prevents
velocities from ever reaching this value. For this reason, u0 and the control parameter Re0
significantly overestimate the actual velocities and Reynolds numbers.

Electric potential velocimetry offers a way to estimate at least the order of magnitude
of the actual velocity: with this method, transverse potential gradients obtained from the
electric potential signals provide an indirect measurement of the transverse velocity field
for MHD experiments (Sommeria 1986; Alboussière, Uspenski & Moreau 1999; Klein &
Pothérat 2010; Baker et al. 2017). Electric potential velocimetry relies on the property that
for Ha � 1 and N � 1, most of the current concentrates in the Hartmann layers, so in the
bulk near these layers, J/σ = −∇φ + u⊥ × B0ez � 0 (dimensionally). Since these layers
are very thin, φ has essentially the same value as its value at the wall φW , so the velocity
in the bulk can be obtained by measuring the electric potential gradient at the wall by
u⊥ � B−1

0 ez × ∇φW , to a precision O(Ha, N−1) (Kljukin & Thess 1998). However, while
the ∂tA in Ohm’s law is neglected in the limit of small frequencies, it becomes important
in the experiments we consider here. Not accounting for it in the EPV method may incur
an error of up to 45 % for the highest frequencies we consider. Nevertheless, even with
such an error, the values obtained by classical EPV return a reliable order of magnitude
of the actual velocity for the purpose of estimating Re and Rm. Hence, based on the EPV
methodology, we build an estimate for the velocity from measurements using

U⊥(z) = B−1
0 〈(‖∇⊥φ‖ − ‖∇⊥φ‖)2

1/2〉x,y, (4.1)

where 〈·〉x,y denotes the operator for spatial averaging in the (x, y) plane, the overbar

stands for time averaging and ‖∇⊥φ‖ = [(∇φ · ex)
2 + (∇φ · ey)

2]
1/2

is the time value
of the norm of the transverse potential gradient. From this velocity, we further define
the Reynolds numbers and a magnetic Reynolds numbers at the top and bottom walls
based on the flow intensity as Retop/bot

u = Utop/bot
⊥ d̃0/ν and Rmtop/bot = Utop/bot

⊥ d̃0/η,
respectively. The typical values of these parameters are reported in table 1. With 10−6 ≤
Rm ≤ 10−2, the low-Rm approximation is indeed better satisfied than in most low-Rm
laboratory experiments where 10−3 ≤ Rm ≤ 10−1. Reynolds numbers are also sufficiently
low to ensure that nonlinear effects remain extremely small (see other low-Rm studies for
comparison Zikanov et al. (2014) and Cassells et al. (2019)).
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B0 (T) 5.87 7 8.37 10

ω/2π (Hz) min 1 1 1 1
max 781 933 1115 1330

I0 (A) 1.40 1.40 1.40 1.40
Ha 2.23 × 104 2.66 × 104 3.18 × 104 3.80 × 104

Lu 2.8 × 101 3.3 × 101 4.0 × 101 4.8 × 101

Rη min 4.36 × 10−2 4.36 × 10−2 4.36 × 10−2 4.36 × 10−2

max 3.41 × 101 4.07 × 101 4.85 × 101 5.79 × 101

Rν min 2.69 × 105 2.69 × 105 2.69 × 105 2.69 × 105

max 2.10 × 108 2.50 × 108 2.99 × 108 3.57 × 108

Re0 1.33 × 104 1.33 × 104 1.33 × 104 1.33 × 104

Rebot
u min 6.25 × 101 5.50 × 101 5.35 × 101 5.13 × 101

max 2.96 × 103 4.90 × 103 5.94 × 103 6.37 × 103

Retop
u min 1.79 1.72 2.41 3.95

max 2.17 × 103 3.88 × 103 5.22 × 103 5.50 × 103

Rmbot
u min 1.02 × 10−4 8.94 × 10−5 8.69 × 10−5 8.33 × 10−5

max 4.80 × 10−3 8.00 × 10−3 9.70 × 10−3 1.03 × 10−2

Rmtop
u min 2.91 × 10−6 2.79 × 10−6 3.92 × 10−6 6.42 × 10−6

max 3.50 × 10−3 6.30 × 10−3 8.50 × 10−3 8.90 × 10−3

Table 1. Range of control parameters and dimensionless numbers investigated in §§ 5.2–5.4. The table also
shows the extrema values at the top and bottom walls for the measured Reynolds and magnetic Reynolds
numbers.

4.5. Experimental procedure
The FlowCube offers four dimensional control parameters: the injection scale d̃0; the r.m.s.
value of the electric current injected per electrode I0; the magnitude of the magnetic
field B0; the frequency of the injected current ω/(2π). In this study, only the last three
parameters were varied so as to independently control non-dimensional parameters Re0,
Ha and Rη (Pm = Rη/Rν = 1.6 × 10−6 being set by fluid properties). While variations of
Rη, Ha and corresponding Lu (all summarised in table 1) enable us to test the linear theory
in § 3.1, I0 and so Re0 were varied for the specific purpose of assessing the linearity of the
wave forcing, and thereby the limits of the linear theory.

Measurements are performed at a constant magnetic field B0, i.e. at constant Ha. Starting
from a flow at rest, the electric potentials are first recorded over 30 s. Then the AC power
supply is switched on at a set current angular frequency ω and at a r.m.s. value per
electrode of the current I0. Then, electric potentials are recorded for 30 s, to ensure a
relative convergence error on φ lower than 10−2 for all cases. The current supply is then
switched off. The last three steps are repeated for different forcing frequencies to span
different values of Rη and the whole procedure is repeated for different values of the
magnetic field to span different values of Ha.

5. Experimental results and four-electrode theoretical model

5.1. Methodology for the comparison between theory and experiment
To enable direct comparison between experimental data and the prediction of the
propagative low-Rm model, the latter is extended to the case of a four-electrodes
configuration representing the experimental current injection pattern. Since the model is
linear, this is done by translating the solution for one forcing electrode to the location
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of each of the four forcing electrodes and superimposing the four solutions so obtained,
weighing them by the sign of the current they carry. The solution is then expressed in
a common Cartesian frame whose origin is at the centre of the top left electrode of the
injection pattern on figure 11. In this frame, we use two attenuation coefficients and phase
shifts defined in a similar way as in § 3.3: αx and ϕx are based on ∇φ · ex while α and ϕ

are based on ‖∇⊥φ‖. Gradients of electric potential are evaluated by second-order central
finite differences using signals from adjacent probes, so αx and ϕx require the signals of
two probes while α and ϕ require four.

5.2. Oscillating diffusive regime versus propagative regime
To track the existence of the diffusive and propagative flow regimes identified in § 3.5,
we first analyse how these quantities vary with the screen parameter Rν : figures 12 and 13
show αx(x = 0.1, y = 0.012, z = 1) and ϕx(x = 0.1, y = 0.012, z = 1) from both theory
and experiments, plotted against Ja and N−1

ω . The variations of both αx and ϕx are very
similar to those observed for the single-electrode model in § 3. The attenuation coefficient
exhibits a plateau in the limit N−1

ω → 0, a maximum around N−1
ω = 1 × 10−3, followed

by a sharp decay at higher values, with a second peak in the higher frequencies. Similarly,
the phase shift ϕx displays two distinct sequences of monotonic decay at low and high
screen parameter Rν , which are qualitatively very similar to those observed for a single
electrode. The collapse of both experimental and theoretical data into a single curve for
N−1

ω � 5 × 10−3 in figures 12(a) and 13(a) confirms that the variations of αx within this
range reflect the spatial attenuation of diffusive oscillations. Similarly, the alignment of
resonant peaks at Ja = 0.5 and 1 on figure 12(b) is a clear signature of resonant waves
characteristic of the propagative regime. This point is one of the main results of this work
as it identifies both experimentally and theoretically the two parameters Nω and Ja that,
respectively, control the purely diffusive regime and the regime where MHD waves akin to
AW can be electrically driven at low-magnetic Reynolds number, as well as the transition
between these regimes.

The agreement between theory and experiment is generally excellent, but two distinct
types of discrepancies deserve further comments. First, an offset separates the collapsed
theoretical from the collapsed experimental values of αx (figure 12) resulting in a �15 %
difference in the value of the peak in the diffusive regime and �15 % in its position. For the
propagative peaks, these discrepancies are, respectively, of �10 % and �3 %. However, the
experimental data still shows excellent collapse in the diffusive regime and the propagative
peak are all well aligned to Ja = 0.5 and 1. Further calculations not reported here show
that the actual value of αx is quite sensitive to the choice of distribution of injected current
across the electrode jw. While our simplified model of a Gaussian distribution (3.1) is
numerically convenient and roughly reflects the localisation of the injected current at an
electrode, it is very different from the complex distribution of current that occurs in the
experiment as a result of the interaction between the liquid phase and the solid conductor
that forms the electrode (Herreman et al. 2019). Hence, this offset can be attributed to our
simplified model of the current distribution and we argue that this minor difference does
not detract from the excellent agreement between the physical mechanisms taking place in
FlowCube and those captured by the model.

The second discrepancy takes place in the high Rν limit, within the propagative
regime: for Ja > 0.85, both the attenuation and phase shift depart significantly in value
and in behaviour from the model. The excellent agreement between theory and model
elsewhere suggests that the model misses a physical mechanism in this regime. Since
waves propagate more freely in this regime, they reach higher amplitudes and may thus
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Figure 12. Attenuation coefficient αx versus N−1
ω (a) and Ja (b) for Ha = {1.9 × 104, 2.66 × 104, 3.18 ×

104, 3.8 × 104} and (x, y, z) = (0.1, 0.012, 1). Solid lines and markers represent the propagative low-Rm
model and measurements, respectively. White markers (�,�,�) highlight the cases at Ja = 0.1, 0.5 and
1, respectively, all at Ha = 3.8 × 104, studied in more detail on figures 14, 15 and 16. In (b), the oscillating
diffusive regime is represented by the white area and the propagative regime by the grey area. The hatched area
depicts the range of Ja values where nonlinearities are observed.
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Figure 13. Phase shift ϕx against N−1
ω (a) and Ja (b) for Ha = {1.9 × 104, 2.66 × 104, 3.18 × 104, 3.8 × 104}

and at (x, y, z) = (0.1, 0.012, 1). Solid lines and markers represent the propagative low-Rm model and
measurements, respectively. The dash–dotted line (-·-·-) ϕx is for an ideal unbounded wave. White markers
(�,�,�) highlight the cases at Ja = 0.1, 0.5 and 1, respectively, all at Ha = 3.8 × 104, studied in more detail
on figures 14, 15 and 16.

interact nonlinearly, a process that the linear model cannot capture and that is discussed
further in the next sections.

5.3. Linear and nonlinear flow patterns
Having identified the diffusive and propagative regimes in the experimental data, we now
seek to understand the discrepancy between theory and experiments at high values of the
Jameson number. To this end, the topology of the flow is investigated using the angle
between the potential gradients and ex at the Hartmann walls, Θ(z = 0) and Θ(z = 1).
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This quantity has the advantage of ignoring the amplitude of the potential gradient and
so reflects solely the topology of the flow. We focus on three different cases: one in
the oscillating diffusive regime, one well captured by the model within the propagative
regime, one within the propagative regime but with significant discrepancy between
model and experiment. We set Ha = 3.8 × 104 for all three cases corresponding to
Ja = {0.1, 0.5, 1}, respectively. These cases are highlighted by three different white-filled
symbols in figures 12 and 13. Instantaneous experimental and theoretical contours of Θ at
the top and bottom walls (z = 0 and z = 1) are plotted in figure 14 for all three cases.

For Ja = 0.1 and 0.5 (figures 14a and 14b), isolines of Θ from experiments are
topologically consistent with those from the model. The main difference is that positive
isovalues of Θ swell slightly towards the positive x-direction in the experimental data
at Ja = 0.5. While this could be due to nonlinearities, the limited spatial resolution in
the experiments and the added uncertainty of comparing instantaneous snapshots make it
difficult to reach a definite conclusion regarding the origin of this effect based on these
snapshots alone.

For Ja = 1, the experimental contours of Θ are consistent with theory at the bottom wall
z = 0. At the top wall z = 1, by contrast, two focus points and at least one saddle appear
at (x, y) = (0.38, −0.14), (x, y) = (0.48, −0.11) and (x, y) = (0.62, −0.03), respectively
(figure 14c). Further critical points must exist on the top wall to satisfy the topological
constraints on their numbers (Hunt et al. 1978) but these fall outside of the spatial
visualisation window available to us. Because of these, the topology found in the
experimental data differs fundamentally from that predicted by the model. This new
topological structure is not compatible with the linear prediction, and implies an
underpinning nonlinear mechanism. Furthermore, the two focus points are located in
the region of the isoline swelling observed for the case Ja = 0.5, suggesting that the
topological change may ensue from small nonlinear deviations to the linear prediction
at lower values of Ja. This also suggests that nonlinearities are favoured at higher values
of Ja and especially near the resonance Ja = 1, i.e. further into the propagative regime,
and where the amplitude of the waves is greatest. These conditions are most favourable to
the occurrence of nonlinearities and the resonance points to a nonlinear self-interaction
of the wave. Generally speaking, nonlinearities may potentially arise out of nonlinear
wave interaction but also from hydrodynamic instabilities of the oscillating flow not
involving wave interaction: instabilities of forced electromechanical oscillations were
indeed observed, but at Ha < 10, i.e. outside of the propagative regime of relevance here
(Thomas, Bassom & Davies 2010). Here, however, the values of the measured Reynolds
number at the bottom wall Rebot = {199, 102, 75} and at the top wall Retop = {48, 8, 8}
for Ja = {0.1, 0.5, 1}, respectively, are very low. Furthermore, the strongest changes on
the flow topology are observed at the top wall for Ja = 1, which is where the value of
Re is the lowest. Hence, hydrodynamic instabilities are unlikely to be the cause of the
instabilities.

In any case, this change in topology corresponds to the discrepancy observed on § 5.2
for Ja > 0.85 and so confirms that these discrepancies reflect a nonlinear regime of AW,
not accounted for in the model.

5.4. Influence of horizontal gradients on the diffusion of oscillations and wave
propagation

A key result of the theoretical study in § 3.5 was that both the diffusion of oscillations and
wave propagation are influenced by the transverse gradients of electric potential. We shall
now track and quantify this effect experimentally. The measurements in FlowCube deliver
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Figure 14. Snapshot contours of Θ for Ja = 0.1 (a), Ja = 0.5 (b) and Ja = 1 (c). Here Ha = 3.8 × 104 for
all cases. For each value of Ja, instantaneous contours of Θ are plotted at the top wall (i,ii) and at the bottom
wall (iii,iv), from experimental data (i,iii) and from the propagative low-Rm model (ii,iv). The full coloured
circles show the location of two of the four injection electrodes – in phase opposition – while the empty circles
show their virtual projection on the top wall. The yellow stars and the square highlight the focus points and the
saddle, respectively. The time considered for snapshots is arbitrary. However, other times give similar results.

attenuation and phase shifts between the Hartmann walls (z = 0 and z = 1) only. Hence,
we plot the experimental and theoretical contours of these quantities, α(x, y, z = 1) and
ϕx(x, y, z = 1), on figures 15 and 16, respectively, again focusing on the value of Ha
displaying the most prominent wave propagation at high Ja, i.e. Ha = 3.8 × 104 and for
Ja ∈ {0.1, 0.5, 1}.
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Figure 15. Snapshot contours of α at the top wall (z = 1) for Ja = 0.1 (a,b), Ja = 0.5 (c,d) and Ja = 1
(e, f ). Here Ha = 3.8 × 104 for all cases. For each value of Ja, contours of Θ are plotted from experimental
data (a,c,e) and from the propagative low-Rm model (b,d, f ). The coloured circles show the location of two
electrodes in phase opposition out of the four injection electrodes.

Experimental contours of α and ϕx exhibit topologically equivalent patterns to their
theoretical counterparts except for Ja = 1 (within the same limitations on the spatial
resolution in the experiment and the error incurred by comparing snapshots as in the
previous section). The gradients of these quantities visibly decrease with the distance
to the neighbouring electrode in all cases but the experimental one at Ja = 1 too. The
value of α itself (figure 15) increases with the transverse distance form each electrode,
both in the oscillating diffusive regime (figure 15a,b) and in the linear propagative regime
(figure 15c–f ) in both theory and experiment. Experimental contours of ϕx are consistent
with the model for Ja = 0.1 and 0.5 (figure 16). In both cases, the magnitude of ϕx
increases with the distance to the neighbouring electrode. These observations concur
to show that the high transverse gradients in the vicinity of the electrodes increase
the attenuation of the oscillations but accelerate their diffusion and their propagation
along ez.

For Ja = 1, the experimental contours of both α and ϕx deviate from the model. This
case, highlighted by marker (�) on figures 12 and 13, corresponds to the regime where
nonlinear wave interactions incur a change in the flow topology at the top wall (figure 14c),
a phenomenon that the linear theory cannot capture. In the experimental data, the locus
of the emerging nonlinear pattern coincides with a locally enhanced phase shift compared
with the model, indicating that the nonlinear pattern travels along ez at a different velocity
from the fundamental mode driven by the forcing.
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Figure 16. Snapshot contours of ϕx at the top wall (z = 1) for Ja = 0.1 (a,b), Ja = 0.5 (c,d) and Ja = 1 (e, f ).
Here Ha = 3.8 × 104 for all cases. For each value of Ja, the contours of Θ are plotted from experimental
data (a,c,e) and from the propagative low-Rm model (b,d, f ). The coloured circles show the location of two
electrodes in phase opposition out of the four injection electrodes.

To further quantify the dependence of the attenuation and phase shift on the horizontal
gradients of electric potential, we take advantage of the near-monotonic dependence of
these gradients on the transverse distance to the nearest electrode in the (x, y) plane, which
we denote r∗. Based on this, the length scale of transverse gradients can be approximated
by r∗. We focus on the linear propagative regime where experiments and theory agree well,
e.g. Ja = 0.5. Figures 17 and 18, respectively, show the variations of α and |ϕx| with r∗
from the experiment and the model. Since these fields are not axisymmetric about either
of the electrodes, these variations also depend on the azimuthal angle with respect to the
closest electrode, especially for points that are nearly equidistant from two electrodes.
The theoretical range of variation of α and ϕx spanned in this way is represented on the
figures by a red zone. The experimental data shows a greater spread attributed to the
local measurement error, of around 4 %, and to the offset in damping rate incurred by
our simplified model of the current distribution at the electrode (see § 5.2). Nevertheless,
the experimental values of α are consistent with the model. In both cases, α increases with
r∗. These variations do not appear to follow a simple scaling law. Indeed, the values of r∗
fall in an intermediate range between the regime of low transverse gradient investigated
by Jameson (1964) and a regime of much higher transverse gradient where waves are
highly damped. In the high damping regime, horizontal gradients are sufficiently strong
to incur magnetic dissipation comparable to the axial ones, and so considerably increase
the damping of oscillations along ez. This phenomenon takes place in the deep blue area
very close to the electrode in figure 6(c). The vertical contours of α obtained from the
single electrode theory show that this region extends over the entire height of the vessel.
In the QSMHD limit, this region becomes the classical viscous vortex core of inertialess
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Figure 17. Here α versus r∗ for Ja = 0.5 and Ha = 3.8 × 104. Here r∗ is the distance in the (x, y) plane
between a given measurement location and the nearest injection electrode. The solid line and markers
correspond to the propagative low-Rm model and measurements, respectively. The error bars show the local
measurements errors for α, of 4 %.
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Figure 18. Here ϕx against r∗ for Ja = 0.5 and Ha = 3.8 × 104. Here r∗ is the distance in the (x, y) plane
between a given measurement location and the nearest injection electrode. The solid line and the light red
coloured area represent the solution of the propagative low-Rm model while markers show measurements.

thickness ∼Ha1/2 studied in detail by Sommeria (1988). Similarly, the magnitude of the
phase shift ϕx increases with r∗ in both experiment and model, without following any
obvious scaling law (figure 18). It should also be noticed that the experimental data is
more scattered for |ϕx| than for α. The scattering can be attributed to several factors: first,
using a single component of the potential gradient ϕx incurs errors when the gradient is
close to normal to ex; second, the most scattered points fall mostly in the region where
discrepancies in flow topologies were observed between theory and experiment. This
suggests that the scattering may arise out of nonlinear effects.

The variations of α and ϕx quantify the previous observation that stronger transverse
gradients damp the waves whilst accelerating their propagation. Additionally, they show
that the dissipative waves observed in FlowCube sit at an intermediate regime of
dissipation. As such, less dissipative waves may be obtained in a different geometry
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minimising the transverse gradients. Jameson (1964) carefully positioned his measurement
probe specifically to target this range. In doing so, he maximised the intensity of the
waves he was able to observe within the physical limitations of his experiment and despite
the relatively low magnetic field available to him. The quality of the results he obtained
in this manner, compared with other experiments available in these times (Lundquist
1949; Bostick & Levine 1952; Lehnert 1954; Allen et al. 1959) is a tribute to his deep
understanding of the subtleties of these waves.

5.5. Linearity and nonlinearity of the experimental waves
The discrepancies between model and experiment at high Jameson numbers (Ja �
0.85) in § 5.2 revealed significant nonlinearities in this regime. Smaller discrepancies
between theoretical and experimental contours of the potential gradient angle further
suggest that these nonlinearities develop at lower Jameson numbers (Ja � 0.5). Hence,
notwithstanding the otherwise excellent agreement between theory and experiment, the
question arises of which range of control parameters sees these nonlinearities affect
either the oscillating diffusive regime or the propagative one. In particular, how much
of the experimental data may fall within this regime? To answer these questions, we
assess the linearity of electric potential gradients with respect to the forcing intensity.
Dimensionally, the forcing intensity is controlled by the total current injected in the
flow, and non-dimensionally, it is measured by Re0. Nonlinearities are assessed using
the average intensity of the electric potential gradients, and their relative nonlinearity is
defined as

εNL(z) =
∣∣∣∣∣1 − 〈|∇̂xφ(Re0)|〉x,y

Re0
lim

Re0→0

Re0

〈|∇̂xφ(Re0)|〉x,y

∣∣∣∣∣ , (5.1)

where |∇̂xφ| refers to the amplitude of the oscillations of ∂xφ. The quantity εNL(z) can be
understood as the relative discrepancy averaged at either wall (z = 0, or z = 1) between the
measured electric potential gradients at a finite Re0 and their value expected from linear
upscaling of measurements made in the linear limit Re0 → 0. Hence, for flows purely
within the linear regime, εNL = 0. To assess this quantity, the purely linear solution in the
limit Re0 → 0 is approximated by the experimental data obtained at the lowest value of
Re0, i.e. Re0 = 3.75 × 103 (for which Rebot = 30.0 and Retop = 7.7 at Ja = 0.1 and Ha =
3.8 × 104). The relative nonlinearity of the potential gradient εNL is plotted at the bottom
and top walls for Ha = {3.18 × 104, 3.8 × 104} and Ja = {0.1, 0.5, 1} (figure 19). In all
cases, εNL smoothly increases with Re0. Thus, nonlinearities are always present, albeit in a
vanishingly small amount in the limit Re0 → 0. This concurs with the observation of small
discrepancies in the contours of the angle of electric potential gradients Θ (figure 14b,c),
even in regimes where theoretical values of both the attenuation coefficient and phase shift
agree well with the experimental ones.

At the bottom wall, εNL remains below 6 % for all cases (figure 19b). A saturation in
the variations of εNL(Re0), however, takes place around Re0 � 2 × 104, and only in the
propagative regime Ja ≥ 0.5 (for {Ha = 3.8 × 104, Ja = 0.5} and {Ha = 3.8 × 104, Ja =
1}; figure 19b). This is indicative of a change in nonlinear dynamics with a possible
dominance of nonlinear wave interaction. By contrast, flows within the diffusive regime
remain essentially linear for the entire range of forcing spanned within the experiment.
Data at the top wall (figure 19a) reveal the same phenomenology but with significantly
greater nonlinearity, up to �40 %. This also concurs with the observations of the contours
of Θ , where the discrepancy between theory and experiment was found greater at the
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Figure 19. Normalised 〈|∇̂xφ|〉 against Re0 at the top wall (a) and the bottom wall (b) for Ha = {3.18 ×
104, 3.8 × 104} and Ja = {0.1, 0.5, 1}. For each case of the set {Ha, Ja}, 〈|∇̂xφ|〉 is normalised by its value at
the lowest experimental Re0.

smallest Re and at the largest Ja values, near the top wall. This further supports the
idea that nonlinearities arise from nonlinear wave interactions rather than from other
hydrodynamics instabilities. Indeed, these interactions are impeded near the bottom wall
where patterns of injected current are imposed. However, they grow as they propagate
away from the forcing region, and so are more likely observed near the top wall. Except
for the present section, all experimental data shown in this work was obtained for
Re0 = 1.33 × 104 (highlighted with dashed lines on figures 19a and 19b). For this forcing
intensity, εNL remains lower than � 12 % for all cases but Ha = 3.8 × 104, Ja = 1. Hence,
it can be concluded that the phenomenology discussed throughout this work is linear in all
regimes where experiment and theory agree. Nevertheless, the data at higher Re0 discussed
in this section clearly shows that nonlinear regimes are easily reached within FlowCube’s
operational range of parameters.
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6. Conclusion

We studied an electrically driven oscillating flow confined between two walls
perpendicular to an externally imposed magnetic field, in order to identify the conditions
in which diffusive, propagative and nonlinear processes occur in low-Rm MHD. The
underlying question at stake is whether AW observed in astrophysical and geophysical
systems can be studied in detail in laboratory-scale experiments using liquid metals.
To address this problem, we developed two linear models, one based on a propagative
extension of the usual low-Rm MHD approximation, and one based on the QSMHD
approximation. We also adapted the FlowCube experimental device (Klein & Pothérat
2010) to directly track these regimes in a rectangular vessel filled with liquid metal.
The propagative low-Rm approximation differs from the usual QSMHD approximation
in that the time scale of local oscillations of momentum and induced magnetic field is
different from the flow turnover time. It is therefore governed by three non-dimensional
parameters: the usual Hartmann number Ha = Bh(σ/(ρν)1/2) and two screen parameters,
a viscous one, Rν = ωh2/(2πν) and a resistive one Rη = ωh2/(2πη). The linearised
QSMHD approximation is recovered in the limit Rη → 0, keeping Rν finite. This approach
enabled us to keep the induction time scale as a free parameter and so cover the full
range of regimes where diffusion and propagation compete. This range can be mapped
to other problems where the induction time scale is controlled by other processes such
as advection or convection, and so offers a general framework for AW at low magnetic
Reynolds number.

Combining theory and experiments enabled us to identify and characterise three
different regimes of forced oscillations. The first regime falls within the QSMHD
approximation. It is captured by both linear models and experiments and occurs at low
screen parameters Rν or Rη. In this regime, the Lorentz force acts exclusively so as
to diffuse momentum along magnetic field lines. In the limit Rη → 0, this diffusion
process drives flows towards a quasi-two-dimensional state (Sommeria & Moreau 1982).
Hence, we called this regime oscillating diffusive, and found that it is characterised by an
oscillating parameter Nω = 2πσB2

0/ρω built out of the ratio of the oscillating acceleration
time scale 2π/ω to the two-dimensionalisation time scale at the scale of the box associated
with the Lorentz force, τ2D = ρ/(σB2

0), first introduced by Sommeria & Moreau (1982).
The second regime occurs at higher values of Rη. It is captured by experiments in excellent
agreement with the linear propagative low-Rm model, but not by the QSMHD model. This
linear propagative regime is dominated by the propagation of AW. Their resonance across
the channel occurs at values of Rη such that the ratio between the propagation time of
Alfvén waves across the channel and the oscillation period is either 1/4, 1/2, 3/4 or 1.
The second regime is characterised by values of this ratio, which we named the Jameson
number Ja = ωh/(2πVA) below �0.85. The existence of this regime is one of the chief
results of this study as it identifies the regime in which MHD waves akin to AW, but
different from ideal AW first theorised by Alfvén (1942), can propagate at low Rm. The
third regime occurs at the highest values of Rν , corresponding to Ja � 0.85 and therefore
remains propagative in nature. It emerges where wave amplitudes are too high for the linear
model to remain valid (most noticeably near the resonance Ja = 1). Indeed, experimental
data departs from the linear model, and displays a clear nonlinear behaviour. Hence, we
name this regime the nonlinear propagative regime.

The particular type of AW we found in the propagative regime, further exhibits unique
propagation properties so far unobserved at low-Rm. In the linear propagative regime,
both the model and the experimental data display a dependence of the phase velocity
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on Rη, so unlike ideal AW, these waves are dispersive. Furthermore, the configuration
involves a spatially inhomogeneous forcing in the planes perpendicular to the magnetic
field with electric potential gradients decaying away from the points of current injection.
This provided us with an opportunity to analyse how such an inhomogeneity affects wave
propagation. Indeed, both model and experiment clearly show that the propagation of these
dispersive AW depends on the transverse gradients: AW are indeed both locally accelerated
and more strongly damped in stronger gradients. Such variations of propagation velocity,
never observed before at low-Rm, are sometimes referred to as phase mixing. It locally
increases the viscous and resistive wave dissipation responsible for a heating process that
may explain the anomalous temperature in the Sun’s corona (Heyvaerts & Priest 1983;
McLaughlin, De Moortel & Hood 2011; Prokopyszyn, Hood & De Moortel 2019).

Outside the linear propagative regime, nonlinearities manifest themselves in several
ways. First, contour maps of electric potential reveal a change in the flow topology,
noticeable near the top Hartmann wall, i.e. farther away from the forcing point. This,
together with the occurrence near a resonance of these nonlinearities, supports the
hypothesis of nonlinear self-interaction of AW. Additionally, varying the forcing intensity
expressed by Reynolds number Re0 for different values of Ja shows a stronger departure
from the linear model at higher amplitudes, another signature of nonlinearity. The
discrepancy from linearity was further found to increase continuously from very small
Re0 and so suggests that nonlinearities are always present, rather than ignited near a
bifurcation as the forcing amplitude increases. The presence of nonlinearities driven by
wave self-interaction is another major result and so answers one of the key questions
that motivated this work: nonlinear energy transfers driven by waves can be reproduced
in liquid metal experiments. This opens new possibilities for the study of a second
mechanism directly relevant to processes expected to take place in astrophysical systems,
especially the solar corona (Davila 1987; van der Holst et al. 2014).

The three regimes found in this work show that three key ingredients of astrophysical and
geophysical AW can be reproduced in a small-scale experiment: diffusion, propagation and
nonlinearity. Additionally, we have been able to characterise the inhomogeneous properties
of dispersive AW, another key feature of the complex dynamics of AW in these systems.
These results open a new spectrum of opportunities to model such practically inaccessible
objects as planetary interiors or the solar corona in the relative comfort of a small-scale
laboratory, using liquid metals. The AW in solar plasma or solar wind are unlikely to be
fully reproduced in liquid metal experiments so we are certainly a very long way from
bringing the physics of the Sun into a box filled with liquid metal. But we are almost an
equally long way from having exhausted the possibilities offered by the increasingly high
intensity of magnetic fields available to liquid metal experiments, and the flexibility offered
by electrically driven AW: varying the forcing intensity, the forcing geometry, the shape
size of the box offer as many opportunities to seek more intense nonlinearities, different
types of inhomogeneities and of nonlinear effects. Each of these may hold the key to some
aspects of how AW behave in the Sun or in planetary interiors.
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Appendix A. Expression of coefficients {Ui
l , Bi

l}l=1..8

Here we detail the explicit expression of the unknown coefficients {Ui
l, Bi

l}l=1..8, for the
velocity and the magnetic disturbances, respectively. As a reminder, the solution κ i

⊥ for
the velocity and the magnetic disturbances is

{ui
θ , b̃i

θ }(z, t) = {exp(si
1z)({Ui

1, Bi
1} cos(t + κ i

1z) − {Ui
2, Bi

2} sin(t + κ i
1z))

+ exp(−si
1z)({Ui

3, Bi
3} cos(t − κ i

1z) − {Ui
4, Bi

4} sin(t − κ i
1z))

+ exp(si
2z)({Ui

5, Bi
5} cos(t + κ i

2z) − {Ui
6, Bi

6} sin(t + κ i
2z))

+ exp(−si
2z)({Ui

7, Bi
7} cos(t − κ i

2z) − {Ui
8, Bi

8} sin(t − κ i
2z))}, (A1)

so that we define the coefficient vectors as Bi = [Bi
l=1 · · · Bi

l=8]T and U i =
[Ui

l=1 · · · Ui
l=8]T. Here U i and Bi are obtained using the boundary conditions (3.7),

(3.8), the Sturm–Liouville problems (2.16), (2.17) and the Navier–Stokes equation (2.12).
From these equations, we readily obtain the expression for U i,

U i =
[

N i
1 N i

2
Ha−2Dz i

1
−1[RνDt − M i

1]Ni
1 Ha−2Dz i

2
−1[RνDt − M i

2]Ni
2

]−1 [
U i

w

Bi
w

]
, (A2)

where are expressed the block-arrays for the magnetic and kinematic boundary conditions,

N i
1 =

⎡⎢⎢⎢⎣
1 0 1 0
0 1 0 1

esi
1 cos κ i

1 −esi
1 sin κ i

1 e−si
1 cos κ i

1 e−si
1 sin κ i

1
−esi

1 sin κ i
1 −esi

1 cos κ i
1 e−si

1 sin κ i
1 −e−si

1 cos κ i
1

⎤⎥⎥⎥⎦ ,

N i
2 =

⎡⎢⎢⎢⎣
1 0 1 0
0 1 0 1

esi
2 cos κ i

2 −esi
2 sin κ i

2 e−si
2 cos κ i

2 e−si
2 sin κ i

2

−esi
2 sin κ i

2 −esi
2 cos κ i

2 e−si
2 sin κ i

2 −e−si
2 cos κ i

2

⎤⎥⎥⎥⎦ ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(A3)

the space first derivatives,

Dz i
1 =

⎡⎢⎢⎢⎣
si

1 −κ i
1 0 0

κ i
1 si

1 0 0
0 0 −si

1 κ i
1

0 0 −κ i
1 −si

1

⎤⎥⎥⎥⎦ , Dz i
2 =

⎡⎢⎢⎢⎣
si

2 −κ i
2 0 0

κ i
2 si

1 0 0
0 0 −si

2 κ i
2

0 0 −κ i
2 −si

2

⎤⎥⎥⎥⎦ , (A4a,b)
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the time first derivative,

Dt =

⎡⎢⎣0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

⎤⎥⎦ (A5)

and the vector Laplacian operator,

M i
1 =

⎡⎢⎢⎢⎢⎢⎣
si

1
2 − κ i

1
2 − κ i

⊥
2 −2κ i

1si
1 0 0

2κ i
1si

1 si
1

2 − κ i
1

2 − κ i
⊥

2 0 0

0 0 si
1

2 − κ i
1

2 − κ i
⊥

2 −2κ i
1si

1

0 0 2κ i
1si

1 si
1

2 − κ i
1

2 − κ i
⊥

2

⎤⎥⎥⎥⎥⎥⎦ ,

M i
2 =

⎡⎢⎢⎢⎢⎢⎣
si

2
2 − κ i

2
2 − κ i

⊥
2 −2κ i

2si
2 0 0

2κ i
2si

2 si
2

2 − κ i
2

2 − κ i
⊥

2 0 0

0 0 si
2

2 − κ i
2

2 − κ i
⊥

2 −2κ i
2si

2

0 0 2κ i
2si

2 si
2

2 − κ i
2

2 − κ i
⊥

2

⎤⎥⎥⎥⎥⎥⎦ .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(A6)

Once U i is known, Bi is derived using (2.12) such that

Bi = Ha−2

[
Dz i

1
−1[RνDt − M i

1] 0
0 Dz i

2
−1[RνDt − M i

2]

]
U i. (A7)

Note that the dependence of the solutions U i and Bi on Rν and Rη is only implicit in
(A2) and (A7), through the wavenumbers and attenuation coefficients {κ i

1, κ
i
2} and {si

1, si
2},

obtained from the dispersion relation (2.18) where they appear explicitly.

Appendix B. Expression of the coefficients {Ei
l , Φ i

l }l=1..8

Here we express explicitly the unknown coefficients {Ei
l, Φ

i
l }l=1..8 for the radial electric

field Er and for the radial component of the potential gradient ∂rφ, respectively. As a
reminder, Er and ∂rφ take the form

{Er, ∂rφ}(r, z, t) =
N⊥∑
i=1

{Ei
r, ∂rφ

i}(z, t)J1(κ
i
⊥r), (B1)

with

{Ei
r, ∂rφ

i}(z, t) = {exp(si
1z)({Ei

1, Φ
i
1} cos(t + κ i

1z) − {Ei
2, Φ

i
2} sin(t + κ i

1z))

+ exp(−si
1z)({Ei

3, Φ
i
3} cos(t − κ i

1z) − {Ei
4, Φ

i
4} sin(t − κ i

1z))

+ exp(si
2z)({Ei

5, Φ
i
5} cos(t + κ i

2z) − {Ei
6, Φ

i
6} sin(t + κ i

2z))

+ exp(−si
2z)({Ei

7, Φ
i
7} cos(t − κ i

2z) − {Ei
8, Φ

i
8} sin(t − κ i

2z))}, (B2)

so that we define the coefficient vectors Ei = [Ei
l=1 · · · Ei

l=8]T and Φ i = [Φ i
l=1 · · ·

Φ i
l=8]T. Using the bock arrays (A4a,b)–(A6) defined in Appendix A, (3.9) and (3.11),
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we readily obtain the expression in term of U i and Bi for Ei,

Ei = −U i −
[

Dz i
1 0

0 Dz i
2

]
Bi (B3)

and Φ i,

Φ i = −
[

Dz i
1 − DtM i

1
−1

Dz i
1 0

0 Dz i
2 − DtM i

2
−1

Dz i
2

]
Bi − U i. (B4)
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