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AUTOMORPHISMS OF HOMOGENEOUS C*-ALGEBRAS

KLAUS THOMSEN

For a homogeneous C*-algeora we identify the quotient of the

automorphism group by the locally unitary automorphisms as a

subgroup of the homeomorphisms of the spectrum. We sharpen

a known criterion on the spectrum that ensures that a l l

locally unitary automorphisms of the algebra are inner.

In [7] Phillips and Raeburn proved the existence of two short exact

sequences

1 •> Inn {A) -»• Aut- (A) £ H2 (X,1)

V >
and

1 ->• Aut,, (A) ->- Aut(A) t Horn AX)
CQ(A) 6

for a separable continuous t r a c e C*-algebra A with spectrum X .

Under the a d d i t i o n a l assumption t h a t A i s s t a b l e , they concluded t h a t

both $ and ty are s u r j e c t i v e . In t h i s note we i n v e s t i g a t e what happens

when A i s n-homogeneous, n £ N . Since a homogeneous C*-algebra has

continuous trace the interesting question is what can be said about the

ranges of <j> and <[i .

In Theorem 1 we identify the range of ip as the subgroup of

homeomorphisms of X which fix the isomorphism class of the canonical

fibre-bundle defined by A , thus obtaining a complete analogue of

Phillips and Raeburn's result for stable algebras.

For <j> i t is a priori known that the range is contained in the
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146 Klaus Thomsen

t o r s i o n subgroup of a (X,l) when X i s compact. We sharpen t h i s t o the

e f f e c t t h a t <j> maps i n t o elements whose order divides n , whether X i s

compact or not . Combining these r e s u l t s i t follows tha t the quot ient group

Aut(A)/Inn (A) can be i d e n t i f i e d in most cases .

Let A be a C*-algebra with pr imit ive ideal spectrum X . Assume

X i s Hausdorff in the Jacobson topology.

For each X £ X , l e t A (x) denote the quot ient C*-algebra A/x ,

and for each a 6 A , l e t a (x) denote the image of a in A(x) .

Consider the d i s j o i n t union B = U A (x) with the obvious
XEX

projection

p : B •+ X .

Sets of the form

{b e B | p(b) e y , lib - a(p(2»)ll < e}

where U C X i s open, a 6 A and e > 0 , consti tute a base for a

topology on B such that the t r i p l e (p,B,X) becomes a C*-bundle [3].

For each a £ A we can define a cross-section f : X -»• B by

fa (x) = a (x) , x e X .

By results of Fell [2] the map A 3 a -*• f defines a ^-isomorphism

of A onto the cross-sections of (p,B,X) which vanish in norm at

infini ty.

In the case that A is a n-homogeneous C*-algebra, i t follows from

a resul t of Fell [2] , that there is an open covering {V.} .g, of X and

homeomorphi sms

such tha t the maps <£. = $.(#,•) define ^-isomorphisms of M (C) onto

p (x) = A(X),x&V. . So in th i s case (p,5,->0 i s a locally t r i v i a l

f ibre bundle with group Aut (M (C)) and fibre space M (C) . This i s the

canonical fibre bundle associated with A .

Locally t r i v i a l fibre bundles over X with group Aut(M (C)) and

fibre space ^ ( C ) are c lass i f ied by the cohomology set
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where Aut (M (C)) is the sheaf of germs of continuous Aut (A/̂ (C) )-valued

functions on X (see [4], pp. 37-41).

If A is a n-homogeneous C*-algebra the corresponding element

n(A) 6 H (X,Aut(M (C)) ) is represented by {V. , a..}- p r , where the

functions

a • . : V. n V. •* A u t W (O)
I'd T- j n

are given by e^. = ^ f ^ , x 6 ^ n ^. .

The group of homeomorphisms of X , Hom(X), acts on H (X,Aut(M (C)) )

in the obvious way, that is if {U. , B..}._. represents an element n

of H (X,Aut(M (C)) ) and i> £ HomCX) , then the action of if; takes n

to the element ty* (n) represented by {\\i (U.) , 6 • • ° 4> ) -er •

Given an element n e H (X,hut(M (C)) ) , we let Horn (X) denote the

subgroup of Hom(X) consisting of homeomorphisms that fixes n , that is

Horn (X) = {I(J e Hom(A") | i|/*(n) = n) •

If a S Aut(A) , we let p(a) denote the homeomorphism on the

primitive ideal spectrum X induced by a . Then p defines a

homomorphism

p : Aut(i4) -*• Hom(X) .

I f we l e t LU{A) d e n o t e t h e l o c a l l y u n i t a r y a u t o m o r p h i s m s o f A , [&],

we h a v e

THEOREM 1. For a n-homogeneous C*-algebra A with primitive -ideal

spectrum X , we have an exact sequence of groups:

1 * LU(A) -*- Aut {A) £ Horn A (X) -»- 1 .

Proof. That ker p = LU(A) follows from ( [ 9 ] , Theorem 3.4) since

ker p consis ts of the ir-inner automorphisms. So i t suffices to identify

Horn . . . (X) as the range of p .

To prove ran(p) C Horn . . . (X) , we must show tha t
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represen t s n(A) in H (X,Aut(M (Z))Q) , where a i s an a rb i t ra ry

automorphism of A .

With the notat ion introduced above , a induces a map a : B -*• B

defined on A(x) = p (x) by

a(a(x)) = a (a) (p(a) (x) ) , a 6 A , x 6 X .

Then a defines a homeomorphism on B such tha t p ° 5 = p (a) ° p

Let M . . = V. n P ( a ) ( F . ) , i , j e J . Define

Then 8 . . i s continuous and

on M . . n « . By the def ini t ion of H (X,Aut(M (C)) ) t h i s gives

the des i red conclusion, t ha t i s ran(p) C Horn . . . (X) .

Now l e t 41 G Horn ...{X) . We wi l l construct a ^-automorphism a
n \") y

of 4 such that a induces ty on X , tha t i s p (a ) = i|i .

Since ij> S Horn . . . (.?) there is a common refinement {M } _ T of

{ F . } . and {IJJ (F.) }-cr » functions T,a : J ^- I such tha t

M C V , . , M C tyiV , .) , p £ J
P - T(p) ' p ~ VK O(p) ' ^

and c o n t i n u o u s maps 6 : M •*• Aut(M (C) ) such t h a t

(1) a . , , , = 6 (a , , , , • ip~l)B~1 on M n M .

T(p)T(<7) p a (p ) a ( i ? ) r ' 4 PR

Let f : X -*• B be a cross-sec t ion . Define a family { / . } . p of

continuous maps

b y
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Then

(2) /. = a^f.) on V. n V. .

Now define continuous functions g : M -> M (C) by

•"'> •

Using (1) and (2) one sees that

Next def ine maps g. : V. ->• M (C) by
"V 1* Yl

I t fol lows from the cocyc le r e l a t i o n of the a . . ' s and ( 3 ) , t h a t t h e

<7-'s a r e w e l l - d e f i n e d and t h a t a . -ig .) = g- on V. n V. .

Hence we can de f ine a c r o s s - s e c t i o n

a (f) : X -)• B

by

In this way we have defined a map a : A •* A which is clearly an

injective *-homomorphism. We need to prove that a is surjective.

So let h : X -*• B be a cross-section and construct continuous maps

h. -. V. •*• M (C) as above such that
u % Yl

(4) a. .(h .) = h. on V. n V. .
IJ 3 I i J

Then consider the functions /. : V. •*• M (C) defined by
if 1* Yl

h ( x ) = <o( P )
 (6J(X> {huP)

 (*(x))) ' xe *~1(MP
] n vi •

Using the cocycle relation of the a. .'s together with (1) and (4)
1-3

one sees that the f.'s are well-defined and that
Is

ai3lf3] = h ° n Vi n V3 •
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If / is the cross-section constructed from the / V s » then a^lf> ~ h •

Hence a is sur jective, that is a is an automorphism of A .

Since a if) (x) = 0 if and only if f{\p (x) ) = 0 , we conclude

that the homeomorphism of X induced by a is t|/ , that is p (a ) = <l> . •

The proof of the surjectivity of p in the preceding argument is

based on [7], proof of Theorem 2.22. All we have done is to make explicit

the identifications used by Phillips and Raeburn.

Next we turn to the inclusion Inn(A) C LU(A) of the inner

automorphisms Inn(A) of A into the locally unitary automorphisms.

According to [7], a theorem of Knus [6] implies that Inn(A) = LU(A) when

X is compact and H (X,Z) is torsion-free. We prove a slightly stronger

result which applies in situations where X is non-compact and in some

situations where FT (X,1) does contain torsion elements.

Let G be a discrete group and denote by lnn{G,A) and LU{G,A) the

inner and the locally unitary actions of G on A , respectively, [S] .

Even though G need not be abelian we can consider the dual group G of

characters on G . G is compact in the topology of point-wise convergence

and we can construct the cohomology set H (X ,G ) , where G denotes the

sheaf of germs of C-valued continuous functions on X . Since G is

abelian H {X,G ) is in fact an abelian group and we can consider this
G

group as a pointed set with the trivial element as the base point. Note

that also lnn(G,A) and LU(G,A) are pointed sets with the trivial

action as base point in both cases.

THEOREM 2. Let A be an n-homogeneous C*-algebra with primitive

ideal spectrum X and G a discrete group. Then there is an exact

sequence of pointed sets

0 -»- Z.nn(G,A) -»• LU(G,A) H- H1^,?;^

such that y maps into the elements of H (X,G ) whose order divides n .

Proof. Let a : G -»• Aut(4) be a locally unitary action. This means

that , if M(A) denotes the multiplier algebra of A , then we can choose
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an open cover {N.}.,.. of X and maps

Ui : G -»• M M )

such that a (a) (x) = U • (g) {x) a ix) U • (g) (x) * , as A , x & N-, g s G and
jy v i- "Z.

G 3 g ** U.(g) (x) is a unitary representation of G for each x G ff- .

Note that we have tacitly extended the quotient map A •* A{x) to the

multiplier algebra M{A) . However, by shrinking the N.'s and

multiplying the t/.'s with suitable central elements of A , we can

assume that U•(g) £ A for all i G J , g e G .

De fine maps x • • : N. n ff . ->• T by

(5) xf,-(x)i = u.(g) (x) *£/.(#) (x) , x G ff. n ff , g e. G .

Here 1 denotes the unit in 4 (x) - M (C) . Then G B g + yfi . (x)

X ?i I t-J
defines a character <(>. . (x) , and, using the traces for instance, one

I'd

sees that the corresponding map

$. . -. N. n N . + G

is continuous. Since <\> • .$ ., = <|i., on N. n/|/. C\ Nv we conclude that

2-J J/C tK V Q K.
{».,())..}. defines an element u(a) G HX(H,G) .

It is not hard to see that the element vi (a) depends only on the

locally unitary action a and not on any of the choices we have made.

Let Det denote the determinant map on 4(x) - M (C) . Then (5)

yields that

(6) <«,•<*>) = Det (U.ig)ix)) Det WAg)ix))

for all g S G , x G N. n iV. .

Since Det is continuous, it follows that we have continuous maps
X

$ . : N • •*• G given by

<(>. (x) (g) = DetiUAg) (x)) , x G tf , ̂  G C .
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Then (6) t e l l s us tha t nr\ U) = 0 in H1 (X,G ) .

To complete the proof i t suffices to show tha t u(a) = 0 implies

a e Xnn(G,A) .

But i f u (a) = 0 , we can shrink the N.'s and assume that

<t> • • (X) = x.,- (£) X,- (x) , x 6 N • n N. , where x,- : # • * 5 are continuous

maps, i G J .

Consider .4 as cons is t ing of cross-sections of the canonical

bundle associated with 4 .

Then define mul t ip l i e r s £/ of A by

(U a) (x) = x-(g) (x)U-(g){x)a(x)
g z %•

and

(aU ) ( x ) = x - ( f f ) ( x ) a ( x ) U . [ g ) (x) , g <s G , x e N., a ^ A .g % ^ ^

S i n c e \ . ( g ) U . ( g ) = x - ( g ) U . ( g ) o v e r il7. <"> iV . , t h e i/ ' s a r e w e l l -
i i- 3 3 I' 3 9

defined.

Then G s g ** U is a unitary representation of G as multipliers
y

of A such tha t a = A d U , q £ G . Hence we conclude that
9 9

a G inn(G,A) . •

COROLLARY 3. Let A be a n-homogeneous C*-algebra with

paracompaot spectrum X. Then there is an exact sequence of groups

1 -f Inn (A) -> LU(A) % f^iX.I)

such that v maps into the elements of n (X,Z) whose order divides n .

P r o o f . A p p l y T h e o r e m 2 w i t h G = l a n d u s e t h a t tf2 (X , 1 ) - H1(X , T )
c

The only thing to check i s tha t the map V of Theorem 2 induces a group

homomorphism v : LU(A) •* H {X,2) in t h i s case. D

COROLLARY 4. If A is a n-homogeneous C*-algebra with

paracompact spectrum X such that H(X,Z) contains no nontrivial

element of order dividing n 3 then

Aut(/5)/InnW) = Horn . (X) .
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Proof. Combine Theorem 1 and Corollary 3. •

COROLLARY 5. If X is a locally compact paracompact space and

n G N an integer such that no nontrivial element of H (X,l) has an

order dividing n , then every automorphism a of C' {X,M (C)) is

given by a pair (w,i(O , where u is a unitary in C-,(X,M (C) ) and ty

is a homeomorphism of X , that is

a if) (x) = u(x)f(iplx))u{x)* , f G CQ(X,Mn(C)) , x G X .

Proof. Combine Theorem 1 and 2 and use that the sequence of

Theorem 1 splits in this case, together with the fact that C-,(X,M (C) )

is the multiplier algebra of C (X,M (C)) . D

In [5] , Example (d) , Kadison and Ringrose gave examples of n-ir.ier

(that is locally unitary) automorphisms of C(PU(n) ,M (C)) which are

not inner. PU{n) is the projective unitary group U(n)/1 - Aut(M (C))

and F^iPUin) , Z) ~ T-n for all n G N [7]. It follows from Corollary 3

that all locally unitary automorphisms of C(PU(n) ,M (C)) are inner
Ttl

whenever n and m are mutually prime.
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