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AUTOMORPHISMS OF HOMOGENEOUS C*-ALGEBRAS

KLaus THOMSEN

For a homogeneous C(*-algepbra we identify the quotient of the
automorphism group by the locally unitary automorphisms as a
subgroup of the homeomorphisms of the spectrum. We sharpen
a known criterion on the spectrum that ensures that all

locally unitary automorphisms of the algebra are inner.

In [7] Phillips and Raeburn proved the existence of two short exact

sequences

1 » Inn(4) - Aut (4) ¢ HZ(X,Z)

Co )

1 - AutCO(X)(A) - Aut (4) 2 HomG(X)

for a separable continuous trace C*-algebra 4 with spectrum X .

Under the additional assumption that A 1is stable, they concluded that
both ¢ and ¢ are surjective. In this note we investigate what happens
when A is #n-homogeneous, # € N . Since a homogeneous C(*-algebra has
continuous trace the interesting question is what can be said about the

ranges of ¢ and ¢ .

In Theorem 1 we identify the range of ¢ as the subgroup of
homeomorphisms of X which fix the isomorphism class of the canonical
fibre-bundle defined by A , thus obtaining a complete analogue of
Phillips and Raeburn's result for stable algebras.

For ¢ it is a priori known that the range is contained in the
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torsion subgroup of HZ(X}Z) when X is compact. We sharpen this to the
effect that ¢ maps into elements whose order divides #»n , whether X is
compact or not. Combining these results it follows that the quotient group

Aut (A) /Inn(A) can be identified in most cases.

Let A be a C*-algebra with primitive ideal spectrum X . Assume

X 1is Hausdorff in the Jacobson topology.

For each X € X , let A(x) denote the quotient C(*-algebra A/x ,

and for each a € A , let a{(x) denote the image of a in A(x) .

Consider the disjoint union B = U A(x) with the obvious
x€X
projection
p:B~>X.

Sets of the form
{beB | pw)y €U, Ib-apdnl <c)
where UCX is open, a€ A and € > 0 , constitute a base for a
topology on B such that the triple (p,B,X) becomes a C*-bundle [3].
For each a € A we can define a cross-section f& : X > B by
f&(x) =alx) ,x€ X .

By results of Fell (2] the map A>3 a - fa defines a *-isomorphism
of A onto the cross-sections of (p,B,X) which vanish in norm at
infinity.

In the case that 4 is a mn-homogeneous C(*-algebra, it follows from

a result of Fell (2] , that there is an open covering {Vi}iEI of X and

homeomorphisms
-1
¢i V{ x M%(C) > p (Vi)
such that the maps ¢i x = ¢i(x,-) define *-isomorphisms of Mh(C) onto
’
p-l(m) = Aln,x € Vi . So in this case (p,B,X) 1is a locally trivial
fibre bundle with group Aut(Mh(C)) and fibre space Mh(C) . This is the

canonical fibre bundle associated with 4 .

Locally trivial fibre bundles over X with group Aut(M%(C)) and

fibre space Mn(C) are classified by the cohomology set
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1
H (X,Aut(Mn(C))c)
where AUt(Mh(C))c is the sheaf of germs of continuous Aut(Mh(C))—valued
functions on X (see (4], pp. 37-41).

If A is a n-homogeneous C*-algebra the corresponding element

1 .
n(4) € (X,Aut(Mh(C))c) is represented by {Vi . }iEI , where the

o. .
)
functions

“ij : Vi n VJ. > Aut(Mn(C))

. x -1
are given by uij = ¢i,x

¢

. € . N .
iz x Vi Vb .

The group of homeomorphisms of X , Hom(X), acts on Hl(X,Aut(Mh(C))c)

in the obvious way, that is if {U. , B

. represents an element
: }1€J P g n

5]
of Hl(X,Aut(Mh(C))c) and ¢ € Hom(X) , then the action of ¢ takes n

-1
L3 o .
to the element Y*(n) represented by {w(Ui) , Bij 1] }zEJ .

Given an element n € Hl(X,Aut(Mh(C))c) , we let Homn(X) denote the
subgroup of Hom(X) consisting of homeomorphisms that fixes n , that is

Hom (X) = {y € Hom(X) | ¢*) = n}

If o € Aut(4) , we let p(a) denote the homeomorphism on the
primitive ideal spectrum X induced by o . Then p defines a

homomorphism
p : Aut(4) - Hom(X)

If we let LU(A) denote the locally unitary automorphisms of 4 , [§],

we have

THEOREM 1. For a n-homogeneous C*-algebra 4 with primitive ideal

spectrum X , we have an exact sequence of groups:

1 > LUA) ~ nut(d) B Hom_ (o) (X) > 1

(4)
Proof. That ker p = LU(A) follows from ([9], Theorem 3.4) since
ker p consists of the #-inner automorphisms. So it suffices to identify

Hom

1 (A) (X) as the range of p .

To prove ran(p) C Hom (X) , we must show that

n(4)
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-1
{ID (o) (V'I:) ' a'l:"] o p(a) }7:€I

represents n(4) in Hl(X,Aut(Mh(C))c) , where a is an arbitrary
automorphism of A4 .

With the notation introduced above, o induces a map o : B >~ B

defined on A(x) = p-l(x) by
afa(x)) = a(@p(a)(x)) , a €4, x€X.

Then o defines a homeomorphism on B such that p o & =p(a) ° p .

Let M(i,j) = Vi N p(a)(Kj) , 1,0 €I . Define
B(i,j) : M(i,j) > Aut(Mn(C)) by
i = e ° 8 %ol 0 T M)
Then B(i,j) is continuous and
R RN Ly

L 1 . .
...nN
on M(l,J) M(k,Z) By the definition of H (X,Aut(Mn(C))c) this gives

the desired conclusion, that is ran(p) C Homn(A)(X)

Now let ¢ € Hom (X) . We will construct a *-automorphism x,

n(4)

of A such that aw induces Y on X , that is p(aw) =y .

Since ¥ € Hom (X) there is a common refinement {Mp}pGJ of

n (4)

{Vi}iEI and {W(Vi)}iél , functions Tt,0 : J > I such that

M,C v, ,pEJ

(p))
and continuous maps Bp : Mb > Aut(Mh(C)) such that

C
Mp = Vr(p) !

-1, ,.-1
= ° N
(1) ar(p)T(q) Bp(ao(p)o(q) ] )Bq on Mb Mb
et f : X > B be a cross-section. Define a fawmily {fz}iEI of
continuous maps
fi : Vi > Mn(C)

by f;@ = 6> (fl@) , €V, .
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Then
= . NV,
(2) fi aij(fb) on V. Vﬁ .
Now define continuous functions gp : Mb > Mn(C) by
=8 (f v hH
% " "pYop

Using (1) and (2) one sees that

(3) = M NM
g, on 4

1 (p) T (q) (gq) p p
Next define maps éi : Vi > Mn(C) by

X

g. = a € nyy., .
g,b(x) a“(p)(gp(m)) , X Mp Vl

It follows from the cocycle relation of the uij's and (3), that the

Lt - i .. (g =g , NV, .
g;'s are well-defined and that alJ(gJ) g; on VL Vé

Hence we can define a cross-section

a,(f) : X > B

by
o, N @ =¢, (g, (@) , x€V,
In this way we have defined a map aw : 4 + A which is clearly an
injective *-homomorphism. We need to prove that o« is surjective.

1'%
So let h : X > B be a cross-section and construct continuous maps

h, : V. » M (C) as above such that
7 i n

(4) a..(h.) =h. on V.NV. .
i3 g z i g

Then consider the functions f% : Vi > Mh(C) defined by

1

x vix) -1
Az) = o €
f;(x) alo(p)(Bp (hT(p)(w(x))) : X Y (M%) n Vi .

Using the cocycle relation of the aij's together with (1) and (4)

one sees that the fi's are well-defined and that

aij(fﬁ) = f% on Vi n Vﬁ .
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I1f f 1is the cross-section constructed from the fé's , then aw(f) =h .

Hence alp is surjective, that is aw is an automorphism of 4 .

Since aw(f) () = 0 if and only if F(y “(x)) = 0 , we conclude

that the homeomorphism of X induced by aw is ¢ , that is p(aw) =y .0
The proof of the surjectivity of p in the preceding argument is
based on [7], proof of Theorem 2.22. BAll we have done is to make explicit

the identifications used by Phillips and Raeburn.

Next we turn to the inclusion Inn(4) C LU(A) of the inner
automorphisms Inn(4) of A4 into the locally unitary automorphisms.
According to [7], a theorem of Knus [4] implies that Inn(4) = LU(A) when
X is compact and H2(X,Z) is torsion-free. We prove a slightly stronger

result which applies in situations where X 1is non-compact and in some
situations where H2(X,Z) does contain torsion elements.

Let G be a discrete group and denote by Inn(G,4) and LU(G,A) the
inner and the locally unitary actions of G on A4 , respectively, [§].

Even though ( need not be abelian we can consider the dual group ¢ of

characters on & . (G is compact in the topology of point-wise convergence

and we can construct the cohomology set Hl(X,ac) , where 50 denotes the
sheaf of germs of G-valued continuous functions on X . Since & is

. 1 2, R . . .
abelian H (X’Gc) is in fact an abelian group and we can consider this

group as a pointed set with the trivial element as the base point. Note
that also 1Inn(G,A) and LU(G,A) are pointed sets with the trivial

action as base point in both cases.

THEOREM 2. Let A be an n-homogeneous C*-algebra with primitive
ideal spectrum X and G a discrete group. Then there is an exact

sequence of pointed sets
0 + Inn(G,A) + LU(G,A) & Hl(x,&c)
such that w maps into the elements of Hl(X,@E) whose order divides n .

Proof. 1Let o : G » Aut(4) be a locally unitary action. This means

that, if M(A) denotes the multiplier algebra of A , then we can choose
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an open cover {Ni}iEI of X and maps
Ui : G+ M(4)

such that ag(a) (x) = U,L.(g) (xya(x)U;(g) (xy* , ae A, x € V., g€ G and
G g » Ui(g)(x) is a unitary representation of G for each x € Ni .

Note that we have tacitly extended the quotient map 4 + A(x) to the

multiplier algebra M(4) . However, by shrinking the Ni's and
multiplying the Ui's with suitable central elements of A , we can

assume that U.(g) € 4 for all 1€I ,g9g€G.
; g . n
Define maps Xii Ni Nj > T by
g = * EN.NN, €
(5) Xij(x)lx U (@) (x) Uj(g) x , xE€N, IVJ s g€ GCG.

Here 1, denotes the unit in A(x) = Mh(C) . Ten (G5 g~ xgj(x)
3
defines a character ¢ij(x) , and, using the traces for instance, one

sees that the corresponding map

.. :N.ON,>G
1d T d
is continuous. Since ¢ij¢jk = ¢ik on Ni n Nj 8] Nk we conclude that

, 1.2
{Ni’¢ij}i€I defines an element u(a) € H (4,G) .

It is not hard to see that the element u(a) depends only on the

locally unitary action o and not on any of the choices we have made.
Let Det denote the determinant map on A(x) = Mh(C) . Then (5)
yields that

g N _
(6) (Xi,j (x)) Det (U, (g) (X)) Detx(Uj (g9) (x))
for all g€G ,x€N. NN,
T J
Since Detx is continuous, it follows that we have continuous maps

¢i : Ni > § given by

¢;(x) (@) = Detx(Ui(g)(x)) , x € Ni s+ gE€G.
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Then (6) tells us that #n(4) = 0 in Hl(x,?;c)

To complete the proof it suffices to show that u(a) = 0 implies
o € Inn(G,4) .

But if u(e) = 0 , we can shrink the Ni's and assume that

1

maps, 1 € I .

(x) X EN. NN, i N. » G i
xJ (x) X; (x) , x IVL IVJ , where X; : IVL + G are continuous

Consider A as consisting of cross-sections of the canonical

bundle associated with 4 .

Then define multipliers Ug of A by

(Uga) (@ = x; (@ @U; (@) (@ alx)

(@) @) = x; (@) @a@U;g) @ , g6, x<l;, ach.

Since xi(g)Ui(g) = xj(g)Uj(g) over Ni ﬁIVJ. , the Ug's are well~-
defined.

Then G35 g * Ug is a unitary representation of (G as multipliers
of A such that otg =Ad Ug . g € G . Hence we conclude that
a € Inn(G,A) . O

COROLLARY 3. Let A4 be a n-homogeneous C*-algebra with

paracompact spectrum X. Then there is an exact sequence of groups

1 » Inn(4) » LU ¥ #(x,7)
such that uw maps into the elements of 7 (X,1) whose order divides n .

Proof. apply Theorem 2 with G = Z and use that H2(X,Z) = Hl(X,Tc) .
The only thing to check is that the map u# of Theorem 2 induces a group
homomorphism u : LU(4) > H2 (X,Z) in this case. a

COROLLARY 4. If A s a n-homogeneous C*-algebra with
paracompact spectrum X such that B (X ,L) contains no nontrivial
element of order dividing n , then

Aut (4) /Inn (4) = Homn (4) (X)
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Proof. Combine Theorem 1 and Corollary 3. O

COROLLARY 5. If X is a locally compact paracompact space and
n € N an integer such that no nontrivial element of HZ(X,Z) has an

order dividing n , them every automorphism o of CO(X'MZ(C)) 18
given by a pair (u,y) , where u is a unitary in Cb(X,Mn(C)) and ¥
is a homeomorphism of X , that is
a(f) @) = u@)fwEHulx)* , € CO(X’Mh(C)) F € X

Proof. Combine Theorem 1 and 2 and use that the sequence of
Theorem 1 splits in this case, together with the fact that Cb(X'Mn(C))
is the multiplier algebra of CO(X’Mn(C)) . a

In {5], Example (d), Kadison and Ringrose gave examples of w-irner
(that is locally unitary) automorphisms of  C(PU(n) 'Mn(c)) which are
not inner. PU(n) is the projective unitary group U(n)/T = Aut(Mh(C))
and H2(PU(n) AT Zn for all n €N []]. It follows from Corollary 3
that all locally unitary automorphisms of C(PU(n) 'A%#C)) are inner

whenever 7 and m are mutually prime.
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