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SEMIGROUP VARIETIES WITH THE
AMALGAMATION PROPERTY

G.T. CLARKE

The purpose of this thesis is to determine which varieties of semi-
groups have the weak or strong amalgamation property. Amalgamation
questions for classes of semigroups which form varieties of universal
algebras have been studied in the case of groups, inverse semigroups and
bands by Neumann [7], Hall [5] and Imaoka [6] respectively. Modulo
questions of group theory and of the structure of the lattice of varieties
of completely simple semigroups, we determine which varieties of completely
regular semigroups have the weak or strong amalgamation property; and,
modulo questions of group theory, we determine which varieties of semi-

groups have the weak or strong amalgamation property.

We first consider completely regular semigroup varieties containing
the variety of semilattices, and we show that such a variety has the weak
[strong] amalgamation property if and only if it consists entirely of
orthodox normal bands of abelian groups. To obtain this result we show
that a variety of completely regular semigroups has the congruence
extension property if and only if it consists entirely of orthodox normal
bands of abelian groups. We then obtain a partial answer to the question
of which varieties of completely simple semigroups have the weak or strong

amalgamation property.

Next we consider classes of inflations of completely regular semi-
groups as varieties of universal algebras, showing that such a variety has

the weak [strong] amalgamation property if and only if the corresponding
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variety of completely regular semigroups has the same property. We give an
example to show that the corresponding result for inverse semigroups does
not hold.

Finally we consider semigroup varieties, showing that the class of all
inflations of semigroups from a given variety is also a semigroup variety.
We characterize those identities which determine varieties of inflations of
completely regular semigroups. We then deduce that a variety of semigroups
has the weak [strong] amalgamation property if and only if it consists
entirely of inflations of completely regular semigroups and the subvariety
of all its completely regular semigroups has the same property.
Specializing this result to commutative varieties, we have that a variety
of commutative semigroups has the weak [strong] amalgamation property if
and only if it is a variety of inflations of semilattices of abelian

groups.

Most of the material in Chapters 2 and 4 of this thesis appears also
in [13, [2], [3] and [4].

References

{11 G.T. Clarke, "On completely regular semigroup varieties and the
amalgamation property", Semigroupe, 159-165 (Academic Press, New
York, London, 1980).

[2] G.T. Clarke, "Commutative semigroup varieties with the amalgamation
property", J. Austral. Math. Soe. Ser. A 30 (1980), 278-283.

[3] G.T. Clarke, "Semigroup varieties of inflations of unions of groups",

Semigroup Forum (to appear).

(4] G.T. Clarke, "Semigroup varieties with the amalgamation property",

submitted.

[5] T.E. Hall, "Inverse semigroup varieties with the amalgamation

property", Semigroup Forum 16 (1978), 37-51.

[6] Teruo Imaoka, "Free products with amalgamation of bands", Mem. Fac.
Lit. Sei. Shimane Univ. Natur. Sei. 10 (1976), T-1T.

https://doi.org/10.1017/50004972700005931 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005931

Semigroup varieties 475

{7] Hanna Neumann, Varieties of groups (Ergebnisse der Mathematik und
ihrer Grenzgebiete, 37. Springer-Verlag, Berlin, Heidelberg, New

York, 1967).

Department of Mathematics,
Monash University,
Clayton,

Victoria 3168,

Australia.

https://doi.org/10.1017/50004972700005931 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005931

