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SOME COINCIDENCE THEOREMS AND APPLICATIONS

XIE PING DING AND E. TARAFDAR

In this paper, we establish a new coincidence theorem for a Browder type set-valued
mapping and an upper semi-continuous set-valued mapping with compact acyclic
values in an .ff-space which generalises some recent results in the literature. As
applications we obtain two Ha type coincidence theorems and existence theorems
of maximal elements for preference correspondences.

1. INTRODUCTION

Let X and Y be two nonempty sets and 5: X -> 2Y, T:Y^2X be two set-
valued mappings, where 2A denotes the family of all subsets of the set A. Following
Browder [4], a point (ajo, i/o) £ X x Y is said to be a coincident point if 3/0 £ S(xo)
and xo £ T(t/o). There are other equivalent definitions for a coincidence point of two
mappings, see for example, Park [15] and Ding [5]. Coincidence theory is a generali-
sation of fixed point theory which has become an important and fundamental tool in
treating some nonlinear problems.

In the present paper, we establish a new coincidence theorem for a Browder type
set-valued mapping and an upper semi-continuous set-valued mapping with compact
acyclic values in an H-space which generalise some recent results of Komiya [13], Sessa
[16], Mehta and Sessa [14] and Tarafdar [21]. As applications, we obtain some existence
theorems of maximal elements for preference correspondences.

2. PRELIMINARIES

Let X and Y be topological spaces, J-(Y) the family of all nonempty finite subsets
of Y and F: X —> 2Y a set-valued mapping (or correspondence). For A C X, B C Y
and y £ Y, let

F(A) = M F(x), F+{B) = {x G X: 0 ? F(x) C B} and
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F is said to be upper semi-continuous (in short, u.s.c.) on X if for each open subset
V of Y, F+(V) is open in X. A subset D of X is said to be compactly open
(respectively compactly closed) if D D K is open (respectively closed) in K for each
nonempty compact subset K of X.

The following notions were introduced by Bardaro and Cepptelli [2]. A pair
(y, {r.4}) is called an .ET-space if Y is a topological space and {TA} a family of con-
tractible subsets of Y indexed by A G f{Y) such that TA C TA' whenever A C A'.
A nonempty subset D of an J?-space (Y, {TA}) is said to be

(i) Jf-convex if TA C D for each A £ F{D),

(ii) weakly if-convex if TA ("1 D is contractible for each A £ F{D),
(iii) .ff-compact in Y if for each A £ ^F(Y), there exists a compact, weakly

27-convex subset DA of Y such that D U A C DA •

Recall that a nonempty topological space is an acyclic space if all of its reduced
Cech homology groups over the rationals vanish. In particular, any contractible space is
acyclic, and hence any convex or star-shaped set in a topological vector space is acyclic.
For a topological space X, we shall denote by ka(X) the family of all compact acyclic
subsets of X.

Let An be the standard n-dimensional simplex with vertices eo, e\, . . . , en. If J
is a nonempty subset of {0, 1, . . . , n}, Aj will denote the convex hull of the vertices
{e,:j6J}.

The following Lemma, the proof of which is contained in the proof of Theorem 1
of Horvath [12], will be the basic tool for our purpose. (See also, Ding and Tan [6].)

LEMMA 2 . 1 . Let Y be a topological space. For each nonempty subset J of
{0,l,...,n},let Tj be a. contractible subset of Y. If J C J' implies Tj C Tji
then there exists a continuous mapping f: An —* Y such that / (Aj) C Tj for each
nonempty subset J of {0, 1, . . . , n}.

The following result is Lemma 1 of Shioji in [17].

LEMMA 2 . 2 . Let An be an n-dimensional simplex with the Euclidean topology
and W be a compact topological space. Let if>: W —» An be a single-valued continuous
mapping and T: An —> ka(W) be u.s.c. Then there exists a point x* £ An such that

3. COINCIDENCE THEOREMS

In this section, we shall establish some new coincidence theorems which generalise
some recent results in the literature.

THEOREM 3 . 1 . Let K be a nonempty compact subset of a topological space
X and {Y, {TA}) an H-space. Let G: X -> 2y and T: Y -> ka(K) be set-valued
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mappings such that

(i) T is u.s.c. on Y,
(ii) for each x G X, G(x) is H-convex and for each y eY, G~1(y) contains

a compactly open subset Oy of X (0v may be empty lor some y) such
that K C \Jy€Y Oy.

Then there exist x0 G K and yo G Y such that x0 G T(y0) and y0 G G(x0).

PROOF: Since Oy is compactly open for each y £ Y and K is compact, by (ii),
n

there exists a finite subset {yQ, ylt ..., yn} of Y such that K = \J {Oyi l~l i f ) . For
i=0

each nonempty subset J of {0, 1, . . . , n}, let Fj = ^{j } e J • Then clearly Fj C Fji
whenever J C J' • By Lemma 2.1, there is a continuous mapping g: An —> Y such that
fli(Aj) C Fj for each nonempty subset J of {0, 1, . . . , n} . By (i), T: Y —» ka(K) is
u.s.c. and hence the composition mapping Tog: An —> A;a(if) is also u.s.c. Now let
{/oi fit • • • i /n} be a partition of unity subordinate to the open covering {OVi

Define a mapping f: K —> An by

t = 0

Clearly, / is continuous. By Lemma 2.2, there exists a point x* G An such that
x* G / ( T O J ( I * ) ) so that there exists a point x0 G T o g(x*) C if such that x* =

/(*o)= E/i(*o)ei- Let J(«o) = {» 6 {0, 1, . . . . n} :/,-(»0) ^ 0}, then
t = 0

x* = /•(a;o)ei G A J ( l o )

and for each i G /(x0) , x0 G Oyi C\ K C Oy,. C G^fa). It follows that y< G G(x0) for
each i G J(xo). Since G(xo) is 27-convex, we have

</(x*) G </(AJ(lo)) c FJ ( x o ) C G(x0).

Let yo = s(x*). Then we have x0 G T(y0) and y0 G G(x0). D

REMARK 3.1. Theorem 3.1 improves and generalises Theorem 2.3 of Mehta and Sessa
[14] in several aspects and hence in turn, generalises Theorem 7 of Sessa [16], Theorem
1 of Komiya [13], Theorem 1 of Browder [4] and Theorem 1 of Tarafdar [18].

COROLLARY 3 . 1 . Let K be a nonempty compact subset of a topological space
X and (Y, {FA}) an H-space. Let G: X —» 2Y be a set-valued mapping such that for
each x G X, G(x) is H-convex and for each y G Y, G~1(y) contains a compactly open
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subset Oy of X (Oy may be empty for some y) such that K C LLgy Oy • Then for any
continuous mapping t: Y —> K, there exists a point y0 G Y such that y0 G G(t(y0)).

PROOF: Define a mapping T: Y —> 2K by

T{y) = {t(y)} for each y G Y.

Then T: Y —> ka(K) is u.s.c. By Theorem 3.1, there exist XQ G K and yo & Y such

that x0 G T(y0) = {t(yo)} and y0 6 G(x0). Hence we must have y0 6 G(t(yo)). D

REMARK 3.2. Corollary 3.1 is a version of Corollary 2.2 of Tarafdar [21].

THEOREM 3 . 2 . Let X be a Hausdorfflocally convex topological vector space,
(Y, {r^}) be a compact H-space, T: Y —» 2X be u.s.c. with closed values and g: Y —»
X be continuous such that

(i) for each y 6 Y, T(y) D g(Y) is a non-empty acyclic space,
(ii) for each x G g{Y), A > 0 and any continuous semi-norm p on X, the set

{y 6 Y: p{g{y) — x) < A} is H-convex.

Then there exists yo G Y such that g(yo) G T(y0).

PROOF: Assume that the conclusion is not true. Then g(y) £ T(y) for all y G Y.

By using an argument similar to the one in the proof of Theorem 2 of Ha [11], there
exist A > 0 and a continuous semi-norm p on X such that

(3.1) p(g{y) - x) > A for all y G Y and x G T{y).

Clearly g(Y) is a compact subset of X. Define a mapping T* : Y —> 29^Y^ by

T*{y)=T(y)ng(Y).

By Theorem 3.1.8 of Aubin and Ekeland [1] and the condition (i), T*: Y -> ka(g(Y))

is u .s .c . Define G: g(Y) -* 2Y by

G{x) = {yeY: p(g(y) ~x)< A}, Vz G g(Y).

By the condition (ii), for each x G g(Y), G(x) is JT-convex. It follows from the
continuity of p that for each y G Y, G~1(y) = {x G g(Y): p(g(y) — x) < A} is an
open subset of g(Y). For each x G <7(3O, there is some yi G Y such that a; = p(j/i)
and hence yi G G(z) and x G G ^ i / i ) . Hence g(Y) = U y g y 0 " 1 ^ ) - By Theorem
3.1, there exist x0 G fi(Y) and y0 G Y such that a;0 G T*(y0) = T(y0) H g{Y) and
t/o G G(a;o)- Hence, we have p(g(yo) — Xo) < A and x0 G r(j/0) which contradicts
(3.1). Therefore there exists a point y0 G Y such that 5(3/0) D
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REMARK 3.3. Theorem 3.2 generalises Theorem 2.2 of Mehta and Sessa [14] in several
aspects.

THEOREM 3 . 3 . Let X be a Hausdorff locally convex topological vector space,
(Y, {TA}) be a compact H-space. T: Y —* 2X be u.s.c. with closed values and
g: Y —* X be continuous such that

(i) {or each y EY, g~1{T(y)) is a non-empty acyclic set.

(ii) for each closed convex subset C of X, g~1(C) is an H-convex subset of

Y.

Then there exists a point j/o G Y such that g(yo) G T"(t/o) •

PROOF: Assume that the conclusion does not hold, then, by an argument similar
to that in the proof of Theorem 3.2, there exist A > 0 and a continuous semi-norm p
on X such that

(3.2) p(g{y) - x) > A, for all y G Y and x e T{y).

Define mappings T* : G = Y -> 2Y by

T*(y) = g-\T(y)) for each yeY,

G{y) = {z G Y : p{g{z) - g(y)) < A} for each y E Y.

Since g is continuous and T is u.s.c, it is easy to see that T* has a closed graph.
Note that Y is compact, so by Corollary 3.1.9 of Aubin and Ekeland [1], T* is u.s.c.
with compact values. By (i), T*: Y —» ka(X) is u.s.c. For each y G Y and A =
{2/1, • • •, 3/n} C G(y), let m - g{yi), i = 1, . . . , n and hence y{ G g'^m, i - 1, . . . , n
and A C g~1[co{u\, ..., un)]. By (ii), g~1[co(ui, ..., un)] is 27-convex and so TA C

n
g~l[co(u, ..., « „ ) ] . For any z G TA, there exist Aj > 0, i — 1, ...,n with £ ) A,- = 1

t=i
n

such that g(z) = 52 ^»ui- Note that j/« G G(l/) for i — 1, . . . , n. It follows that

- 5(2/)) = P ( £ A«U« - s{v)J =

and hence TA C G(l/) and G(y) is IT-convex. By the continuity of p and g, for each

is open in Y. For each y G Y\ we have t/ G G(y) and hence Y —
By Theorem 3.1 there exist z0, j/o G Y such that t/0 G T*(z0) — g~1{T{z0)) and
•zo G G(i/o)- Hence we have 5(3/0) G T(z0)

 an<i P(9(ZO) — g(yo)) < ^ which contradicts
(3.2). Hence there exists a point y0 G Y such that 5(1/0) G T(y0). D
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REMARK 3.4. Theorem 3.3 improves Theorem 2 of Ha [11], Theorem 1 of Fan [9] and
Theorem 2 of Fan [10].

4. EXISTENCE OF MAXIMAL ELEMENTS

Let X and Y be two topological spaces and T: X —» 2Y be a preference correspon-
dence. A point a; £ X is said to be a maximal element of the preference correspondence
T if T(x) = 0. The existence theorems of maximal elements have become an important
tool in proving the equilibrium existence of abstract economics or generalised games,
see for example, Borglin and Keiding [3], Yannelis and Prabhakar [22], Ding and Tan
[7, 8] and Tarafdar [20].

THEOREM 4 . 1 . Let K be a nonempty compact subset of a topological space X
and (Y, {F^}) an H-space. Let G: X —> 2Y and T: Y —> 2K be two correspondences.
Suppose that

(i) T is u.s.c. such that for each y £ Y, T(y) is either an empty set or a
closed acych'c set,

(ii) for each y £ Y, some Q~l{y) contains a compactly open subset Oy

of X (Oy may be empty for some y) such that K C U^ev ®v waeTe

Q(x) = H - co(G(x)), the B-convex hull of G(x), (see Tarafdar [19]),
for each x £ X,

(iii) for each (x, y) £ K x Y, x £ T(y) imph'es y g Q{x).

Then either T has a maximal element in Y or Q has a maximal element in K.

PROOF: Assume that both T and Q do not have maximal elements. Then, by
(i), T: Y —» ka(K) is u.s.c. By (ii), for each x £ X, Q(x) is ZT-convex and for each
y £ Y, Q~1(y) contains a compactly open subset Oy of X such that K C Ujgy ®v
By Theorem 3.1, there exist x0 £ K and y0 £ Y such that xo £ T(y0) and y0 £ Q(x0)
which contradicts the condition (iii). The conclusion must hold. U

REMARK 4.1. Theorem 4.1 improves and generalises Theorem 3.3 of Mehta and Sessa
[14].

COROLLARY 4 . 1 . Let (X, {TA}) be a compact H-space and G: X -> 2X a
preference correspondence such that

(i) for each x £ X, x £ H - co(G(x))
(ii) for each y £ X, Q~l{y) contains a compactly open subset Oy of X

(Oy may be empty for some y) such that X = Usgy Oy > 'where Q(x) =
H - co(G(x)) for each x£X.

Then G has a maxima/ element in X.

PROOF: By letting X = Y = K and T(x) = {x} for .each x £ X in Theorem 4.1,
the conclusion follows from Theorem 4.1. U
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