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Introduction

Let f(z) be a nonconstant analytic transformation of the unit circle

U '. I z I < 1 into a Riemann surface Oΐ. As an extension of a classical theorem

of F. and M. Riesz, the author proved in Theorem 3.4 of [2] that if the image

of U is relatively compact in 9? and has universal covering surface of hyper-

bolic type, and if, at every point of a set on I z I - 1 of positive inner linear

measure, there terminates a curve along which f(z) has limit, then the set of

such limits has positive inner logarithmic capacity. This theorem was followed

by the first proposition in Kuramochi [1], which asserts that, if 3£ has a null

boundary and the image of U excludes a set of positive logarithmic capacity on

M and if, at every point of a set E on \z\ = 1, there terminates a curve along

which f(z) has limit in the union of a set of inner logarithmic capacity zero

on 9ί and the boundary components of 9ί, then the inner linear measure of E is

zero.

In this note, we shall show that we can replace the condition in the Kura-

mochi's theorem that the image of U excludes a set of positive logarithmic

capacity by the weaker condition that the image has universal covering surface

of hyperbolic type. Thus the condition, in the author's theorem stated above,

that the image of U is relatively compact in 9ϊ is dispensable. Actually our

theorem below will tell more than this.

1. Let S be a Riemann surface. Consider a filter 35 on it with a base

consisting of a decreasing sequence {Dn) of open sets, and associate a new

element 2 with the filter. We introduce a topology into 3£-f{2} by taking

{Dn-\- {2}} as a base of neighborhoods of 2 and preserving the original bases
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of neighborhoods of the points of 9ΐ.

Suppose that there exists a function v(P) on 5K satisfying

i) it is superharmonic everywhere on 9ΐ or except at a point PQ such that

v(P) is bounded from above in a certain neighborhood of Po,

ii) it is bounded from below everywhere on 9? or, if there exists an excep-

tional point Po, then it is bounded from below outside every neighborhood of P o,

iii) it tends to + oo when P -» S.

Then we shall say that 2 is of harmonic measure zero and call v(P) an as-

sociated function of 2. If v(P) satisfies i), ii) and, instead of iii),

iii') it tends to -f oo when and only when P-> 2,

then we shall call 2 complete and of harmonic measure zero and viP) its as-

sociated function. See Chap. II, nQ 2 of [3] for examples.

Conversely, given a function v{P) which satisfies i) and ii), we obtain a

complete element 2 of harmonic measure zero associated with a filter which

has {Dn) as base, where Dn-{P ί v(P) > n), provided that no Dn is empty.

We shall say that this 2 is determined by v(P). Then v(P) is clearly an as-

sociated function of 2.

Let 2 be an element of harmonic measure zero and v{P) its associated

function. The element 2' determined by v(P) has the property that if a sequence

of points converges to 2 then to 2'.

We shall state a lemma which can be easily proved by Theorems 4 and 6

of [3].

LEMMA. Let F(ζ) be an exceptionally ramified analytic transformation^ of

an angular domain Aζ : 0 < p < p0 ^ 4- oo, 0 < <p < π/2 (C ~'petφ) into a Riemann

surface 9t such that F\ζ) is continuous on Aζ : 0 < p < p0, 0 ^ ψ < π/2, and let

2. be a complete element of harmojiic measure zero added to 9?. If F(ζ) -> 2 as

C -* 0 along the real axis, then F(ζ) -> 2 as C -> 0 in any narrower angular

region 0 < p < p0, 0 *= ψ < π/2 - ε.

2. Now we prove

THEOREM. Lei f(z) be a nonconstant exceptionally ramified analytic trans-

1} For the definition of exceptionally ramified transformation, we refer to Chap. II,
n° 1 of [3].
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formation1' of the unit circle U into a Riemann surface 31 and 2 an element of

harmonic measure zero. If, at every point of a set E on \z I = 1, there terminates

a curve along which f(z) tends to 2, then the linear measure of E is zero.

Proof. Let v(P) be a function associated with 2, and set g(P)

= I/max iv(P)f 1). Let A(θ, r) be the part of the angular domain 1 arg

(l-eiQz)\ <π/4 outside \z\έr, 2~m ^ r < 1. Then sup g(f{z)) for ztΞA(θ, r)

is a lower semicontinuous function of β for every fixed r and will be denoted

by hΛΘ).

Let e10 be a point where terminates a curve / along which f(z) tends to

2. We shall prove that g(f{z)) tends to 0 as z-* et0 from Aid, r). We map

conformally two domains lying between / and two arcs of \z I = 1 onto angular

domains Aζ : 0 < p < p0, 0 < <f < π/2 and Af

ζ : 0 < p < pi 0 < ψ < π/2 respec-

tively in the C-plane so that C =• 0 corresponds to elθ and / corresponds to the

side ψ = 0 of A^ and to the side ψ = 7r/2 of 4̂̂ . We note that if narrower

angular domains 0 < p < p ί , 0 < ψ < π/2 - ε and 0 < p < pΌ, ε <ψ < rr/2 are taken

sufficiently close to Aζ and ^ respectively, then the union of their inverse

images together with / covers A(θ, r) (see the discussion in p. 130 of [3]).

Let 2' be the complete element determined by v(P). In virtue of Lemma, it

follows that f(z(C)) tends to 2' as C -> 0 in any narrower angular regions:

0 < p < po, 0 «g if < π/2 - ε and 0 < p < pi ε < φ £ π/2. Thus f(z) tends to 2'

as z -» eι° in 4̂(/9, r). Therefore, v(f(z))-+ + oo and hence ^ ( / ( 2 ) ) - > 0 as

2-* ^/0 in A(/9, r j .

Now we see that the set £Ό of all points ^ ί9, where /zr(^) decreases to

zero as r - > l , includes 51. We shall show that m(Eΰ)=0. Suppose, to the

contrary, that m(EQ) > 0. By Egoroffs theorem, we can find a closed set F C EQ

with m(F) > 0 such that .^(/(2))-*0 uniformly as2-> eiθ e F inside of A(0, 2"1/2).

Denote by D the union of \z\ ^ 2~1/2 and U A((?, 2"1/2). Its boundary is rectifi-

able and contains F as the intersection with Ul = l. Hence F is of positive

harmonic measure with respect to D by Riesz's theorem in [4]. Consider the

case that there is a point Po at which v(P) is not superharmonic. Since the

convergence is uniform as D ^ z -> F, the inverse image of a certain neighbor-

hood of Po has a positive distance from F in view of condition i) on v(P).

If we exclude this inverse image from D, then F has a positive harmonic measure

with respect to the remaining open set Di. In case v(P) is superharmonic
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everywhere on 9ΐ, we set Dι = D. The function v(/(z)) is bounded from below,

superharmonic in A and tends to +00 as z -» F. Therefore, the harmonic

measure of F with respect to A must be zero. Thus a contradiction is led and

the theorem is proved.

3. If we take diverse examples of 2, we shall have corresponding corol-

laries. We shall give an example.

Let 9? be a space with topology % in which 9ϊ is imbedded in such a manner

that 9f is everywhere dense in 9ί. We shall call 9?δ = 9ί - 9ί boundary of 9ί.

We take a compact set K corresponding to a closed parameter circle. The outer

harmonic measure of a subset @ of the boundary 9ΐδ of 9ΐ with respect to the

domain 9ΐ - K is defined by the lower envelope of the class of positive superhar-

monic functions whose lower limits at @, taken in accordance with %, are not

less than 1. If @ is of outer harmonic measure zero, then there exists viP)

satisfying conditions i) and ii) and tending to +00 as P-* <£. This is shown

in the same way as in Chap. II, n° 2 of [3].

Thus we have

COROLLARY 1. Let 3ϊ be a Riemann surface with boundary 9ϊό, @ α subset

of 9ΐδ 0/ owtef harmonic measure zero in the above sense, and f(z) an excep-

tionally ramified analytic transformation of U into 9ΐ. If, at every Point of a set

E on I z I = 1, f/z£r£ terminates a curve which is transformed to a curve on 9ί

converging to ®, £ft£w the linear measure of E is zero.

From this Corollary follows immediately the following result of Tsuji [5] :

COROLLARY 2. The image of the ideal boundary of an open Riemann surface

with null boundary has linear measure zero on I z I = 1 under the conformal

mapping of the universal covering surface of 9f onto U, provided that this cover-

ing surface is of hyperbolic type.

Here, we may understand by the image of the ideal boundary the set of

points on \z I = 1 such that at each point terminates at least one curve whose

image tends to the ideal boundary.
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