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On the moduli space of τ -connections on a

compact Riemann surface

Indranil Biswas

Abstract

Fix a τ -connection DL on a line bundle L over X × C, where X is a compact connected
Riemann surface of genus at least three. Let MX(DL) denote the moduli space of all
semistable τ -connections of rank n, where n � 2, with the property that the induced
τ -connection on the top exterior product is isomorphic to (L,DL). Let MY (DM ) be the
similar moduli space for another Riemann surface Y with genus(Y ) = genus(X), where
DM is a τ -connection on a line bundleM over Y ×C. We prove that if the variety MX(DL)
is isomorphic to MY (DM ), then X is isomorphic to Y .

Let MD
X denote the moduli space of all rank n flat connections on X. We prove that

MD
X determines X up to finitely many Riemann surfaces. For the very general Riemann

surface X, the variety MD
X determines X.

1. Introduction
Let X be a compact connected Riemann surface of genus g which is at least three. The holomorphic
cotangent bundle of X will be denoted by KX . Let p (respectively, τ) denote the projection of X×C

to X (respectively, C).
Let E be an algebraic vector bundle of rank n on X × C. We recall from [Sim94a, p. 87] that a

τ -connection on E is an algebraic relative differential operator

D : E −→ p∗KX ⊗ E (1.1)

satisfying the identity
D(fs) = fD(s) + τdXf ⊗ s, (1.2)

where s is a (locally defined) section of E and f is a (locally defined) function on X ×C, and dX is
the differential along X; the function τ on X×C is defined above. This identity is equivalent to the
condition that the relative differential operator D is of order one and the symbol of the restriction
of D to X × {λ}, where λ ∈ C, is λ times the identity automorphism of E|X×{λ}. Therefore, for
λ �= 0, the operator D/λ on X × {λ} is a holomorphic connection on E|X×{λ}, and D on X × {0}
is a Higgs field on E|X×{0}. Note that since dimCX = 1, the integrability condition D ◦D = 0 is
automatically satisfied.

If V is a holomorphic vector bundle over X equipped with a holomorphic connection ∇, then
degree(V ) = 0. Therefore, for any subbundle F of V preserved by ∇ we have degree(F )/rank(F ) =
0 = degree(V )/rank(V ). In other words, ∇ is semistable (see [Sim94a, p. 92] for the definition
of semistability of an integrable system). A τ -connection D on E is called semistable if for each
λ ∈ C, the restriction E|X×{λ} equipped with D|X×{λ} is semistable [Sim94a, p. 92]. Since any flat
connection is semistable, D is semistable if and only if the Higgs bundle defined by the Higgs field
D|X×{0} on E|X×{0} is semistable.
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In [Sim94a], Simpson constructed the moduli space of semistable τ -connections (see [Sim94a,
p. 104, Theorem 4.7]). Let MX(n) denote the moduli space of all rank n semistable τ -connections.

If D is a τ -connection on E, then the line bundle
∧nE has a τ -connection induced by D. Let L

be a holomorphic line bundle over X of degree zero. Fix a τ -connection DL on p∗L. For example, if
∇ is a unitary connection on L, then λ∇ over X × {λ}, where λ �= 0, and the Higgs bundle (L, 0)
over X × {0} together define a τ -connection on p∗L.

Let MX(DL) ⊂ MX(n) denote the subvariety consisting of all τ -connections (E,D) such that
the τ -connection (p∗L,DL) is isomorphic to (

∧nE,D). In other words, p∗L is isomorphic to
∧nE

and an (hence any) isomorphism takes the τ -connection DL on p∗L to the one on
∧nE induced

by D. Therefore, MX(DL) is the analog of a fixed determinant moduli space. The moduli space
MX(DL) is a reduced irreducible quasi-projective variety over C of dimension 2(n2 − 1)(g − 1) + 1
equipped with a natural projection to C.

The isomorphism class of the variety MX(DL) does not depend on the choice of L or DL.
For another compact connected Riemann surface Y of genus g, let M be a line bundle on Y

and DM a τ -connection on the pullback of M to Y × C. Let MY (DM ) denote the moduli space of
all rank n semistable τ -connections on Y such that the τ -connection induced on the top exterior
product coincides with (M,DM ).

The following result is proved in § 3.

Theorem 1.1. If the two varieties MY (DM ) and MX(DL) are isomorphic, then X is isomorphic
to Y .

Let MD
X denote the moduli space of all flat connections on X of rank n. We prove that there

are only finitely many Riemann surfaces Y with the property that the variety MD
X is isomorphic

to MD
Y , the moduli space of all flat connections of rank n on Y . Furthermore, if X is very general,

then MD
X is isomorphic to the moduli space of all flat connections of rank n on a Riemann surface

Y if and only if Y is isomorphic to X (Theorem 5.2).
Let Homr(π1(X),GL(n,C))/GL(n,C) be the quotient of the space of all completely reducible

representations of the fundamental group of X in GL(n,C) by the conjugation action of GL(n,C)
on the representation space. Given a flat vector bundle E over X, considering the monodromy of
the connection a homomorphism from π1(X,x0) to GL(Ex0) is obtained. This defines a biholomor-
phism of the moduli space MD

X with the representation space Homr(π1(X),GL(n,C))/GL(n,C).
Consequently, the biholomorphism class of the variety MD

X depends only on the topology of X.
In other words, MD

X is biholomorphic to MD
Y if X and Y are of same genus. Thus the analytic and

algebraic isomorphism classes of MD
X are different.

In [Bis02] we investigated the moduli space of rank one connections on a Riemann surface.

2. Moduli space of Higgs bundle

As before, let X be a compact connected Riemann surface of genus g, with g � 3. A Higgs bundle
over X is a pair (V, θ), where V is a holomorphic vector bundle over X and θ is a holomorphic
section of KX ⊗ End(V ). The Higgs bundle (V, θ) is called stable if for every proper subbundle F
of V of positive rank, with θ(F ) ⊂ KX ⊗ F , the strict inequality

degree(F )/rank(F ) < degree(V )/rank(V )

is satisfied; if instead the weaker inequality ‘�’ is satisfied then it is called semistable [Hit87].
Fix a line bundle L over X of degree zero and an integer n � 2. Let MH

X(L) denote the moduli
space of all semistable Higgs bundles (V, θ) of rank n over X satisfying the two conditions that∧nE ∼= L and trace(θ) = 0 [Hit87, Sim94a].
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The moduli space MH
X(L) is equipped with a natural action of C∗. For any c ∈ C∗, the action

of c sends a Higgs bundle (V, θ) to (V, cθ). (See [Sim92, Hit87] for properties of this action.)
Let ω denote the vector field on MH

X(L) defined by the action of C∗. In other words, for any
point z ∈ MH

X(L), the tangent vector ω(z) ∈ TzMH
X(L) coincides with the image of 1 ∈ T1C∗ by

the differential of the map C∗ −→ MH
X(L) defined by the orbit of the action passing through z.

Let NX(L) denote the moduli space of (usual) semistable vector bundles V over X of rank n
with

∧n V isomorphic to L. There is a natural inclusion map

ψ : NX(L) −→ MH
X(L)

that sends any V to the Higgs bundle (V, 0). Clearly the above vector field ω vanishes on ψ(NX(L)).
Let N s

X(L) ⊂ NX(L) denote the moduli space of all stable vector bundles.
Let MH

X(L)s ⊂ MH
X(L) denote the smooth locus. So MH

X(L)s is the moduli space of stable
Higgs bundles. Note that the action of C∗ on MH

X(L) preserves MH
X(L)s (and hence its complement,

namely the singular locus). Let Z(ω) ⊂ MH
X(L)s denote the subvariety where the vector field ω

vanishes.

Lemma 2.1. The subvariety Z(ω) of MH
X(L)s has exactly one irreducible component of dimension

(n2 − 1)(g − 1) and all other components are of smaller dimension. This unique component is
ψ(N s

X(L)) = ψ(NX(L)) ∩MH
X(L)s.

Proof. Take any point z ∈ Z(ω). Since ω vanishes at z, we conclude that z must be a fixed point of
the C∗ action on MH

X(L)s. Indeed, by considering translations using the action, the vector field ω
must vanish on the entire orbit of z and hence the orbit is the single point z.

Let N ⊂ MH
X(L)s be the nilpotent cone that consists of all Higgs bundles (V, θ) such that

trace(θj) = 0 for all j � 1. In other words, N is the inverse image of 0 of the Hitchin map
[Hit87, Lau88]. (We will define Hitchin map in § 4 where we actually use it.) The components
of N are parametrized by the conjugacy classes in sl(n,C) (for the adjoint action of SL(n,C))
of the subvariety of nilpotent elements. Each component is of dimension (n2 − 1)(g − 1). In fact
they are Lagrangian subvarieties. The image ψ(N s

X(L)) is the component of N that corresponds to
0 ∈ sl(n,C). Each component of N is preserved by the C∗ action. See [Lau88] for the details.

Since trace((cθ)j) = cjtrace(θj), it follows immediately that all the fixed points of the C∗ action,
namely the points of Z(ω), are contained in N .

Take any component N ′ of N other than ψ(N s
X(L)). Let z be a point of N ′ which is not in

any other component of N . The Lemma 11.9 of [Sim94b] (see [Sim94b, p. 76]) says that there is a
different point z′ ∈ N ′, z′ �= z, such that z is in the closure of the orbit (for the C∗ action) of z′.
This immediately implies that the action of C∗ is non-trivial on the general point of N ′.

Therefore, the general point of N ′ is not contained in Z(ω). On the other hand, we have
ψ(N s

X(L)) ⊂ Z(ω) and Z(ω) ⊂ N . Since all the components of N are of dimension (n2 − 1)(g − 1),
this completes the proof of the lemma.

The following lemma implies that any vector field on MH
X(L)s vanishes on the subvariety

ψ(N s
X(L)).

Lemma 2.2. H0(N s
X(L), ψ∗TMH

X(L)s) = 0.

Proof. The total space of the cotangent bundle T ∗N s
X(L) sits inside TMH

X(L)s with ψ identified
with the zero section. Hence

ψ∗TMH
X(L)s ∼= TN s

X(L) ⊕ T ∗N s
X(L).
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Consequently, it suffices to show that

H0(N s
X(L), TN s

X(L)) = 0 = H0(N s
X(L), T ∗N s

X(L)). (2.1)

This is well known and follows immediately from the method, initiated in [NR75], of computing
cohomology on moduli space using the Hecke transformation. However, we will give the details of
the argument.

Let MX(n,−1) denote the moduli space of all semistable vector bundles over X of rank n and
degree −1. Let P denote the universal projective bundle over X×N s

X(L). So P is the moduli space of
triples of the form (x,E, l), where x ∈ X, E ∈ N s

X(L), and l is a quotient of Ex of dimension one. Let

f : P −− → Z ⊂ X ×MX(n,−1)

be the Hecke map (see [NR75] for its definition) where Z is the fiber bundle over X whose fiber
over any x ∈ X is the moduli space of all semistable vector bundles V over X of rank n and∧n V ∼= L⊗OX(−x).

Let p (respectively, q) denote the obvious projection of P to N s
X(L) (respectively, X). We know

T(q,p) ⊗ q∗KX
∼= T ∗

f (2.2)

on P, where T ∗
f is the relative cotangent bundle for f and T(q,p) is the relative tangent bundle for

the projection (q, p) to X ×N s
X(L).

We have TN s
X(L) ∼= R1p∗T(q,p) and T ∗N s

X(L) ∼= p∗(T(q,p) ⊗ q∗KX).
So, H0(N s

X(L), TN s
X(L)) ∼= H1(P, T(q,p)) (since (q, p) is a projective fibration). But using (2.2)

and taking the direct image to Z,

H1(P, T(q,p)) ∼= H0(X,TX) = 0

as f is also a projective fibration.
Similarly, H0(N s

X(L), T ∗N s
X(L)) ∼= H0(P, T(q,p) ⊗ q∗KX). Now using (2.2),

H0(P, T(q,p) ⊗ q∗KX) ∼= H0(Z, f∗T ∗
f ) = 0.

Indeed, f∗T ∗
f = 0 as f is a projective fibration.

Since H0(N s
X(L), TN s

X(L)) = 0 = H0(N s
X(L), T ∗N s

X(L)), the proof of the lemma is complete.

Now we are in a position to prove a Torelli type theorem for MH
X(L). Let Y be a compact

connected Riemann surface of genus g and M a holomorphic line bundle over Y of degree zero.
Let MH

Y (M) denote the moduli space of all semistable Higgs bundles (V, θ) of rank n over Y with∧n V ∼= M and trace(θ) = 0.

Theorem 2.3. If the two varieties MH
X(L) and MH

Y (M) are isomorphic, then the Riemann surface
X is biholomorphic to Y .

Proof. From Lemma 2.2 it follows that for any C∗ action on MH
X(L), the subvariety ψ(NX(L)) is

contained in the fixed point set of the action. On the other hand, Lemma 2.1 implies that there
is a C∗ action on MH

X(L) such that the only irreducible component of dimension (n2 − 1)(g − 1)
of the fixed point set is ψ(NX(L)), and all other components for this action are of strictly smaller
dimension. Therefore, the subvariety ψ(NX(L)) of MH

X(L) is determined among all the subvarieties
by the following two properties:

i) it is irreducible of dimension (n2 − 1)(g − 1);

ii) for any C∗ action on MH
X(L), it is contained in the fixed point set.

In other words, any subvariety of MH
X(L) that satisfies the two conditions must be ψ(NX(L)).

426

https://doi.org/10.1112/S0010437X0300037X Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X0300037X


Moduli space of τ-connections

A theorem due to Kouvidakis and Pantev [KP95, p. 229, Theorem E] says that if the moduli
space NX(L) is isomorphic to the moduli space MY (M) of all fixed determinant semistable vector
bundles on Y , then X is isomorphic to Y . This completes the proof of the theorem.

In the next section we will use Theorem 2.3 to prove Theorem 1.1 stated in § 1.

3. Proof of Theorem 1.1

Fix a holomorphic connection ∇L on L. Note that a holomorphic connection on a Riemann surface
is automatically flat. Consider all holomorphic connections of the form (V,∇) on X, where V is a
holomorphic vector bundle of rank n with

∧n V ∼= L and ∇ is a holomorphic connection on V such
that the above isomorphism takes the connection ∇L to the one on

∧n V induced by ∇. Let MD
X(L)

denote the moduli space of all connections of this type [Sim94a]. Note that for a different choice
of ∇L, the corresponding moduli space is canonically isomorphic to MD

X(L). Therefore, the moduli
space is independent of the choice of ∇L.

Consider the moduli space of τ -connections MX(DL) defined in § 1. We recall from [Sim94a]
that there is a natural projection

γ : MX(DL) −→ C (3.1)

such that the fiber over any c ∈ C∗ is isomorphic to the moduli space MD
X(L) and the fiber over

zero is the moduli space of Higgs bundles MH
X(L).

Lemma 3.1. H0(MD
X(L),OMD

X (L)) = C.

This lemma will be proved in the next section. In this section we will assume Lemma 3.1 and
prove Theorem 1.1.

Now, Lemma 3.1 implies that for any c ∈ C∗, there is no non-constant function on the fiber
γ−1(c), where γ is the map in (3.1). Consequently, any function on MX(DL) is the pullback,
using γ, of a function on C. In other words, considering the natural map

MX(DL) −→ Spec(Γ(MX(DL))) (3.2)

where Γ(MX(DL)) is the algebra of global functions on MX(DL), the fibration defined by γ is
recovered.

If all the fibers of γ are isomorphic, then taking any fiber of (3.2) we get MH
X(L). If MH

X(L) is
not isomorphic to MD

X(L), then we obtain MH
X(L) as the unique fiber of the map in (3.2) which is

different from all other fibers (which are themselves isomorphic).
In view of Lemma 2.3, this observation completes the proof of Theorem 1.1.

4. Proof of Lemma 3.1

Let U ⊂ MD
X(L) be the (non-empty) Zariski open subset consisting of all pairs (V,∇) such that

the underlying holomorphic vector bundle V is stable. To prove Lemma 3.1 it suffices to show

H0(U,OU ) = C, (4.1)

that is, U does not admit any non-constant function.
As before, let N s

X(L) denote the moduli space of stable vector bundles of rank n and determi-
nant L. So we have a natural projection

β : U −→ N s
X(L)
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that sends any (V,∇) to the underlying vector bundle V . The fiber of β over a vector bundle
V ∈ N s

X(L) is an affine space for the vector space

H0(X,KX ⊗ ad(V )) ∼= T ∗
V N s

X(L).

Indeed, any two connections on V with a fixed connection on
∧n V differ by a section of KX⊗ad(V ).

In other words, U is a T ∗N s
X(L)-torsor.

Let Θ denote the generalized theta line bundle over N s
X(L). In other words, Θ is the positive

generator of Pic(N s
X(L)) ∼= Z.

Consider the Atiyah exact sequence (see [AtiS7])

0 −→ O −→ At(Θ) := Diff1(Θ,Θ) −→ TN s
X(L) −→ 0, (4.2)

where the surjective map is the symbol map of differential operator. Let

0 −→ T ∗N s
X(L) σ−→ At(Θ)∗ α−→ O −→ 0 (4.3)

be the dual sequence.
The subvariety α−1(1) of the total space of At(Θ)∗ defined by the inverse image of the image of

the constant section 1 of O will be denoted by Conn(Θ).
Let

φ : Conn(Θ) −→ N s
X(L)

be the natural projection. Clearly, the map φ makes Conn(Θ) a T ∗N s
X(L)-torsor. The space of all

holomorphic sections of φ over an open subset W is in bijective correspondence with the space of
all holomorphic connections on Θ|W [AtiS7].

It is known that the variety Conn(Θ) is isomorphic to U . The collection of all isomorphism
classes of T ∗N s

X(L)-torsors are parametrized by H1(N s
X(L), T ∗N s

X(L)). Let A1 and A2 be two such
torsors corresponding to cohomology classes ω1 and ω2 respectively. Then the total space of A1 is
isomorphic to the total space of A2 if ω1 = cω2 for some c ∈ C∗. Since

dimH1(N s
X(L), T ∗N s

X(L)) = 1,

the total spaces of any two non-trivial T ∗N s
X(L)-torsors are isomorphic. It is easy to see that both

the torsors U and Conn(Θ) are non-trivial. In [ZT86] and [BR98] it is proved that U and Conn(Θ)
are isomorphic as T ∗N s

X(L)-torsors.
Therefore, the following lemma proves (4.1).

Lemma 4.1. H0(Conn(Θ),OConn(Θ)) = C.

Proof. To prove the lemma, let PAt(Θ) be the projective bundle over N s
X(L) consisting of all lines

in At(Θ)∗. Let PT denote the projectivization of the tangent bundle TN s
X(L), that is, the space of

all lines in T ∗N s
X(L). Using the homomorphism σ in (4.3), we have PT as a subvariety of PAt(Θ).

The complement coincides with Conn(Θ). Therefore,

H0(Conn(Θ),OConn(Θ)) ∼= H0(PAt(Θ),OPAt(Θ)(∗PT )), (4.4)

where H0(PAt(Θ),OPAt(Θ)(∗PT )) is the direct limit of H0(PAt(Θ),OPAt(Θ)(kPT )) with k ∈ N.
Note that the line bundle OPAt(Θ)(PT ) is canonically identified with the tautological line bundle

OPAt(Θ)(1). So, for any k � 0,

H0(PAt(Θ),OPAt(Θ)(kPT )) ∼= H0(N s
X(L),SymkAt(Θ)), (4.5)

where Symk denotes the kth symmetric power.
From (4.2) we have an exact sequence

0 −→ Symk−1At(Θ) −→ SymkAt(Θ) −→ SymkTN s
X(L) −→ 0 (4.6)
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for each k � 1. In view of (4.4) and (4.5), to prove the lemma it suffices to show that the coboundary
homomorphism (for the exact sequence (4.6))

bk : H0(N s
X(L),SymkTN s

X(L)) −→ H1(N s
X(L),Symk−1At(Θ))

is injective for each k � 1. Let

Symk−1(σ∗) : Symk−1At(Θ) −→ Symk−1TN s
X(L)

be the symmetric power of the projection σ∗ : At(Θ) −→ TN s
X(L) in (4.2). Let

fk := Symk−1(σ∗) ◦ bk : H0(N s
X(L),SymkTN s

X(L)) −→ H1(N s
X(L),Symk−1TN s

X(L)) (4.7)

be the composition homomorphism constructed in an obvious way. To prove that the above cobound-
ary homomorphism bk, k � 1, is injective, it is enough to show that fk in (4.7) is injective for each
k � 1.

Since the natural projection
φ1 : T ∗N s

X(L) −→ N s
X(L)

is an affine fibration, all the higher direct images vanish. Consequently, we have

H i(T ∗N s
X(L),O) ∼= H i(N s

X(L), φ1
∗O) ∼=

∞⊕
j�0

H i(N s
X(L),SymjTN s

X(L)) (4.8)

for each i � 0. Now, to describe H i(T ∗N s
X(L),O) we will use the Hitchin map.

Let

H : T ∗N s
X(L) −→ V :=

n⊕
i=1

H0(X,K⊗i
X )

be the Hitchin map that sends any (E, θ) to
∑n

i=1 trace(θi). The general fiber of H is a complement,
in some abelian variety (called a Prym variety), of a subvariety of codimension at least three
(see [BNR89, Hit87]). Hence any function on T ∗N s

X(L) descends to a function on the vector space V.
The space of all functions on V that vanish at 0 is identified with

C := dH0(V,OV ) ⊂ H0(V, T ∗V),

the space of all exact algebraic one-forms on V, by sending any function f to df .
Combining these, and setting i = 0 in (4.8), we have an isomorphism

δ :
∞⊕

k=1

H0(N s
X(L),SymkTN s

X(L)) ∼= H0(T ∗N s
X(L),O) −→ C (4.9)

that sends any section s ∈ H0(N s
X(L),SymkTN s

X(L)) to df , where f is the function on V defined
by s.

Let TH denote the relative tangent bundle on T ∗N s
X(L) for the Hitchin map. Using the symplectic

structure on T ∗N s
X(L), the pulled back bundle H∗T ∗V is identified with TH over the general fiber.

This follows from the fact that H defines a completely integrable system. Consequently, H0(V, T ∗V)
is identified with a subspace of the space of sections of TH. So we have constructed an injective
homomorphism

ι : C =
∞⊕

k=1

δ(H0(N s
X(L),SymkTN s

X(L))) −→ H0(T ∗N s
X(L), TH) (4.10)

from the space of all exact algebraic forms.
Any ω ∈ H1(N s

X(L), T ∗N s
X(L)) gives a homomorphism

H0(N s
X(L),SymkTN s

X(L)) −→ H1(N s
X(L),SymkTN s

X(L) ⊗ T ∗N s
X(L))
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by cupping with ω. Now contracting T ∗N s
X(L) with its dual T ∗N s

X(L) a homomorphism

H0(N s
X(L),SymkTN s

X(L)) −→ H1(N s
X(L),Symk−1TN s

X(L)) (4.11)

is obtained. The homomorphism fk in (4.7) coincides with the homomorphism in (4.11) for ω =
kc1(Θ).

Consider the homomorphism

Φ : H0(T ∗N s
X(L), TH) −→ H1(T ∗N s

X(L),O) (4.12)

constructed using the combination of the cup product defined by

c1((φ1)∗Θ) ∈ H1(T ∗N s
X(L), T ∗T ∗N s

X(L))

and the natural duality pairing TH ⊗ T ∗T ∗N s
X(L) −→ OT ∗N s

X(L). Since c1((φ1)∗Θ) = (φ1)∗c1(Θ),
from the above description of fk using (4.11) it follows immediately that kΦ ◦ ι ◦ δ(wk), for any
wk ∈ H0(N s

X(L),SymkTN s
X(L)), coincides with the image of fk(wk) in H1(T ∗N s

X(L),O) by (4.8).
Therefore, to prove that each fi, i � 1, is injective, it suffices to show that the restriction Φ|ι(C) is
injective.

The pullback of Θ to any fiber of the Hitchin map remains ample [BNR89]. For an ample line
bundle L on an abelian variety A, the homomorphismH0(A,TA) −→ H1(A,OA) defined by cupping
with c1(L) ∈ H1(A,T ∗A) (as in (4.11)) is an isomorphism. In particular, this homomorphism for
the restriction of Θ to a Prym variety (general fiber for the Hitchin map on the moduli space of
Higgs bundles) is injective. Using this together with the earlier remark that the general fiber of H is
the complement in a Prym variety (which is an abelian variety) of some subvariety of codimension
at least three, it follows immediately that the homomorphism Φ|ι(C) is injective. Indeed, given any
non-zero exact one-form ν ∈ C \ {0}, take v ∈ V such that ν(v) �= 0 and the fiber H−1(v) is the
complement (in the Prym variety) of a subvariety of codimension at least three. From the earlier
remark that the homomorphism H0(A,TA) −→ H1(A,OA) is injective it follows that the image
of ν by the composition of the homomorphism Φ ◦ ι : C −→ H1(T ∗N s

X(L),O) with the restriction
homomorphism

H1(T ∗N s
X(L),O) −→ H1(H−1(v),O)

is non-zero. Consequently, the homomorphism Φ|ι(C) in (4.12) must be injective. This completes the
proof of the lemma.

It was noted earlier that Lemma 4.1 proves Lemma 3.1. Therefore, the proof of Lemma 3.1 is
complete.

In the next section we will prove a Torelli type theorem for the moduli space of flat connections
on X.

5. The moduli space of flat connections

As before, let X be a compact connected Riemann surface of genus g, with g � 3. Let MD
X denote

the moduli space of all pairs of the form (V,∇), where V is a holomorphic vector bundle of rank n
over X and ∇ is a holomorphic connection on V . As we noted earlier, ∇ is automatically flat. The
moduli space MD

X is irreducible.
Let Pic0(X) denote the Jacobian of X parametrizing isomorphism classes of all degree zero line

bundles. We have a surjective algebraic morphism

F : MD
X −→ Pic0(X) (5.1)

that sends any flat connection (V,∇) to the line bundle
∧n V .
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Lemma 5.1. Let A be a complex abelian variety and

f : MD
X −→ A

an algebraic morphism. Then there is a unique algebraic morphism

f0 : Pic0(X) −→ A

satisfying the condition f0 ◦ F = f , where F is defined in (5.1).

Proof. Let E be a stable vector bundle of rank n and degree zero over X. Note that any holomor-
phic connection on E is irreducible. Indeed, if F is a subbundle of E preserved by a holomorphic
connection ∇ on E, then degree(F ) = 0, as F admits a holomorphic connection. This contradicts
stability of E if F is of positive rank.

Let D(E) denote the space of all holomorphic connections on E. This space D(E) is an affine
space for the vector spaceH0(X,KX⊗End(E)). In particular, D(E) is a rational variety of dimension
n2(g − 1) + 1. So the restriction of f (in the statement of the lemma) to D(E) is a constant map,
as there are no non-constant maps from a rational variety to an abelian variety.

Let MX(n) denote the moduli space of all stable vector bundles over X of rank n and degree
zero. For a non-empty Zariski open subset of the moduli space MD

X the underlying vector bundle
over X is stable. In other words, there is a non-empty Zariski open subset U ⊂ MX(n) and a map

ψ : U −→ MX(n) (5.2)

defined by (V,∇) �−→ V . For any E ∈ MX(n), the fiber ψ−1(E) is D(E).
The above observation that the restriction of f to D(E) is a constant map immediately implies

that there is a map

ψ0 : MX(n) −→ A (5.3)

such that

ψ0 ◦ ψ = f (5.4)

over U . Let

F0 : MX(n) −→ Pic0(X) (5.5)

be the map that sends any stable vector bundle V to
∧n V . So, F0 ◦ψ = F over U , where ψ and F

are defined in (5.2) and (5.1) respectively.
For any degree zero line bundle L over X, let N s

X(L) denote the moduli space of all stable vector
bundles V of rank n over X with

∧n V ∼= L. So, N s
X(L) is identified with F−1

0 (L).
Fix a point x0 ∈ X. Let W be a stable vector bundle of rank n over X such that

∧nW ∼=
L⊗OX(x0). Let P(Wx0) be the projective space parametrizing all one-dimensional quotients of the
fiber Wx0 . For any quotient ξ ∈ P(Wx0), consider the vector bundle Wξ over X of rank n defined
by the exact sequence

0 −→Wξ −→W −→ ξ −→ 0.

Clearly,
∧nWξ

∼= L. It is easy to check that the vector bundle Wξ is stable (see [BBGN02, p. 563,
Lemma 2]).

Consequently, the projective space P(Wx0) is realized as a subvariety of N s
X(L) by sending any

ξ ∈ P(Wx0) to Wξ (see [BBGN02, p. 564, Lemma 3]). The restriction of the map ψ0 (defined in
(5.3)) to P(Wx0) ⊂ N s

X(L) must be a constant map, as A being an abelian variety there are no
non-constant maps to it from a projective space.

From the above observation that ψ0|P(Wx0) is a constant map it follows that ψ0|N s
X(L) itself

is a constant map. To prove this first recall that Pic(N s
X(L)) ∼= Z [DN89, p. 55, Théoréme B].
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This implies that if the restriction of ψ0 to N s
X(L) is not a constant map then the pullback ψ∗

0ζ
must be an ample line bundle, where ζ is a very ample line bundle over A. Indeed, in that case

dimH0(N s
X(L), ψ∗

0ζ) > 1,

and hence ψ∗
0ζ must be ample as Pic(N s

X(L)) ∼= Z and N s
X(L) does not admit any non-constant

holomorphic function. On the other hand, the restriction of ψ∗
0ζ to P(Wx0) is the trivial line bundle.

Hence the restriction of ψ0 to N s
X(L) must be a constant map.

Consequently, there is an algebraic map

f0 : Pic0(X) −→ A

such that ψ0 = f0 ◦ F0 over MX(n), where F0 and ψ0 are defined in (5.5) and (5.3) respectively.
Note that as the map F0 is surjective, the identity ψ0 = f0 ◦ F0 uniquely determines f0.

So we have f0 ◦ F0 ◦ ψ = f over U , as ψ0 ◦ ψ = f (see (5.4)).
Finally, since F0 ◦ψ = F and U is Zariski dense in MD

X the proof of the lemma is complete.

The Torelli theorem for Riemann surfaces says that a connected Riemann surface is determined
by its Jacobian equipped with the principal polarization defined by a theta divisor. Lemma 5.1 says
that MD

X determines the Jacobian Pic0(X). But this does not quite determine X, as two different
Riemann surfaces may have isomorphic Jacobians (in that case the principal polarizations have to
be different by the Torelli theorem for Riemann surfaces). However, a result due to Narasimhan and
Nori says that there can only be finitely many Riemann surfaces sharing a common Jacobian.
More precisely, there are, up to isomorphism, only finitely many compact connected Riemann
surfaces having a given abelian variety as their Jacobian [NN81, p. 125, Corollary 1.2].

If X is a very general Riemann surface, then the rank of the Néron–Severi group NS(Pic0(X))
is one [BN97, p. 711, Theorem 5.1]. This means that there is a countable union of proper closed
algebraic subvarieties B of the moduli space of complex curves of genus g such that for any Riemann
surface X in the complement of B, the rank of NS(Pic0(X)) is one. Note that B is nowhere dense
for the Euclidean topology on the moduli space of curves. If the rank of NS(Pic0(X)) is one, then
Pic0(X) clearly can have at most one principal polarization. By a very general Riemann surface we
will mean one in the complement of B in the moduli space.

Lemma 5.1 and the above results combine together to give the following theorem.

Theorem 5.2. There are, up to isomorphism, only finitely many connected Riemann surfaces Y
with the property that the moduli space of rank n holomorphic connections on Y is isomorphic
to MD

X .

If X is a very general Riemann surface, then the condition that MD
X is isomorphic to the moduli

space of all rank n holomorphic connections on Y implies that the Riemann surface Y is isomorphic
to X.

As noted in § 1, the biholomorphism class of MD
X depends only on the genus of X. In other

words, it is independent of the complex structure of X.

Remark 5.3. We will give a brief outline of an argument that MD
X(L) (defined earlier as the moduli

space of all connections with a fixed connection on the fixed top exterior power) determines the
Jacobian of X. Consider the smooth locus of U of MD

X(L). Let U ′ ⊂ U be the Zariski open subset
consisting of all flat connections such that the underlying vector bundle is stable. The natural pro-
jection of U ′ to N s

X(L) makes U ′ a Zariski locally trivial fiber bundle over N s
X(L) with C(g−1)(n2−1)

as the fiber, and the codimension of the complement U \ U ′ is at least three. Therefore, the inter-
mediate Jacobian J2(U ′) is isomorphic to J2(N s

X(L)) (respectively, J2(U)) with the isomorphism
obtained from the projection (respectively, inclusion) map. (See [BZ98, p. 101] and [EV88, p. 57]

432

https://doi.org/10.1112/S0010437X0300037X Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X0300037X


Moduli space of τ-connections

for the intermediate Jacobian of a smooth quasi-projective variety.) On the other hand, J2(N s
X(L))

is isomorphic to Pic0(X). Note that

dimH i(N s
X(L),Q) =




0 if i = 1,
1 if i = 2,
2g if i = 3,

(see [Kir96]), which implies that dimJ2(N s
X(L)) = g. A natural map from Pic0(X) to J2(N s

X(L))
is constructed as follows. Fix a point x0 ∈ X and let U be the pullback to N s

X(L) × Pic0(X) of
the universal projective bundle over X × MX(n) by the map defined by (E, ξ) �−→ (x0, E ⊗ ξ).
Considering U as a family of projective bundles over N s

X(L) parametrized by Pic0(X) the second
characteristic class of a projective bundle defines a map

ϕ : Pic0(X) −→ H4
D(N s

X(L))

to the Deligne–Beilinson cohomology; the map ϕ is known as the Abel–Jacobi map (see [EV88,
p. 85, Corollary 7.7] and [EV88, p. 86, Theorem 7.11]). The map ϕ induces a map

ϕ′ : Pic0(X) −→ J2(N s
X(L))

defined by θ �−→ ϕ(θ) − ϕ(0), where 0 is the identity element of Pic0(X). For a different choice of
the base point x0, the map ϕ′ simply gets translated. Using this isomorphism MD

X(L) determines
Pic0(X).
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