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THE NATURAL OSCILLATIONS OF AN ICE-COVERED CHANNEL 

By THEODORE GREEN 

(Department of Civil and Environmental Engineering, University of Wisconsin- Madison, 1415 Johnson Drive, Madison , 
Wisconsin 53706, U.S.A.) 

ABSTR ACT. The na tural mod es of oscillat ion of an infinitel y lo ng, ice­
covered channel a re consid ered, using the hydrostatic approxima tio n, and 
assuming the ice to behave elasticall y. The dispersion relation, mode shape, 
and associated force on the chann el wall a re found for th e lowes t three 
modes. Special a u cntion is paid to the li mitations associa ted with the 
hydrostat ic a nd elastic approximatio ns. 

REsUME. Les oscillalions nalurelles d'un chenal couverl de glace. Les modes 
d'oscill ations na rurell es d'un chenal infiniment long recouvcrt de glace sont 
envisages en utilisant I'a pproxim atio n h yd rosla lique et en supposant que la 
gl ace ail un comportement elasLique. La relation de dispersion , le mode de 
fo rme et les forces associees sur les bards du chenal sont obtenus po ur les trois 

I NTRODUCT I ON 

The vertical motion of ice whi ch covers a body of 
water can be very important to structures adhering to 
this ice. An example is the phenomenon of "ice jacking", 
where continued small vertical oscillations of the ice 
can pull up a pile several meters high over the course 
of a winter (see, e.g. Wortley, [1978]). Such oscilla­
tions are particularly troublesome in harbors, where 
there are usually many structures, and are often 
associated with a natural resonance of the water in 
the harbor. Thus, it is both interesting and important 
to consider the properties of such sei ching when the 
harbor is covered with ice. 

A simple model related to this behavior is con­
sidered below: the transverse oscillations in an in­
finitely long channel of uniform depth and with vert­
ical walls. The ice i s assumed t o be elastic, and the 
water pressure hydrostatic, that is, the lon9-wave 
approximation is used. There have been relatively few 
studies of waves under ice in situations where lateral 
boundaries are important (see, e.g., Stoker, 1957). 
Thus, the work below should probably be considered a 
base-line study , on which improvements can and should 
be made. However, the algebra involved is rather 
tedious, and these results are reported now, in an 
attempt to set the stage 'for further work. Special 
attention is devoted below to the conditions under 
whi ch the natural approximations of water hydrostati cs 
and ice elasticity both hold. Finally, it doe s seem 
that this rather idealized model, which incorporates 
the dynamics of the motion of the underlying water, 
is an improvement over the commonly used model of an 
elastic plate on an ela stic foundation. 

THE MODEL 

The situation considered is shown in Figure 1. 
Ice of uniform thi ckness 2h covers an infinitely long 
channel of uniform depth H and width W. The x coord­
inate has its origin at the channel center, and is 
directed across the channel. The z coordinate is 
positive upward. The effects of the Earth's rotation 
are neglected, the pressure is assumed hydrostatic, 
and the ice elastic. The oscillations are taken to 
be small in amplitude. Then the linearized equations 
of motion are, when variations along the channel are 
assumed to vanish ~toker, 1957), 

modes inferieu rs. Une atten tio n particuliere est pan ee aux li mitations dues 
a ux approximations hydrosta tiqu es et clastiqucs. 

Z USAMM ENFASSUNG. Die naliirlichen Os{i/lalionen eines eisbedecklen Kanals. Die 
natiirli chen Oszilla tionszus tande eines unbegrenzt langen, eisbedeckten 
K a na ls werden betrachte t, wobei d ie hydroslal ische Naheru ng benutzt u nd 
elast isches Verh alten des Eises angenommen wi rd . Die Dispersions­
bez iehung, die Zusta nd sfo rm und die auf die K a na lwa nd ausgeubte Kra ft 
werden fur die drei untersten Zusta nde fes tgestell t. Bcsond ere Auf­
merksa mkeil gall den Einsch ran kungen infolge d e r h ydrosta tischen und 
e1as tischen Naherungen . 

Fi g . 1 . The ooordinate system and bas i o notation fo r 
t he model . Note t hat t he ioe is assumed to be r igi dly 
olamped to (i . e . f r ozen t o) the ohannel walls . 

au 1 a p 
+ -- 0, 

at p ax 

a~ au 
+ H- 0, 

a t ax 

p = pg(~ -z) 
(1) 

+ Po' 

34 ~ 32~ 

Po D -+ 2hp i 
ax4 a t2 

Here, ~ i s the displa cement of the i ce from it s equi-
1 ibrium position, u is wat er velocity in the x direc­
tion, p is water pre ss ure, Po is water pre ss ure at 
the i ce-water interface, p is water den sity, Pi i s ic e 
density, D = 2h3 E/ 3(1-v2 ) i s the fle xural r igidity of 
the ice, E i s Young's modul us , and v is the Poi ss on 
coeffi c i ent. 

ANALY SIS 

El iminating u, p, and Po, and writing 

~ = n(x ) cos wt 

give s 

d6n c:J2n 
+ ex - + an 0 

dxG dx2 
(2) 
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where 
P Pi 

" (g-Zh - w2 ) 
o P 

(whi ch ~ P glO, for thi nice) and 

w2 P 
S =-

H 0 

Assumi ng '1'" rf x, and worki ng through the necessary 
algebra eventually gives the six independent solutions 

cosh Ax cos Bx 
si nh Ax sin Bx 
cos Cx 

cosh Ax sin Bx 
sinh Ax cos Bx 
s i n Cx 

(3) 

where A = P cos 0/Z, B = P sin 0/Z, C = [-(A+8)J1/2. 
and P = [Az - AB + 82J1/4, tan 0 h(B-A)/(B+A), and 
A = [-s IZ + I S2 14 + ,,3 127 J1/3 , 

B = [-p!2 - Is 2 14 + ,,3 127 ]1/3 • 

It should be noted that A and B are real, A> 0, B < 0, 
and 181 > IAI. Al so, P and C are real and positi ve, and 

1f 13 < 0 < 1f IZ. The cases where" < 0 occur at peri ods 
less than a few seconds, and fall outside both our 
range of interest and the hydrostatic approximation. 

First consider the modes of oscillation which are 
asymmetric about x = O. Here, 

'1 = A1 sin Cx + AZ cosh Ax sin Bx + A3 sinh Ax cos Bx 

where the Ai are constants to be determined by the 
boundary conditions. These conditions are 
'1 = d'1/dx = u = 0, at x = ±W/Z . When u is written in 
terms ofT) using Equations (1), these become 

cl] cP'1 
T) = - = - = 0 at x = ±W/Z. (4) 

dx dxS ' 

The assumed conditions at the walls deserve com­
ment. We have taken the ice to be rigidly attached to 
the (vertical) walls. This can be inappropriate: in 
Nature, an ice crack induced by changing water levels 
is often seen very near the wall. This crack wou l d 
suggest that some type of "free" conditions, such as 
no vertical shear and no bending moment in the ice at 
the wall, would be more realistic. The conditions we 
have chosen in this paper will only apply when such 
a crack is not present. Somewhat paradoxically, this 
is likely to be so when water-level changes are rather 
uncommon (e . g. on small, in l and water bodies not 
strongly affected by tides). Here, the ice has a much 
better chance to adhere strongly to the wa ll. 

The best boundary conditions with which to model 
seiching when the ice is separated from the wall are 
not obvious . It is very likely that some water would 
seep upward through any crack, thus relieving the 
water pressure, and changing the wate r dynamics. How­
eve r , the no-shear, no-moment conditions coul d give 
another bound on the resonant frequencies in an act­
ual situation . We would expect these frequenc i es to 
be somewhat lower, as the system is then l ess con­
strained . 

For a nontrivial solution (i. e. A· * 0), the 
coefficient determinant of Equations (4) must vanish . 
Introducing the no~dimensional variab l es 

y CW/Z, 
w BW/Z, 
z AW/Z, 

then gives, after some algebra, the condition 

z(y4 -F)sin Zw + w(G-y4 )sinh Zz + 

WZ 
+ 8-(w4-z4 )(cosh2z-sin2w)tan y 0 

y 
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(5 ) 

(6) 

where 

F = Z4 - 1CJw2. i- + 5w4, 
G = w4 - 1 CJw2. i- + 5z4 . 

A similar treatment for the modes which are symmetric 
about x = 0 gives 

w(G-y4 )sinh Zz + z(F-y4 )sin Zw + 

8wz 
+ -(z4-w4) (sinh2 z + sin2w)cot y O. 

y 

THE SOLUTION 

(7) 

To solve Equations (6) and (7), it is convenient 
to introduce the new variables 

1/3 1/3 

~ = (:~8) (
X<I>2 ) 

1Z8 

where 
wW 

<I> =- (a non-dimensional frequency), 
I gH 

pgW 
X (the principal independent variable in 

D what follows), 

6 = Z:i (: y (a measure of ice thickness, and 
usually very small). 

Note that Equations (5) give 

y = ~1I2{ [1 + ll+ij;J113 + [1 _ I1+,pJ1I3}1/2, 

w = <p1/2{[1 +I1-hj1]2/3 + [1 - /~]2/3 + 

o 
+ ljJ1/3}1/4 sin-

Z' 

z = <p1/2{ [1 + 11-hj1 ]2/3 + [1 - 1~]2/3 + 

(8) 

where 

{ 

[1 + IT"ijJ113 - [1 - Ifhi;J1/3}. 

tan 0 = 13 [1 
+ Il-hjl J1/3 + [1 - 11-hj1 J1/3 

THE DISPERSION RELATION 

It i s numerically convenient to specify ljJ and then 
solve Equations (6), (7), and (8) for <p. However, we 
really want <I> in terms of X and 6 , which is a non-
dimensional dispersion relation . For fa i rly thin ice, 
we do not expect ice thickness to affect the seiche 
period greatly . Thus, <I> should vary mainly with X. 
The relations between (x ,<I> ) and (<p ,ljJ) for 6 = 0 are 
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4> 0 = 18/3 <j>112 /ljl1I6 , 

Xo = 48 <j>21jJl 13 • 

The equivalent relations for " '* 0 are 

4>2 = 
4> 02 

1 + ,,4> 02 

X Xo + 128 "<j>3 . 

We expect" to be small, and x to be rather 1 arge. 
For example, consider the following typical case, 
which will also be used later : 

2h = 1 m 
H = 10 m 
W = 200 m 

1010 N/m2 
0.9 
1/3 

(9) 

Here, " = 2. 25 X 10-4 , and x = 1.7 x 104. We also ex­
pect 4> not to be extremely sensitive to changes in ", 
so that the relation between 4>0 andxo should give a 
good estimate of the dispersion relation for most 
physically reasonable situations . 

The dispersion relations for the first three mode s 
(i .e. having 1, 2, and 3 nodes), and for " = 0 and 
10-3 , are shown in Figure 2 . The calcu lated val ues of 
<j>(1jJ) are given in Table I. The dispersion relation 
for other val ues of" can be easi ly cal cul ated from 
the (x ,4>; <j> ,1jJ) relations given above. As expected, the 
natural frequency increases with increa s ing D, and 
with decreasing W (i.e . decreasing x) . Th e frequencies 
increase with increasing", although this effect is 
very small for the fundament al mode . The fundamental 

Q ... 
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\ 
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2 6 lOG X,X. 10 

Fig . 2 . The dispersion reLation for seiching in a two­
dimensionaL , ice- covered channeL , showing the naturaL 
nondimensionaL frequencies 4> for the Lowest three 
modes of osciLLation . The numbers by the curves are 
mode numbers . The soLid curves show the 4> ,x reLation 
for 6 = 10-3 • The dot-dash curves show the 
asymptotic estimates given by Equations (10) and (11) . 
ALL Logarithms here and eLsewhere are to the base ten . 

Gr een: NaturaL osciLLations of an ice-covered channeL 

TABLE I. SOLUTIONS TO EQUATIONS (6) (FOR MODE S 1 AND 
3) AND (7) (FOR MODE 2). VALUES NOT GIVEN WE RE EITHE R 
INACCE SS IBLE, DUE TO CALCULATOR OVERFLOW, OR DEEMED 
UNNECESSARY. 

Mode 1 Mode 2 Mode 3 
1jJ <j> <j> <j> 

10-2 8. 28336 19. 272729 34.741435 
10-1 8.8613 7 21.50632 39 . 55414 

1 10. 32819 27 . 55552 53 i05499 
10 14.30948 43 .91 247 89 .69401 
102 23 .9659 81. 78149 174 .00582 
1()3 44.7911 163.2449 355 . 73181 
1(jt 88 .91650 337.06112 744 . 68374 
1(1' 182 .75944 708 .9 29 49 1578 . 67989 
5x1cP 1199.8461 
10; 383 .30306 
1cY 813. 29889 

period for the typical case (9) is T = 29 . 7 s. The 
corresponding period for an ice-free channel is cal ­
culated fr om t~erian's formula T = 2WgF! to be 40.4 s . 

It is helpful to have more explicit forms of the 
dispersion relations, for large, but reasonable x . 
In many phys ically realistic s ituations, 1jJ is quite 
large, suggesting that the sinuso idal terms in 
Equations (6) a nd (7) are relatively small. Then 
1 arge- value expansions of the 1jJ portions of y , w, and 
z given in Equation (8) lead to the asymmetric-mode 
r e l ation 

where a 33/4 /2 . Rewriting this in terms of X and 
<I> gi ves 

- 12<1> ( 4) ) 
- tan-

( 1-,,4>2 )3/4 ?J 1-6<1>2 
(10) 

(x» 1; a symmet r i c modes) . 

The co rr esponding symmetric-mode relati on is 

(11 ) 

(x» 1; symmetr i c modes). 

The di spersion curves defined by Equation (10) and 
( 11) are also s hown in Figure 2 . They are quite 
accurate for X greate r than about 106 , al though the 
discrepancy at a fixed X inc reases with incre as in g 
mode number. 

For extremely large X, Equations (10) and (11) 
give 

rm, 

where n = 1, 2 , 3 , ••• is the mode number . This ca n 
be rewritten as 

nrr 
X» 1. (12) <I> = 

11 +ll n21T 2 

The corresponding re su l t for no ice, obtained by 
s impl y rewriting the general Merian formula 
T = 2\j/n I""¥ in terms of <1>, is 

4> = nrr • 

Thus, the vibration frequency in the limit as the 
i ce thi ckness approaches zero is les s than that f or 
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the no-ice case. This is perhaps unsettling, as water 
with ice would seem to represent a "harder" spring­
mass system than that without. The explanation seems 
to lie in the boundary conditions, and the singular 
nature of the problem in the thin-ice limit. For the 
fundamental mode (for example), and for the same 
slopes aT) la x at the channel center, the boundary con­
ditions at the walls ensure that there is more poten­
tial energy in the no-ice case than in the case where 
ice is present, but where h approaches zero (since 
the strain energy of ice can then be neglected). Thus, 
the no-i ce case is harder, and the natural frequency 
higher. This only happens at very high x: for the 
fundamental mode, we find~ =11 atx =x = 1.1 X lOll, 
and ~ <; 11 for x > X. In fact, we will show below that 
the hydrostatic approximation is often not valid near 
the wall for such large values of x. (In the case of 
(9) above, )( = X when the ice thickness is decreased 
to 0.25 mm.) 

Representative shapes of the first three modes 
for various X are shown in Figure 3. The maximum 
value of T) (T)max) approaches the wall with increasing 
x . Near the wall, the T) deri vatives are 1 arge, in ac­
cord with the wall boundary conditions and the singu­
lar nature of the problem. Enlargements of the funda­
mental mode shapes in this region are shown in Figure 
4, and the positions of T)max as a function of X in 
Figure 5. Note that the positions of the maxima near­
est the wall become the same for all three modes, as 
X becomes large. Of course, the locations of such 
maxima should be avoided when placing structures such 
as piles. 

THE RANGE OF VALIDITY 

Over what ranges of parameters are the above re­
sults valid? The results are limited mainly by two 
as sumptions. First, the hydrostatic approximation was 
used. This is valid only for rather long-period oscil­
lations. Second, the ice was assumed to behave elastic­
ally, and creep was neglected. This is valid only for 
fairly short-period oscillations. Thus, we expect 
there to be a range of the oscillation period T over 
which the above results are reasonably accurate. The 
criteri a wi 11 be couched in terms of ~ and, vi a the 
dispersion relation, x . 

- ~ ~----------------------
X.= IO't·s. (9.84) 

10~·"1 (b.9:2) 

104
.
33 (4.33) 

1 2 

'0' 
'lI -1-10 6 

=~------------~--~====~~~~ 
0.90 0.95 

Fig . 4. The shape of the fundame ntaL mode near the 
channeL wan, f or various 1j! or X o' The near-waLL 
shapes of the second and third modes are very simiLar 
to this . 

First consider the hydrostatic approximation. The 
elementary criterion for this to hold is that the 
water be shallow: W/H» l, (To obtain numbers below, 
this statement and others similar to it will be in­
terpreted, rather conservatively, as W/H > 10). How­
ever, Lamb (1932) and Proudman (1952) have shown it 
also necessary that 

for vertical accelerations to be neglected. This can 
be wri tten 

(13) 

Using the lower bound on W/H given just above 
yields ~ < 5. Thus, most of each of the dispersion 
curves shown in Figure 2 is valid for any W/H >;) 1, 
and sl ightly larger W/H render the entire figure 
valid, at least with respect to condition (13). 

104
.10 (4-.:25) 

3 

Fig. J. ExampLes of the shapes of the Lowest t hree modes t oget her with the corresponding 
vaLues of X 0 and x, f or 6 = 10-3 
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N 

= 

2 

2 

6 lOG X, Xo 

10 

Fig. 5. positions of the maxima of the th~ee Lowest 
modes, as a function of X o. The numbe~ by each 
cu~ve is the mode numbe~. The second maximum fo~ mode 
2 is aLways at x = O. 

However, this is not the end of the matter . There 
is also an upper bound on X (and a corresponding low-
er bound on <1» associated with the hydrostatic 
approximation. Peregrine (1972) has shown in a rigor­
ous fashion that the hydrostatic relation is valid to 
an error on the order of (H/L)2, where L is an appro­
priate horizontal length scale for the situation. This 
scale is normally taken to be W, but in our case the 
di stance d from the wall to the nearest n maximum 
seems much more reasonable (see Fig. 5). Again, this 
is especially true because of the singular nature of 
the problem, and the consequent great importance of 
the boundary conditions at the wall. Define s as the 
fractional distance from the wall to the nearest n 
maximum: d = F,W/2 . Then the resulting criterion for 
the hydrostatic approximation to hold near the wall 
becomes 

4H2/(SW)2 < 0.1, 

or (14) 

W/H > 6/s . 

Thus, there is a minimum s associated with each W/H. 
Since s decreases with increasing X (Fig . 5), there 
is a maximum X associated with each W/H. The result­
ing range of validity is shown in Figure 6 . This 
criterion must be kept in mind, when proceeding to 
the thi n- i ce 1 imit. 

Now cons i der the limitations imposed by the 
elasticity assumption. Ice does not behave elastic ­
ally when the time scale of loading is large. The 
precise criterion for the case of oscillatory motion 
is st i l l unc l ear, and may wel l be amplitude depend­
ent (Michel, 1978). However, a reasonable value for 
the la rgest "elastic" period seems to be Te = 5 mi n. 
The condition T < Te gives 

<I> > 21TW = 2n (~ . ~)l/2 . 
T rI gH gT l H 

(15 ) 

G~een: NatupaL osciLLations of an ice-coveped channeL 

c.:J 
C ..... 

-

2 

4 6 8 10 
LOG X,X. 

Fig . 6. The ~ange of vaLidity of the ~esuLts , acco~ding 
to the hydpostatic app~oximation. The numbeps by the 
cu~ves ape mode numbeps. The pegions above each cu~ve 
a~e those fo~ which the hydpostatic apppoximation is 
vaLid . The diffe~ence between the cupves fop X (n = 10-3 ) 

and X 0 is at most about 2% of X 0, and cannot be shown 
at the scaLe of the figupe. 

This lower bound on <1>, i n conjunction with the dis­
pe r sion relation, gives an upper bound on X. Thus, 
there are two criteria for the maximum value of X 
for whi ch the model is probably accurate: that shown 
in Fi gure 6, and that gi ven by Equat ion (15) . These 
vary with the nor.-d i mensional parameters W/H and 
W/gT e2 ; the lower of the two X val ues, Xm' control s 
the situation . Contours of Xm for the fundamental 
mode are shown in Figure 7. For small W/gTe2, the 
hydrostatic approximation is most 1 imi ting, and is 
independent of W/ gT l . For 1 arge W/ gT e2 , F, m is de­
termined by the elasticity approximation. The divid­
ing value of W/gTi decreases with increasing W/H . 
Similar figures could be drawn for the higher modes. 

Now consider example (9) once more . Here, 
X = 1.7 x lQ4. If we choose Te = 300 s, W/gTl = 
2 x 10 ... . Since W/H = 20, this is well within the 
region where the hydrostatic approximat i on is most 
1 imiting . Here, Xm = 4.5 x lcP, which is much 
greater than X. 

In what physical situation is the elasticity cri­
terion most limiting? For variety, consider the case 
of W/H = 100. The value W/gT e2 = 2 . 7 x 10-3 is just 
within the region where Xm is given by Equation (15). 
At thi s point W = 2400 m and H = 24 m. Al so Xm 
5.6 x 107 • From the defi nition of X, the model assump ­
tions hold if 

(2h)3 > 
12(l-v 2 )p g\ol' 

which here requires an ice thickness 2h > 1.9 m. This 
is rather thick i ce . It seems that the hydrostatic 
assumption is usually more important . 

The results shown in Figure 7 are quite insensi­
tive to physically reasonable values of n. This is so 
because the fundamental-mode results shown in both 
Figure 2 and Figure 6 are also insensitive to 1::. . Of 
cou rse, the sma 11 n dependence for any of the fi rst 
three modes could be calculated if desired, using the 
theory above and the numerical results in Table I. 

317 

https://doi.org/10.3189/S0022143000006158 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000006158


JournaL of CLacioLogy 

.-r---------~~--------------------------, 

\ 
\ 
\ 

N 

1 

\ 
\ 
\ 

\ 
\ 
\ 

4 

\ 
\ 
\ 
\ 
\ 

5 

6 

LOG ~H 2 

Fig. 7 . Maximum vaLues of X, X m' for which both 
the hydrostatic and eLasticity approximations are 
probabLy vaLid , for the fundamentaL mode . BeLow the 
dashed Line, the hydrostatic approximation is most 
Limiting. Above the Line, the eLasticity approxima­
tion is most Limiting . Numbers on the curves give the 
appropriate power of ten. 

The maximum usefulness of criter ion (15) and Fig­
ure 7 await a reliable determination of Te. Also, the 
accuracy of all these numerical results suffers from 
the arbitrariness of the above interpretation of 
"«" (which ca n be improved upon, if one has certain 
1 imits of accuracy to maintain). The best way to deal 
with the limitations imposed by the hydrostatic assump ­
tion would be to do without it. This seems possible, 
by following analyses of the reflection of capillary­
gravity waves from a wall (e.g. Packham, 1968). 

Finally, consider the remar ks in the dispersion­
relation section above perta ining to the value of x 
above whi ch the natural frequency i s 1 ess than that 
in the no-ice case. For the fundamental mode, x = 
1.1 X lOll. Then Figure 6 gives (W/H)min = 320. Thus, 
for example, the case (9), with i ce thickness reduced 
to gi ve X , is far outs i de the range in whi ch the 
hydrostatic approximation is valid. 

ICE FO RCES AT THE WALL 

Now consider the relation between seiche ampli­
tude and the force and moment exerted on the channel 
wall. If we neglect the mi nor dependence on /0, the 
mode shape depends only on X (Fig. 3). Then the maxi ­
mum ice cu r vature also varies only with X , and with 
the maximum value of n over the entire ice sheet, a. 
The max i mum moment is found to always occur at the 
wa 11, and can be wri tten 
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(16) 

Here, fl is a normalized, non-dimensional curvature 
(expressed in terms of w, y, and z). Similarl y , the 
maximum vertical shear force al so occurs at the wall, 
and i s given by 

aD 
S (17) 

where f2 is a normal ized, non-dimensional t hird deriv­
ative. The quant iti es f1 and f2 are shown in Figure 8. 
Both fl and f2 increase with increasing mode number, 
and become indepe ndent of mode number for very large 
x (i n accord with the mode -shape results shown in 
Figures 4 and 5). Both exhibit an approximately ex­
ponential increase with increas.iJ1g , 1 arge x. That is, 
the force and moment increase markedly (for fixed a 
and D) with increa sing chan nel width. It should also 
be recalled that the position where n = a varies slowly 
with 1 arge changes in X (F i g.3). 

ICE FAILURE 

Although the case of ice failure may well lie out­
side the range in which ice can be considered elastic 
(Michel, 1978) , there is some merit in followin g the 
elastic mode l throu gh to this point. This has also 
been done by others (e. g. Billfal k, [1981 J, 1982; 
Carte r and others , [1981J ), and gives if nothing else 
a sta rti ng po int against which progress towards real­
ism can be measured. Accordingly, we will assume that 
the ice remains elastic up to the point where it 
breaks, or at least cracks. Thi s point is , of cou rse, 
yet another bou nd on the mode l used above - thi s time 
on the amplitude of the se iche . 

Since i ce can fail in either shear or tension, 
both cases will be cons idered. The maximum ten si le 
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LOG X,X 10 

Fig. 8 . NondimensionaL , normaLized moments f1 and shear 
forces f2 on the channeL waLL . Mode numbers are given 
on the curves . The curves for X (/0 = 10-3 ) 
and X 0 are indistinguishabLe at the scaLe of the 
figure . See the text for the definitions of f1 and f2 ' 
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stress a occurs at z = ±h, and is given by 
a = 3M/2h2 (see, e.g., Timoshenko and Woinowsky­
Krieger, 1959) . The maximum shear stress is at z = 0, 
and is T = 3S/4h . Denote the ultimate values by 0 0 
and TO, and assume that when one of these is exceeded, 
the ice breaks or cracks (or, at least, that the elas­
tic model no longer applies) . Divide Equations (16) 
and (17) to get 

a RT (18) 
214 

where R h q(x) and q = f1/ f2. The function q(x) 

is important to what follows, and is shown in Fi gure 9. 
Note that Equation (18) is independent of a: for 

a given situation, the ratio of ° to T is constant as 
the seiche becomes more energetic . Then, if 00 <; RTo, 
00 is encountered fi rst as a increases, and the ice 
fails at the wall in tension. In this case the maxi­
mum vertical force on the wall is associated with the 
shear stressT = 0o/R, and is Smax = 4ho o!3R . The 
maximum amplitude is 

2 W2i"f 
amax = - a 0 (19 ) 

3 Df1 

On the other hand, if 0 0 > RTo, the ice either fails 
in snear at the wall, or the i ce-wall bond fails . 
(The criteria for these two occurrences are quite 
close, see Michel 1978.) The maximum vertical force 
is nflW Smax = 4hT 0/3; the maximum seiche amplitude 
is 

0 0 > RT 0 (20) 
3Df2 
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Fig. 9 . The function q = f11f2, which is peLated to 
the chapactep of ice faiLupe , when the ice is 
assumed to behave eLasticaLLy up to this point. 
Mode numbeps are given on the curves. The soLid curves 
are fop" = 0 (i . e . X = X 0). The dashed cupves are 
for" = 10 -3 • They are indistinguishabLe 
at the scaLe of the figupe, except for smaLL x. 

According to Michel (1978), 00 ~ TO (to a factor of 
2, whi ch accuracy is in accord with the spi rit of the 
enti re argument), so that R ~ 1 separates the two 
cases, or q(x) ~ h/2W. That is, for h/2W < q, we ex­
pect the ice to fail in tension, Smax ~ ro o , and 
amax ~ °oWZ/( Ehf1) · . 

~~ow cons i der case (9) discussed above. Here, Flg­
ure 9 gi ves q ~ 0.06. Si nce h/2W ~ 10-3 , we expect the 
ice to fail in tension. Then, using 00 = 2 X 106 N/m2, 
Equdtion (19) suggests a max ~ 8 cm . The maximum ver­
tical force on the wall is about 3 x ID" N/m. 

SUI~MAR Y 

A first step towards describing seiching in an 
ice-covered channel has been taken, using the assump­
tions of ice elasticity and hydrostatic pressure in 
the water column, and assuming the ice to be rigidly 
attached to the channe l walls. The domain over which 
the elasticity and hydrostatic-pressure assumptions 
should be valid has been delineated, and maximum 
forces and moments on the channel walls calculated . 
These results, together with the dispersion relat i on, 
are the principal products of this paper . The next 
step should be to do away with the elasticity and 
hydrostatic assumptions, and to investigate other 
boundary conditions which may be more appl icable 
when the ice is cracked near the walls . Al so, more 
reliable failure criteria should be incorporated , 
so that max i mum sei che amp 1 i tudes, forces, and moments 
for a gi ven ice thickness, channel width, etc . , can 
be est i mated better . These steps wi 11 necess itate 
incorporating phenomena such as delayed elastic 
strain and creep in the ice constituitive equation 
(e.g. Sinha, 1982; Nevel, 1968). 
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